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SUBLINEAR OPERATORS WITH ROUGH KERNEL GENERATED BY
FRACTIONAL INTEGRALS AND COMMUTATORS ON
GENERALIZED VANISHING LOCAL MORREY SPACES

FERIT GURBUZ!, §

ABSTRACT. In this work, we consider the norm inequalities for sublinear operators with
rough kernel generated by fractional integrals and commutators on generalized vanishing
local Morrey spaces including their weak versions under generic size conditions which are
satisfied by most of the operators in harmonic analysis, respectively.
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1. INTRODUCTION

The classical fractional integral which is also known as Riesz potential was introduced
by Riesz in 1949 [13], defined by

Lf(z) = (=A)"% f(z) O0<a<n,

/Iw—yl" ot

with .
22T (%
7 (a) = 1“("(‘3))’
272
[e.e]
where I (+) is the standard gamma function, that is, I' (n / t"te~tdt (n > 0) and I,
0

plays an important role in partial diferential equation as the inverse of power of Laplace
operator. Especially, its most signiﬁcant feature is that I, maps L,(R™) continuously into
L,(R™), with 1 = p ~and 1 < p < 7, through the well known Hardy-Littlewood-Sobolev
imbedding theorem (see pp. 119- 121, Theorem 1 and its proof in [17]) for I,. Throughout
the paper we assume that © € R™ and r > 0 and also let B(z,r) denotes the open ball
centered at z of radius 7, B¢ (x,r) denotes its complement and |B(x,r)| is the Lebesgue
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measure of the ball B(z,r) and |B(x,r)| = v,r", where v, = |B(0,1)|. On the other hand,
let f € Ll¢(R™). The fractional maximal operator M, is defined by

Mof(@) =sup B [ f@lay,  0<a<n
>0 Bl
It is well known that M, and I, play an important role in harmonic analysis (see [18]).
Suppose that S™~! is the unit sphere on R™ (n > 2) equipped with the normalized
Lebesgue measure do. Let Q € Ly(S™ 1), 1 < s < oo, Q(uz) = Q(x) for any pu > 0,
xz € R™\ {0} and satisfy the cancellation condition

/ Q2 )do(a') = 0,
Sn—1
where 2/ = %‘ for any x # 0.
Let Q € Ly(S™ 1) with 1 < s < oo be homogeneous of degree zero. We define s’ = 2

for any s > 1. Suppose that T o, o € (0,n) represents a linear or a sublinear operator,
which satisfies that for any f € L;(R™) with Compact support and x ¢ suppf

Touf(z)] < c /‘ Wa @) dy, (1)

where ¢y is independent of f and x.

We point out that the condition (1) in the case of Q2 = 1, @ = 0 has been introduced
by Soria and Weiss in [16]. The condition (1) is satisfied by many interesting operators in
harmonic analysis, such as fractional maximal operator, fractional integral operator(Riesz
potential), fractional Marcinkiewicz operator and so on (see [16] for details).

We first recall the definitions of rough fractional integral operator I, and a related
rough fractional maximal operator Mg , and their commutators as follows:

Definition 1.1. Define

Igof(x /|x ‘na (y)dy 0<a<n,

MQ,af( ) = sup

r>0 T

/‘r< DIfWldy  0<a<n,

|lz—y|<r

b, el £ (2) = b(2) Innf (2) — Lo (bf) ()
- [ 6@ b iy 0<a<nbe IR

and

[b, Moo] f () = b(x) Moo f () — Moo (bf) (2)

— sup — /\Q(ﬂf—y)\\b(w)—b(y)\!f(y)!dy 0<a<nbe LR

r>0 TTC
fa—yl<r

In 1938, Morrey [11] considered regularity of the solution of elliptic partial differential
equations(PDEs) in terms of the solutions themselves and their derivatives. Later, there
are many applications of Morrey space to the Navier-Stokes equations (see [10]), the
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Schrodinger equations (see [14]) and the elliptic problems with discontinuous coefficients
(see [2]).
Its definition is defined as follows:

Definition 1.2. For 0 < q < p < oo, the Morrey space ML (R™) is the collection of all
measurable functions f whose Morrey space norm is

1 1
11l azp mmy = Sup, Q7= [|fxqll L, @ny < o0
Q:Cubes

In order to illustrate the relationship of the Lebesgue space, the classical Morrey space,
we give the following remark.

Remark 1.1. Obviously, the Morrey space is the generalization of the Lebesgue space that
can be seen from the special case Mg (R™) = Ly(R™) with 1 < q < 0.

Here, we would like to mention that in many research papers, such as in [8, 9], the
Morrey space is defined in another way.

Definition 1.3. Let 0 < A < n and 1 < q¢ < co. Then for f € LfIOC(R") and any cube
B = B(x,r), the Morrey space Ly x (R™) is defined by

2 2
ny = SUp Supr ¢ =supr ¢ < 0.
11z, \&m) sup sup I f1lz,(B) u 1 fllzy(B)

Corollary 1.1. [9] Recall that 0 < ¢ < p < o0 and 0 < X\ < n. By checking the definitions
of M (R™) and Ly (R™), it is easy to see that if we take \ = (1 - ]%) n € [0,n], then

qn

Lq (1—ﬂ)n (R™) = ME (R™). Moreover, if we choose p = -2 < g, Mg (R") = Ly » (R™).
’ P
Thus, we conclude that M} (R™) is equivalent to Ly  (R™).

The study of the operators of harmonic analysis in vanishing Morrey space, in fact
has been almost not touched. A version of the classical Morrey space Ly z(R"™) where
it is possible to approximate by ”nice” functions is the so called vanishing Morrey space
VL, »(R™) has been introduced by Vitanza in [19] and has been applied there to obtain
a regularity result for elliptic PDEs. This is a subspace of functions in L, y(R™), which
satisfies the condition R

lim_ sup 77 £l 2, (B = O-

zER™
o<t<r

For the properties and applications of vanishing Morrey spaces, see also [3]. Then, Giirbiiz
[8] has considered the boundedness of a class of sublinear operators and their commuta-
tors by with rough kernels associated with Calderén-Zygmund operator, Hard-Littlewood
maximal operator, fractional integral operator, fractional maximal operator by with rough
kernels both on vanishing generalized Morrey spaces and vanishing Morrey spaces, respec-
tively.

In this work, extending the definition of vanishing Morrey spaces [19] and vanishing gen-
eralized Morrey spaces [8], the author introduces the generalized vanishing local Morrey

spaces VLMépr}, including their weak versions and studies the boundedness of the sublin-
ear operators with rough kernel generated by fractional integrals and commutators in these
spaces. These conditions are satisfied by most of the operators in harmonic analysis, such
as fractional maximal operator, fractional integral operator(Riesz potential), fractional
Marcinkiewicz operator and so on. In all the cases the conditions for the boundedness
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of T and Ty o are given in terms of Zygmund-type integral inequalities on (g1, ¢2),
where there is no assumption on monotonicity of ¢, 9 in 7.

By A < B we mean that A < CB with some positive constant C independent of
appropriate quantities. If A < B and B < A, we write A &~ B and say that A and B are
equivalent.

2. GENERALIZED VANISHING LOCAL MORREY SPACES

Recall that the generalized local Morrey space LM,}{ 20} has been defined by Giirbiiz in
1, 7,9].

Definition 2.1. (generalized local Morrey space) Let p(x,r) be a positive measurable
function on R™ x (0,00) and 1 < p < co. For any fized xy € R™ we denote by LMp{,g)} =

LM;,JQ}(R”) the generalized local Morrey space, the space of all functions f € L;OC(R”)
with finite quasinorm

_1
171 a0 = 510 (0.) ™ B0, 1 3t < 2

Also by WLMZ;{f;’} = WLMI;{’?}(R”) we denote the weak generalized local Morrey space of
all functions f € WLLOC(]R”) for which

_1
171y aggzor = 5P ol 7)™ [Bla. )75 | fllw ey < -

zo}

According to this definition, we recover the local Morrey space LL{ and the weak

0} A—n

local Morrey space WLL{ under the choice p(xg,7) =1 P :

LI = LMY | son, WLLEWY — WLz | .
’ P

w(zo,m)=r w(zo,m)=r P

The main goal of [1, 7, 9] is to give some sufficient conditions for the boundedness of
a large class of rough sublinear operators and their commutators on the generalized local
Morrey space LM];{ o} For the properties and applications of generalized local Morrey
spaces LM; ) see also [1, 7, 9.

For brevity, in the sequel we use the notations

|B(CC(), )| p ||f||Lp B(zo,r))
SD(:E()a )

m]%@ (fszo,7) =

and
1

|B(zo, )| # | fllwL,(Bosr))
(p(:L’o,?“) ‘

Extending the definition of vanishing generalized Morrey spaces [8] to the case of gen-
eralized local Morrey spaces, we introduce the following definitions.

mgfcp (f, Zo, ’f’) =

Definition 2.2. (generalized vanishing local Morrey space) The generalized vanish-
ing local Morrey space VLM;:?}(R”) is defined as the spaces of functions f € LM];{fDO}(R”)
such that

lim sup9M, , (f;zo,7) = 0. (2)

r—=0F >0
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Definition 2.3. (weak generalized vanishing local Morrey space) The weak gener-
alized vanishing local Morrey space WVLM;ZO}(R”) is defined as the spaces of functions
f € WLMS (R such that

lim sup Sﬁg‘ip (f;zo,7) =0. (3)

r—0t >0

Everywhere in the sequel we assume that

n

re

im ———— =0, 4

r—0t inf o (o, 7) @
and .
re

sup < 00, (5)

0<r<oco },I;g 90('7307 T)

which make the spaces VLM];{f,f)} (R™) non-trivial, because bounded functions with compact

support belong to this space. The spaces VLMéfDO}(R”) and WVLM;fOO}(R”) are Banach
spaces with respect to the norm

||f||VLMI£pr} = ||f||LMI£fPO} = iglg gﬁpﬁp (f;.'l?o,’)"), (6)

w
||f||WVLMI§fPD} = ||f||WLMZ‘EfPO} = ililﬂ) mp,(p (f;xO’T)) (7)

respectively. The spaces VLMgpr} (R™) and WVLMZQ{Z,?}(]R“) are closed subspaces of the

Banach spaces LM;?}(R") and WLM;QZ,O}(R"), respectively, which may be shown by
standard means.

3. SUBLINEAR OPERATORS WITH ROUGH KERNEL T , ON THE SPACES VLM;Z}’}

In this section, we will prove the boundedness of the operator Tq , satisfying (1) on the

generalized vanishing local Morrey spaces VLMZ;{pr}(R”), including their weak versions.
Now using results in [1], we get the boundedness of the operator T o on the generalized

vanishing local Morrey spaces VLM;TPO}.

Theorem 3.1. (Our main result) Let xg € R™, Q € Ly(S™ 1), 1 < s < 0o, be homoge-
1 _«

neous of degree zero. Let 0 < a<n, 1 <p< 2 and % = ~. Let Tq o be a sublinear

operator satisfying condition (1), bounded on L,(R™) for p > 1, and bounded from Li(R™)
to WL1(R™). Let for s' < p, p# 1, the pair (p1,p2) satisfies conditions (4)-(5) and

hS]

tﬂ
Cy = /sup 1 (o, 1) ﬁ—ildt < 0 (8)
t>0 ta
for every ¥ > 0, and
tv
/‘Pl (20, 1) tﬂﬁdt < Copa(zo, 1), (9)
q

g
and for q < s the pair (p1,p2) satisfies conditions (4)-(5) and also
o0 n
tr

Cy = /sup@l(acg,t) Fa g dt < 00 (10)
>0 tae s

q
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for every ¢’ >0, and

o0
n
s

te
/(pl(x07t)tnn+l dt < Copa(xg,r)rs, (11)

q

where Cy does not depend on v > 0.
Then the operator Tq o s bounded from VLMI;{?I} to VLM;fOOQ} for p > 1 and from

VLM{wO} to WVLM(}{:fOOQ} for p =1. Moreover, we have for p > 1

<
HTQ’afHVLMq{pr; ~ HfHVLMI‘){prl} ) (12>
and forp=1
||TﬂyafHWVLMl§f‘;02} Sj HfHVLMi{fPOl} . (13)
Proof. The estimation of (12) follows from Lemma 2 in [1] and (9). That is,
_1
ITa.ofll = sup [B(zo, )| * HTQ’O‘f”Lq(B(:von’))
Selllvimgs) =00 pa(wo,T)
(o]
1 £ dt
SSUP/%(UCOat)t Eol B0 ) ]
r>0 P2(Z0,7) / gpl(xo,t)tp ta
o n
<17 [ttt
zg} SUPp —F— 20,V) "7
S Wveas S8 ealwo,r) S PO
T
Now, let us show that
lim sup9M, o, (f;20,7) =0 implies lim sup My o, (T, f;z0,7) = 0. (14)
r—0% >0 r—0F >0
Indeed, for 0 < r < ¢y < 0o, by Lemma 2 in [1], we have
7“_% | Tq oszL (B(z
’ q O’T))
< CFy (o, 1) + Gy (x0,7)], 15
802($0,7“) [ 1110( ) 1/10( )] ( )
where
P Tt [ I
q p
Fpo (T0,7) 1= 4 /901(35”0, 1) sup Lp(Blron)) | gy
w2(z0,7) T 0<r<t 801(13077")7”’
T
and

r ©Y1(T t)t J
gwo (-Tf(), T) = : / l(tnO’ 1) - [ SUpP Lp Io,] dt.
q

(pg(xo,r)w 0<r<t 901(.%0, )
0

For any € > 0, now we can select any fixed 1y > 0 such that whenever r € (0,y),

”fHLp xo,r) €

sup sup ,
>0 0<r<to cpl(xo,r)rp 2CCo

where Cy and C' are constants from (11) and (15), which is possible since f € VLMgffl}.
This allows to guess the first term properly from the type r € (0, ) such that

€
sup C Fy, (20,7) < 7.
r>0 2
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For the second term, in view of (8) and by choosing r small enough, we obtain

7’

gwo (mO?T) S Cwo ( ) ”fHVLM{JCO} )

where Cy, is the constant from (8). Since ¢ batlsﬁes conditions (4)-(5), it is sufficient to
choose r small enough such that

q

r” €

sup <

Hence,
sup CGy, (xo,7) < <
r>0 2
As a result,
7“_%
o2(@0.7) 1T f L, (B <€

which means that .
I re
im sup ———
r=0t >0 92(20,7)
which completes the proof of (12).
The proof of (13) is similar to the proof of (12). For the case of ¢ < s, we can also use

the same method, so we omit the details. ]

H QafHL B(zo,r = 07

Corollary 3.1. Let zg € R", Q € Ly(S" 1), 1 < 5 < 00, be homogeneous of degree zero.
Let0<a<n,1<p<Z and}]:f—%. Letalsofors < p, p # 1, the pair (p1,p2)
satisfies conditions (4)- (5) and (8)-(9) and for q < s the pair (p1,2) satisfies conditions
(4)-(5) and (10)-(11). Then the operators Mq o and Io o are bounded from VLM;;OI} to

VLMC}%OQ} for p > 1 and from VLMi{fPOl} to WVLM;TOOQ} for p = 1, respectively.

In the case of ¢ = co by Theorem 3.1, we get

Corollary 3.2. Let zp € R",1 < p < oo and the pair (¢1,p2) satisfies conditions (4)-(5)
and (8)-(9). Then the operators My and I, are bounded from VLMp{,g)l} to VLMq{zOQ} for

p > 1 and from VLMi{CprI} to WVLMq{ﬁ,OZ} for p =1, respectively.

4. COMMUTATORS OF THE LINEAR OPERATORS WITH ROUGH KERNEL T( o, ON THE
SPACES V LM}

In this section, we will prove the boundedness of the operator Tq o with b € LC'];{;'O)\}

on the generalized vanishing local Morrey spaces VLMI;{,ZE,?}.
Let T be a linear operator. For a locally integrable function b on R", we define the
commutator [b, T| by
[0, T]f(x) = b(x) T'f(z) — T(bf)(x)
for any suitable function f.
For b € LY¢(R™), the commutator [b, I,] of fractional integral operator (also known as
the Riesz potential) is defined by

bl 1) = Do) o (@) = Ta0) @) = [ P2 r0y 0 <a<n
R

|z —y|nm
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for any suitable function f. Also, the sublinear commutator of the fractional maximal
operator is defined as follows

Mo (£) @) =swp e [ (@) = bw)] 7 w)ldy.
lz—yl|<r

The function b is also called the symbol function of [b,I,]. The characterization of
(Lp, Lq)-boundedness of the commutator [b,I,] of fractional integral operator has been
given by Chanillo [4]. A well known result of Chanillo [4] states that the commutator
[b,1,] is bounded from L,(R") to Ly(R"), 1 < p < ¢ < o0, % - % = % if and only if
b e BMO(R") (Bounded Mean Oscillation).

There are two major reasons for considering the problem of commutators. The first one
is that the boundedness of commutators can produce some characterizations of function
spaces (see [1, 4, 7, 8, 9, 12]). The other one is that the theory of commutators plays an
important role in the study of the regularity of solutions to elliptic and parabolic PDEs
of the second order (see [5, 6, 15]).

o}

The definition of local Campanato space LC’; y is as follows.

Definition 4.1. [1,7, 9] Let 1 <p < oo and 0 < A < 1. A function f € Lé"c (R™) is said
to belong to the LC;’KO} (R™) (local Campanato space), if

»
1 P
e} =SUp | ——— - w0l d < 00, 16
Wiege =22 | e / VR (16
xo,Tr
where
1
= dy.
fB(z(),’r’) ‘B (xo;rﬂ / f(y) Yy
B(zo,r)
Define

Remark 4.1. If two functions which differ by a constant are regarded as a function in

the space LC’;?;\O} (R™), then LC’;&O} (R™) becomes a Banach space. The space LC;,Q;\O} (R™)
when X\ = 0 1is just the LC’;xO}(R”). That is,

111 03 @y & I Brr0(Rn)

so that LC{D{ZO}(R") is the well known BMO(R™) space. Apparently, (16) is equivalent to
the following condition:

1
p
1
supinf | ————— / fly)—cPdy | < oo.
r>0 c€C |B(aso,7“)|1+)‘pB( )| W=
zo,r

Now using results in [1], we also obtain the boundedness of the operator T o on the

generalized vanishing local Morrey spaces VLM;:Z;O}.
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Theorem 4.1. (Our main result) Let xo € R", Q € Ly(S™1), 1 < s < o0, be homoge-

{zo} @ 11 _ 1,1
?eoui ofdegfeezelro. LetO0<a<n,1<p<g bGLCm/\ (R"), 0 <A< o, 5= o T pa
i_1_a 1 __ [0

T TR and Tq o is a linear operator satisfying condition (1) and bounded

g p
from Lp(R™) to Ly(R™). Let for s < p the pair (p1,p2) satisfies conditions (4)-(5) and

e} n
t tr1
/ (1 +In T) ©v1 (33‘0, t) mdt < C’0S02 (1'07 T) s (17)
q1

r

where Cy does not depend on r > 0,

Ini
lim———" =0 (18)
r—0 1nf wa2(xo, )
and
o0 n
tr1
/ (1+ [Int|) sup ©1 (o, t) Wdt < 0 (19)
P
for every 1 > 0, and for q1 < s the pair (1, p2) satisfies conditions (4)-(5) and also
00 n
t tr1 n
/ 1 + h’l ; ©®1 (.’L'O, t) mdt S C(]SOQ(LU(), T)TS s (20)
ta s

r

where Cy does not depend on r > 0,

I my
rgr(l] lnf Y2 (:L‘o, ) a
and
oo n
tr1
Cw/ = / (1 + Hnt‘)sup ®1 (.%'(),t) ﬁdt < 0 (21)
J >0 tay s TR

for every ¢’ > 0.
Then the operator Ty o s bounded from VLMéf,&}l to VLM(;{,:;OQ}. Moreover,

<
HTQ7b7af”VLM§prQ} ~ HbHLCZE;O/\} ||f||VLMélz,0¢}1 . (22)
Proof. The estimation of (22) follows from Lemma 4 in [1] and (17). That is,

_1
|B(xg,7)| 9 ”TQ,b,afHLq(B(wom))
p2(z0,7)
oo n
1 t ter 1 £11L,, (B(zo,t))
ey s [ (1mt) ) [
q1

p2, A >0 P2(T ©1 (x(), t)tpl

T w0} =
|| Q7b7af|‘VLM;’¢O2} ?11;8

T

o0 n
<ol e 161 . (1+1 t) P (ot
" 2o} SUPp —— n = P1Zo,
velrod Wlveasel 708 eo(zo, r) pa Hion na PO
T

S0l ey 10y Lyt -
P2, ’
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Now, let us show that

ra HTQ7b7afHLq(B(IO7T))

lim su =0.
r—0t r>18 902(1‘0a 7‘)
For 0 < r < 9y < 00, by Lemma 4 in [1], we have
7 | Tagaflls, 5
(B < O (Fy, (@o,7) + Guo (20,7)]. (23)

¥2 (l’o, T)
where

n Yo n

2 . o1 1Nz, (B
Fuo (xo,7) :=||b © /<1+ln> T0,t) g | Sup ——————— | dt
o (20, 7) = || ||LC;20} Zo.7) " e1 (7o )tﬁﬂ_m b

A P2 ] 1 (xo’r)'ra

and
Y o Il
ra t tr1 Ly, (B(zo,r))
Gy, (zg,7) :=||b {z}/<1—|—ln)g01 20, t) - | sup ——2 | dt.
w )= ”LCP%OA pa(wo, T)w " ( ) par T ocrct o1 (xo, r)ren
0

For any € > 0, now we can choose any fixed 19 > 0 such that whenever r € (0, ),

sup sup 11l L, (B(zor)) €

r>0 0<r<o P1 (3307 r)rﬁ 2CC’O ”bHLC{on} ’

P2,

where Cjy and C' are constants from (17) and (23), which is possible since f € VLM,;{i (30}1.
This allows to estimate the first term uniformly, for 0 < r < 1y,

sup CFy, (z0,7) < <
r>0 2

For the second term, writing 1 +1In% <1+ [Int|+Inl, from (19), it follows that

n

— 1 4
1) < |bl]; tz01 | C Cipp In = 20} s
Gy (a0.1) < 0]t (oo + oo ) Wl oy, o
where Cy, is the constant from (19) with ¢ = 1 and 6’% is a similar constant with
omitted logarithmic factor in the integrand. Since @9 satisfies conditions (4)-(5) and by
(18), it is sufficient to choose r small enough such that
q
,r.n
b Pl = Contn
>0 3(00:7) 7\ 2 bl ey © (Cosy + Cog 12 ) 1F 1yt
P2,A P1,¥1

€

Thus,
sup CGy, (xo,7) < <
r>0 2
As a result,
'r'_%
wa(xo, ) ITepafllL,Bwom) <€

which means that .
) roa
lim sup ——

r—0* 750 @2(z0,7)

which completes the proof of (22).

HTQ,b,afHLq(B(xo,T)) =0,
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For the case of ¢; < s, we can also use the same method, so we omit the details. ]

Corollary 4.1. Suppose that zo € R, Q € Ly(S" 1), 1 < s < oo, is homogeneous of

degree zero. Let 0 < o < n, 1<p<g bELC{IO}( R™), 0 < )\<%,%:i—f-L

l = 1 a L —L_a Jf for s <p the pair (¢1,¢2) satisfies conditions (4)-(5)-(18)

a1 p

and (17) (19) and for q1 < s the pair (p1,p2) satisfies conditions (4)-(5)-(18) and (20)-
(21). Then, the operators Mqy o and [b,Io o] are bounded from VLMJQ,{1 <p}1 to VLM{TL%},
respectively.

In the case of ¢ = oo by Theorem 4.1, we get

Corollary 4.2. Letzg € R", 0 < a<n, 1 <p< 2, bc LC’;:}O)\} (R™), 0 < XA < %,
% = p% + p%, é = % - qil = p% — % and the pair (@1, p2) satisfies conditions (4)-(5)-

(18) and (17)-(19). Then the operators My, and [b,1,] are bounded from V LM, [}{ffo}l to
VLM(§¢2}, respectively.

5. CONCLUSIONS

In this article, the author has established some norm inequalities for sublinear opera-
tors with rough kernel generated by fractional integrals and commutators on generalized
vanishing local Morrey spaces. These type of inequalities also include their weak versions
under generic size conditions which are satisfied by most of the operators in harmonic
analysis. On the other hand, the results presented here are sure to be new and potentially
useful. Since the research subject here and its related ones are so popular, the content
of this paper may attract interested readers who have been interested in this and related
research subjects. Therefore, the results in this paper are worthwhile to record.
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