TWMS J. App. and Eng. Math. V.10, N.4, 2020, pp. 866-876

LIFTS OF (0,2) TENSOR FIELDS IN THE SEMI-TANGENT BUNDLE

F. YILDIRIM', M. SIMSEK", §

ABSTRACT. In this paper the vertical, complete and horizontal lifts of tensor fields of
type (0, 2) to semi-tangent bundle and their properties are studied.
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1. INTRODUCTION

Let M, be a differentiable manifold of class C*° and finite dimension n, and let (M,,, 71, By,)
be a differentiable bundle over B,,,. We use the notation (z°) = (2%, z®), where the indices
1,4, ... run from 1 to n, the indices a,b,... from 1 to n — m and the indices «, 3, ... from
n—m—+ 1 to n, z are coordinates in B,,, z% are fibre coordinates of the bundle

™ M, = Bp,.

Let now (T(By,), T, By,) be a tangent bundle [12] over base space By, and let M, be
differentiable bundle determined by a natural projection (submersion) m : M,, — By,.
The semi-tangent bundle (pull-back [[1],[2],[6],]9]]) of the tangent bundle (T'(By,), T, Bm,)
is the bundle (¢(By,), w2, M,,) over differentiable bundle M,, with a total space

t(Bm) = {((xa’xoz) 7wa) € M, x Tm(Bm) ‘T ($a,$a) =7 (l’a,iﬂa) = (x“)}
C My x To(Bum)

and with the projection map s : t(B,,) — M, defined by mo(z%, 2%, %) = (2%, z%), where
Ty(Bm) (x =m (Z),7 = (2% x“) € M,) is the tangent space at a point = of B,,, where
& = y® (6, Byo=n+1,.., Qn) are fibre coordinates of the tangent bundle T'(B,,).
Where the pull-back (Pontryagin [3]) bundle t(B,,) of the differentiable bundle M, also
has the natural bundle structure over B,,, its bundle projection 7 : t(B,,) — B, being

defined by 7 : (2%, 2%, 2%) — (%), and hence 7™ = 71 o .
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Thus (¢(By,),m1 © m2) is the composite bundle [[4], p.9] or step-like bundle [5]. Conse-
quently, we notice the semi-tangent bundle (¢(B,,),m2) is a pull-back bundle of the tangent
bundle over By, by m [6].

If (z) = (z%,2) is another local adapted coordinates in differentiable bundle M,,

then we have ) /
=z (xb7lﬁ)a (1)
¥ = g (mﬁ) .

The Jacobian of (1) has the components

(Aél) _ 83;2" _ A A%/ ’
Ox) 0 A3
where Al‘fl = %Z‘Ib ) Aaﬁ/ = %?; , Ag/ = %ﬁg [6].
To a transformation (1) of local coordinates of M, there corresponds on t(B,,) the

change of coordinate

/

¢ = o (2, 27),

x
P /(xﬁ) 7 (2)
=4

The Jacobian of (2) is:
AY AT 0
A:(Aﬁ): 04y o0 |, (3)
0 Ay A9

where I = (a,a,@), J = (b,8,8), I, J,.... = 1,...,2n; Ag; = az%m;;s [6]. Writing the inverse

of (2) as

= xa(xb’, xﬁ/)a

% =z ($6/> ) (4)
o _ Oz~ B

T~ = arg’y I

we have
Ay A% 0
(Ap)=( 0 A5 0 | (5)
0 A%‘,E/yE Agﬁ,

The main purpose of this paper is to study vertical, complete and horizontal lifts of
tensor fields of type (0,2) to semi-tangent (pull-back) bundle (¢(By,), m2) and their metric
properties [7, 8].

We denote by 3%(M,,) the set of all tensor fields of class C*° and of type (p,q) on M,
i.e., contravariant degree p and covariant degree q. We now put I(M,,) = Z;?qzo SE(M,,),
which is the set of all tensor fields on M,,. Smilarly, we denote by 3%(By,) and S(By,)
respectively the corresponding sets of tensor fields in the base space By,.

2. VERTICAL LIFTS OF TENSOR FIELD OF TYPE (0,2)

If f is a function on B,,, we write " f for the function on t(B,,) obtained by forming
the composition of 7 : t(B,,) = By, and Vf = f o7, so that

Wf="fom=fomom=for.



868 TWMS J. APP. ENG. MATH. V.10, N.4, 2020

Thus, the vertical lift " f of the function f to t(B,,) satisfies
" f(at 2%, 2%) = f(a®). (6)

We note here that value " f is constant along each fibre of 7 : t(B,,;,) — By,.

On the other hand, if f = f(z% z%) is a function in M,,, we write “f for the function
in t(By,) defined by B

“f =udf) = 2"0sf =y 05 (7)
and call of the complete lift “f of the function f [6].
Let X € S{(Bn), i.e. X = X?9,. On putting
0
W (vaI) _ 0 7 (8)
XO[
from (3), we easily see that "X’ = A(**X). The vector field "X is called the vertical lift
of X to t(Bp).

Let X € 3{(M,) be a projectable vector field [10] with projection X = X*(x*)d, i.e.
X = X2 2%)0, + X(2%)0s. Now, consider X € I§(M,,), then “X (complete lift) has
the components on the semi-tangent bundle t(B,,) [6]:

xa
X = (CC)?I) =| x° (9)
yEaE:XO[
with respect to the coordinates (¢, 2%, z%).
Let G € (M), i.e. G = Gapdz®® dz”. On putting

0 0 0
G = (WG]J) = 0 Gag 0 , (10)
0 0 0

from (3), we easily see that "G = AL AJ,("G;). The tensor field "G of type (0,2)
is called the vertical lift of G to ¢(By,).
Since Det(**G) = 0, we have:

Theorem 2.1. The semi-tangent bundle t(B,,) has a trivial metric "*G.
Theorem 2.2. If G is tensor field of type (0,2) on B,,, and X,Y € S$(My,), then
(Z) va(va7 vV ) =0
(’LZ) ’U’UG(U’UX’ cc ) — 07
(id) "G(“X,"Y) =0
() "G(CX,Y) = * (G(X,Y)).
Proof. (i) If X,Y € S$(My,) and G € 3Y(Bp), from (8) and (10), then we have
’UUG(U’UX’ vvy) _ U’L)GIJUvXIvaJ
— UUGab v ya 'uvyb + UUGaﬁ v ya vvy,B 4+ M)GaE w xa vvyﬁ
0 0 0
b _
+M)Gab w ya vy + m}Gaﬁ vy vvyﬂ 4+ vaaB w xa vvyﬁ
0 0 0
— b — — ey
+vaEbvaa vy +vaanvXa vvyﬁ + vaaB vaa'uvy,B
0 0
= 0.
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(i) If X,Y € S}(M,) and G € SY(B,,), from (8), (9) and (10), then we have
va(va, ccy) — vaIvaXIcch
_ UUGab v yra ccyb + vUGa,B v yra ccy,b’ + vv(;aB v yra ccyﬁ
0 0 0
+vaab v o ccyb + UUGaﬁ v o ccyﬁ + UUG&E v o chB
0 0 0
+ ’U’UGab quachb + UUG&B quachﬁ + UUG&B vaachg

N—— ——
0 0 0

= 0.
(iii) If X,V € S(M,) and G € SY(B,,), from (8), (9) and (10), then we have
’UUG(CCX vvy) — UUGIJCCXI’U’UYJ
_ vaabcha vvyb +UUGaﬁcha vvyﬁ LG chavag
N N~ af
0 0 S~
+vaabcha vvyb +vaa5cha vvy,B + vaaB chozvag
0 0
4 vaab chEvvyb 4 vaaﬁ chEvvy,B 4 UUGEE chEvvyﬁ
0 0 0
= 0.
(iv) If X,Y € 34 (M,,) and G € SY(B,y,), from (6), (8), (9) and (10), then we have
va(ch ccy> — ’UUG[JCCXICCYJ
. _
— v'uGab ce yaceyb o vaaB chachB + v'UGaB chachB

0 0 0
o) cc yacey b VU ccyacey B | vv _ccyacey B
+ PGy XYY 4 WG XY E 4G S XY
0 G(x,@ X« Y8
4 VU Gab chEccyb + VU Gaﬁ chEccy,B 4 VU GEB chEccyﬁ
0 0 0
= GapX°Y’
= "(GX)Y)).

3. COMPLETE LIFTS OF TENSOR FIELD OF TYPE (0,2)

Let G € 39(M,,) be a projectable tensor field of type (0,2) [10] with projection G =
Gop (%) dz® ® dzP, i.e. G has the componets

6= (Gu) = ( ; Gaﬁ()(xa) >



870 TWMS J. APP. ENG. MATH. V.10, N.4, 2020

with respect to the coordinates (z®, ) [11]. On putting

N N 0 0 0
C"’G:("’CGU>: 0 ¥°0.Gap Gap |, (11)
0 Gag O

we easily see that “Gpjy = Af,Af, (““Gry). We call y the complete lift of the tensor
field G of type (0,2) to t(By,) [11].
Since Det(““G) = 0, we have:

Theorem 3.1. The semi-tangent bundle t(By,) has a degenerate metric “G [11].

Theorem 3.2. If G is projectable tensor field of type (0,2) on M,,, and X,Y e S4(M,,),
then

(7/) ch('l)'l)‘X'7 U'L)~) — 07

(i) “G(X,*V) =" (G(X,Y)).
(i) “G(*X,™Y) =" (G(X,Y),
(Z/U) CCG(CCX7 CCY) — cc (G(){7 Y))

Proof. () If X,Y € S$(My,) and G € SY(M,,), from (8) and (11), then we have

ccé(va’ va) _ ccéIJUvXIvaJ
_ Ccéab vo yravvyb + Ccéaﬁ v yavvy B + ccéag v ya vvyﬁ
0 0 0

~ b ~ ~ -

+CCGab v xavvyd 4 CcGaﬂ vy vaﬁ + CCGaB vy vaﬁ
0 0 0

~ _ b ~ _ ~ _ —

+ccGabvaa wy +ccGaﬁvaa vvyﬁ + CCG&B vaowvyﬁ

0 0 0"

= 0.

(i) If X,Y € S(M,) and G € SY(M,,), from (6), (8), (9) and (11), then we have

ccé(m}X cci}) _ ccéIJUvXIcci}J

~ ~b ~ ~ ~ ~
_ CCGab v xaccyb 4 CCGaﬁ w xa ccy,B + CCGaB v xa ccy,B

0 0 0

~ ~b ~ ~ ~ ~

+CcGab vo xaceyb CcGa,B v o ccyﬂ + CCGQB v xQ ccy,B
0 0 0

~ Seeh ~ o~ ~ o~
+ CCGab vo xaceyd 4 CCGE/B v X @ ccyﬁ + CCGEB vaaccyﬁ

0 Gop X> yB 0

= GapXYP

= "(GEXY)).
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(iii) If X,Y € S4(M,,) and G € SY(M,,), from (6), (8), (9) and (11), then we have

CC@(“}?, vvy) _ CCGIJCCXIU’UYJ
~ - . . _ B N B
= “Gap XY 4 G XY+ G g XY P
0 0 Y
~ - b " B B N B
4G XY +CCGaBCCXa vvyﬁ + ccGaB ceyo vvyﬂ
0 0 v Xa Yﬁ
Gap
+ Ccéab ce yovvyb | ccéaﬁcc;(a wy B peeq ce yavvy B
Vv ~~—~ ap
= Gaﬁxayﬁ
= "(GX)Y)).

(iv) If X,Y € S§(M,) and G € SY(M,,), from (7), (8), (9) and (11), then we have
ccé(ccjz cci}) — ccé[]cci[cci}]
_ ccéab chacci}b + ccéaﬁ chacci},B + ccéag ccjfacci}ﬁ
~—~— N—— N——
0 0 0
ccyy | ceyaceyb ce Y ccyacey B | cen _ceya cey B
+ “Gap XY + GQBXY+GQBX Y
0 Y°0-Gop X yB Gos X 4y, Yh
~ SaeeSh ~ _ ~ ~ o~
+CCGEIJ ce yacey +CCGa,8 cexa CCYB+CCGEB choaccyﬂ
0 Gop Y 0eX* YP
= Y (0:Gag) XV 4 Gap Xy (0.Y7) + Gagy® (0.X) Y7
= 0. (GapX°Y?)
= “(G(X,)Y)).
]
In addition, according to (10) and (11), we define new projectable tensor field of type
(0,2) i.e. ““G* by
ccé* _ ccé 4+ g

with respect to the coordinates (2%, z%, %) in t(B,,), where

N 0 0 0 0 0 0
et = 0 yeaeGag Gag + 0 Ga@ 0
0 Gas O 0 0 0
0 0 0
= 0 yfagGag + Gaﬂ Ga,@
0 Gos 0

We call “G* the deformed complete lift of the tensor field G of type (0,2) to ¢(Bp).
Taking account of (5), we easily see that “G%, ;, = AL A7, (“G3 ).
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Proof. For simplicity we take only Ccéz, g In fact, from (5)

cc v _ a Ab ccyx a AB ccovx a B cc/ux
g = AL AL Gy +ALAS, Gy + A AT, G
0 0 0

a Ab ccpvx o B8 ccy*
+Aa/A6/ Gozb + Aa/ AB/ CMB
V() vAa \g./ , ——
o AB’ y 6€/Ga5+Gag

+ Ay AL, G
P

a
N N _
0 A%, /yel A%, Gaﬁ 0
@’ g «

= Ag’Ag’ (yslaa’Gaﬂ + Gaﬁ) + ygl (35'A§/)Ag/ Gaﬁ + yEI(aS’Ag’)Ag’ Gaﬁ

@ 7b T o B o a@ A8 Ak
FAT A G+ AT, A G + AT AD G

= AL AL (1 00Gag) + AL A Gag
+y (0 A A% Gog + yF (0 AL) A Gag
= yglas’(Ag/AglGaﬂ) + Ga/B/
= y€/8{5/Ga/ﬂ/ + Galﬁl.
Ll“hus, we have Ccéjf, g = Af,Aj,(ccé? 7). We can easily obtain other components of
“G7, 5 by using this way. O
Since Det(““G*) = 0, we have:

Theorem 3.3. The semi-tangent bundle t(B,,) has a degenerate deformed metric e

4. HORIZONTAL LIFTS OF TENSOR FIELD OF TYPE (0,2)

Firstly, we will give some preliminary definitions. For any F' € S1(B,y,), if we take
account of (5), we can prove that (yF) = A(yF), where vF is a vector field defined by

0
V= (F) = 1| 0 (12)
y I

with respect to the coordinates (z%, z%, z%).
For any S € $Y(Bm), if we take account of (5), we can prove that (yS) = Af, A7,(v9),
where 7S is a tensor field of type (0,2) defined by

0 0 0
¥S=(S15) =1 0 ¥°Scap O (13)
0 0 0

with respect to the coordinates (2%, 2%, z%) and (2°, 27, xﬁ).
Let now X € 3}(M,,) be a projectable vector field on M,, with projection X € S§(Bn)
[10]. Then we define the horizontal lift 7 X of X by

HHX —ccX _ (VX)
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on t(M,). Where V is a symmetric affine connection in a differentiable manifold B,,.
Then, remembering that “X and «(VX) have, respectively, local componenets

< 0
%= (%)= %Exa SR D il

with respect to the coordinates (z%, %, %) on t(B,,). V4X¢ being the covariant derivative
of X%, ie.,
(Vo X®) = 0,X° + XT3,
We find that the horizontal lift 7# X of X has the components
xXa
HHX: (HHXI) _ X (14)
—I‘%Xﬁ
with respect to the coordinates (z%, 2%, 2%) on t(B,,). Where
5=yTdp. (15)
Suppose now that Ge 3Y(M,,) and G has local components G5 in a neighborhood U
of By, G = Gop (%) dz® @ dz”. Then we define the horizontal lift 77 G of G by

HHG = G — V,G = “G — 4|V ] (16)
on t(B,). Where y[VG] is a tensor field of type (0,2) defined by
VVG] = ¥°V.Gopda® @ dz’. (17)

From (11), (13), (16) and (17), we sce that the horizontal lift G has the components
of the form

0 0 0
HEG = (HHG ) = | 0 4 T%Gos + ¥ T76G0s Gagp (18)
0 Gus 0

with respect to the coordinates (z%, %, 2%) on t(B,y,), where G,z are the local components
of G, I'? 4 componenets of V on ¢(By,) and I'f are defined by (15).
(

Proof. From (11), (13), (16) and (17), we have

_ 0 0 0
HHg — 0 ¥°T9,Gop+ ¥T25G0s Gap

0 Gap 0
0 0 0

= 0 yaasGaﬁ - ya(aeGaﬁ - FgaGJB - FgBGaa) Gaﬁ
0 Gaﬂ 0
0 0 0 0 0 0

= 0 ¥°0:Gap Gap | —| 0 ¥°VeGog O
0 Gap 0 0 0 0

]

Thus we have (18). O

Theorem 4.1. If G is projectable tensor field of type (0,2) on M, and X,Y € SH(My),
then
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ccGIvaXIvvyJ
HH 7~ b, HH/~ HHA B
Gab v xa vy + Gaﬁ w xa vvyﬁ + Gaﬁ v xa vvyﬂ
0 0 0

HH A~ b, HH/~ HH 7~ B

+ Gab v xavvyb Gaﬁ o yo vvyﬁ + GQB v o vvy,b’
0 0 0

HHA wyawyb (HHA wvwyavoyB | HHA  vv yavoy B

HH G X vy L HH Ggrox ooy 8 HEG v x@wy
0 0 \_\0,_/

0.

(i) If X,Y € S$(M,,) and Ge 39(M,,), from (14) and (18), then we have

HH@(HH)’RHH?)

HH ¢y HH gIHHyJ
HH ey HH gaHHyb | HH@QB HH yaHHy S | HHéaB HH aHHyB
N——
0 5 -
yHHG HH gaHHyb HHéaﬁHHXaHHf/ﬂ + HHéaBHHXaHHY/B
0
L HHG  HHFGHHYb | HHéaBHH)?aHH}'}ﬁ i HH@EB HH gaHHyB
~——

~——
0 0

(T ZaGios + 5 T23G00) XV 4 Gag X (< T20Y ) + Gag¥? (T2, X7)
“(GX,Y)) =1V (G(X,Y))]
HHG(X,Y).

(iil) If X,Y € 33(M,,) and G € SY(M,,), from (6), (8), (14) and (18), then we have

HHé(v'uX’ HH}A})

HHé[JUUXIHH}A}J
HH ~ HH~b HH /~ HH~, HH /~ HH<B
Gap XYt L TG g o x o HITY B HH G Zoox e HiyB
0 0 0

HH /~ HH~yb HH /~ HH~, HH /~ HH~<B

+ Gab w y o yb 4 Gaﬁ w xa YB T GaB w YB
0 0 0
+HHéabvaEHH?b+HHéaﬁvaaHH}7B_i_HHéanvXEHHi\}B
0 0

GopX°YP

TEXY).
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(iv) If X,Y € S}(M,) and G € SY(M,,), from (6), (8), (14) and (18), then we have

HHé(HHX’vvy) _ HHéIJHH)ZI'vaJ
_ HHéab HHX(wvyb + HHéaﬁ HHX(wvyﬂ + HHéaB HHXav’uyﬁ
0 0
0
HH/~ HH vy b HH/~ HH <y HH/~ HH <y B
+ Gab xovvyb | Gaﬁ X« Uv())/ﬂ + Gaﬁ chvyﬁ
0
HH/~  HH yawyb | HH/~ HH yawy B | HHS _ HH yavoy8
+ Gab X Y + Gaﬁ X Y + G— X Y
\_\0,_/ \T/ y af
= GapXY?
"(G(X,Y)).

5. CONCLUSIONS

Using the fiber bundle M over a manifold B, we define a semi-tangent (pull-back) bundle

tB. We consider vertical, complete and horizontal lifting problem of tensor fields of type (0,
2) on M to the semi-tangent bundle. Relations between lifted objects are also presented.
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