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DOUBLY CONNECTED PITCHFORK DOMINATION AND IT’S

INVERSE IN GRAPHS

M. A. ABDLHUSEIN1, M. N. AL-HARERE2, §

Abstract. Let G be a finite, simple, undirected graph and without isolated vertices. A
subset D of V is a pitchfork dominating set if every vertex v ∈ D dominates at least j
and at most k vertices of V −D, for any j and k integers. A subset D−1 of V −D is an
inverse pitchfork dominating set if D−1 is a dominating set. The domination number of
G, denoted by γpf (G) is a minimum cardinality over all pitchfork dominating sets in G.
The inverse domination number of G, denoted by γ−1

pf (G) is a minimum cardinality over
all inverse pitchfork dominating sets in G. In this paper, a special modified pitchfork
dominations called doubly connected pitchfork domination and it’s inverse are introduced
when j = 1 and k = 2. Some properties and bounds are studied with respect to the
order and the size of the graph. These modified dominations are applied and evaluated
for several well known and complement graphs.

Keywords: Dominating set, pitchfork domination, inverse pitchfork domination, doubly
connected.
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1. Introduction

Let G = (V,E) be a graph without isolated vertices has a vertex set V of order n and an
edge set E of size m. For any vertex v ∈ V , the degree of v is defined as the number of edges
incident on v and denoted by deg(v). The minimum and maximum degrees of vertices are
denoted by δ(G) and ∆(G), respectively. The subgraph of G induced by the vertices in
D is denoted by G[D]. The complement G of a simple graph G with vertex set V (G) is
the graph in which two vertices are adjacent if and only if they are not adjacent in G. For
graph theoretic terminology we refer to [9] and [16]. The study of domination and related
subset problems is one of the fastest growing areas in graph theory. For a detailed survey
of domination one can see [10] and [11]. A set D ⊆ V is a dominating set if every vertex
in V −D is adjacent to a vertex in D, that is N [D] = V . A dominating set D is said to be

1 University of Baghdad, College of Education for Pure Sciences, (Ibn Al-Haitham), Department of
Mathematics, Iraq.
University of Thi-Qar, College of Education for Pure Sciences, Department of Mathematics, Iraq.
e-mail: mmhd@utq.edu.iq; ORCID: https://orcid.org/0000-0003-0620-4576.

2 University of Technology - Department of Applied Sciences - Iraq.
e-mail: 100035@uotechnology.edu.iq; ORCID: https://orcid.org/0000-0003-1125-4439.

§ Manuscript received: December 05, 2019; accepted: March 18, 2020.
TWMS Journal of Applied and Engineering Mathematics, Vol.12, No.1 © Işık University, Department
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a minimal dominating set if no proper subset of D is a dominating set. The domination
number γ(G) is the minimum cardinality of a dominating set D of G. Ore [15] introduced
the expression dominating set and domination number. The importance of domination in
various applications, led to the appearance of different types domination according to the
purpose used for see for example [4, 5, 6, 8, 12, 13, 14]. Cyman et. al. [7] introduced the
concept of doubly connected domination and gave some of it’s bounds and properties. A
new model of domination in graphs called the pitchfork domination and it’s inverse are
introduced by Al-harere and Abdlhusein [1, 2, 3]. For a finite, simple, undirected graph
and without isolated vertices, a subset D of V is a pitchfork dominating set if every vertex
v ∈ D dominates at least j and at most k vertices of V − D, for any integers j and k.
A subset D−1 of V − D is an inverse pitchfork dominating set if D−1 is a dominating
set. The domination number of G, denoted by γpf (G) is the minimum cardinality over all

pitchfork dominating sets in G. The inverse domination number of G, denoted by γ−1
pf (G)

is the minimum cardinality over all inverse pitchfork dominating sets in G. Here, a new
parameter of domination in graphs called doubly connected pitchfork domination and it’s
inverse are introduced and applied on some graphs with several properties and bounds.
We refer to some results from [1] and [3] which will be depend here.

Proposition 1.1. [3]: Let G = (V,E) be a graph having a maximum degree ∆(G) ≤ 2 ,
then γ(G) = γpf (G).

Theorem 1.1. [1] The cycle graph Cn; (n ≥ 3) has an inverse pitchfork domination such
that: γ−1

pf (Cn) = γpf (Cn) = dn3 e.

Theorem 1.2. [1] The path graph Pn; (n ≥ 2) has an inverse pitchfork domination such
that:

γ−1
pf (Pn) =

{
n
3 + 1 if n ≡ 0 (mod 3)
dn3 e if n ≡ 1, 2 (mod 3)

where γ−1
pf (P2) = 1.

Proposition 1.2. [3] Let G = Kn the complete graph with n ≥ 3 , then γpf (Kn) = n− 2
.

Proposition 1.3. [1] The complete graph Kn has an inverse pitchfork domination if and
only if n = 3, 4 and γ−1

pf (Kn) = n− 2.

Theorem 1.3. [3] Let G be the complete bipartite graph, then:

γpf (Kn,m) =

 m, if n = 2 ∧m < 3 or n = 1 ∧m > 2
m− 1, if n = 2,m ≥ 3
n+m− 4, if n,m > 2.

Theorem 1.4. [1] The complete bipartite graph Kn,m has an inverse pitchfork domination
if and only if Kn,m ≡ K1, 2,K2, 2,K2, 3,K2, 4,K3, 3,K3, 4 or K4, 4 such that:

γ−1
pf (Kn,m) =

{
2 for K1, 2

n+m− 4 if n, m = 2, 3, 4

Note 1.1. [1] For any graph G of order n and pitchfork domination number γpf , if
γpf (G) > n

2 then G has no inverse pitchfork domination.
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2. New Parameters of Pitchfork Domination

In this section, the doubly connected pitchfork domination and the inverse doubly con-
nected pitchfork domination are defined. The study of their bounds and properties are
given with an application of these modified dominations on some standard and complement
graphs.

Definition 2.1. Let G = (V,E) be a finite simple and undirected graph without isolated
vertices. A subset D ⊆ V (G) is a doubly connected pitchfork dominating set if D is
pitchfork dominating set of G and both G[D] and G[V −D] are connected subgraphs of G.

Definition 2.2. A subset D ⊆ V (G) is a minimal doubly connected pitchfork dominating
set if there is no doubly connected pitchfork dominating subset from it.

Definition 2.3. The minimum dominating set D denoted by γccpf−set is the smallest min-
imal doubly connected pitchfork dominating set of G. The doubly connected pitchfork
domination number denoted γccpf (G) is the minimum cardinality over all doubly connected
pitchfork dominating sets in G.

Definition 2.4. Let G = (V,E) be a graph with γccpf−set D, a subset D−1 ⊆ V −D is an

inverse doubly connected pitchfork dominating set with respect to D, if D−1 is a pitchfork
dominating set of G and both G[D−1] and G[V −D−1] are connected subgraphs of G.

Definition 2.5. A set D−1 is a minimal inverse doubly connected pitchfork dominating
set if there is no inverse doubly connected pitchfork dominating subset from it.

Definition 2.6. The minimum inverse doubly connected pitchfork dominating set D−1

denoted by γ−cc
pf −set is the smallest minimal inverse doubly connected pitchfork dominating

set of G. The inverse doubly connected pitchfork domination number denoted by γ−cc
pf (G)

is the minimum cardinality over all inverse doubly connected pitchfork dominating sets in
G.

Observation 2.1. Let G be a graph having a doubly connected pitchfork domination num-
ber γccpf (G). Then we have:

(1) G be a connected graph.
(2) |V (G)| ≥ 2.
(3) δ(G) ≥ 1 and ∆(G) ≥ 1.

Lemma 2.1. [15] If G is a graph in which the degree of each vertex is at least 2, then G
contains a cycle.

Theorem 2.1. Every graph G of order n ≥ 3 with end-vertex, has no doubly connected
pitchfork domination. The converse need not to be true.

Proof. Suppose that v be an end-vertex of a graph G, then v is adjacent to only one
support vertex say u. If G has a γccpf−set D then either v ∈ D or v /∈ D. If v ∈ D then

u /∈ D and G[D] disconnected. If v /∈ D then u ∈ D and G[V −D] disconnected. Hence
D isn’t γccpf−set and G has no doubly connected pitchfork domination. The converse need
not to be true see for example Cn ;n ≥ 5. �

Corollary 2.1. Every graph G of order n ≥ 3 with a doubly connected pitchfork domina-
tion, then G contains a cycle.

Proof. Since n ≥ 3, then δ(G) ≥ 2 and G has no end vertex according to Theorem (2.1).
Therefor each vertex of G has a degree at least 2. Hence G has a cycle by Lemma (2.1). �
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According to above Theorem (2.1), we give the following propositions:

Proposition 2.1. For any graph H, the corona H � K1 and H � Kn (n ≥ 2) have no
doubly connected pitchfork dominating sets.

Proposition 2.2. A tree T of order n ≥ 3 has no doubly connected pitchfork dominating
set.

Theorem 2.2. Every graph with a cut-vertex, has no doubly connected pitchfork domi-
nating set. The converse need not to be true.

Proof. Suppose that G be a graph with a cut-vertex u, then G − u disconnected graph
with at least two components W1 and W2. Suppose that G has a γccpf−set D then either

u ∈ D or u /∈ D. If u /∈ D then D ⊆ G − u and D contains some vertices from W1 and
another vertices from W2, therefor G[D] is disconnected which is contradiction. If u ∈ D
then u /∈ V −D and V −D ⊆ G− u and G[V −D] disconnected since it has vertices from
W1 and W2 which is contradiction. Hence D isn’t γccpf−set and G has no doubly connected
pitchfork domination. The converse need not to be true, see for example Cn ;n ≥ 5. �

Proposition 2.3. Every graph with a doubly connected pitchfork domination is a nonsep-
arable (block) graph. The converse need not to be true.

Proof. Let G be a graph with a doubly connected pitchfork domination. Then G is a
nontrivial, connected, and has no cut vertices. Hence G is a nonseparable (block) graph.
The converse isn’t applied on a cycle graph Cn for n ≥ 5. �

Theorem 2.3. Let G = (V, E) be a graph of order n ≥ 3 with a doubly connected pitchfork
domination, then G has no bridge.

Proof. Let D be a γccpf−set of G, then for a contradiction suppose that G has a bridge
e ∈ E, then G− e is a disconnected graph contains at least two components W1 and W2.
Where e = u1u2 such that u1 ∈W1 and u2 ∈W2. There are four cases as follows:
Case 1: If u1, u2 ∈ D , then e is contained in every v1− v2 path of a vertices from V −D
such that v1 ∈W1 and v2 ∈W2. Hence G[V −D] disconnected.
Case 2: If u1, u2 ∈ V −D , then e is contained in every t1− t2 path of a vertices from D
such that t1 ∈W1 and t2 ∈W2. Hence G[D] disconnected.
Case 3: If u1 ∈ D and u2 ∈ V −D, then for any vertex v2 from W2 (v2 ∈ D) every u1−v2
path contains e. Hence G[D] disconnected.
Case 4: If u1 ∈ V −D and u2 ∈ D, then for any vertex v2 from W2 (v2 ∈ V −D) every
u1 − v2 path contains e. Hence G[V −D] disconnected.
All above cases give a contradiction with a doubly connected pitchfork domination since
D is a γccpf−set of G. Thus G has no bridge. �

It is clear that γccpf (G) = 1 for P2 and K3. Now we discuss γccpf (G) for any graph with
degree n ≥ 4.

Theorem 2.4. Let G(n,m) (n ≥ 4), be a graph with a doubly connected pitchfork domi-
nation number γccpf (G), then 2 ≤ γccpf (G) ≤ n− 1.

Proof. Suppose that n ≥ 4 then D must be contains at least two vertices since if D has
only one vertex then this vertex dominates three vertices which is contradict pitchfork
domination definition. �

In the next Theorem, the relation between the size of graph and the doubly connected
pitchfork domination number is given.
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Theorem 2.5. Let G = (n,m) be any graph has a doubly connected pitchfork domination,
then:

γccpf (G) + n− 2 ≤ m ≤
(
n

2

)
+ (γccpf (G))2 + (2− n) γccpf (G).

Proof. Let D be γccpf− set of G , then:

Case 1: To prove the lower bound, since G[D] and G[V −D] be a connected graphs. Then
let m1 = m(G[D]) = |D|−1 = γccpf −1 and m2 = m(G[V −D]) = |V −D|−1 = n−γccpf −1
to be G has as few edges as possible. Now by the definition of doubly connected pitchfork
domination, there is at least one edge from every vertex in D to V −D. Then m3 = |D| =
γccpf . Therefor in general m = m1 + m2 + m3 ≥ γccpf − 1 + n − γccpf − 1 + γccpf which is the
lower bound.
Case 2: To prove the upper bound, suppose that G[D] and G[V −D] are two complete
subgraphs to be G have maximum number of edges where the number of edges of D and
V −D equal to m1 and m2 respectively, then:

m1 =
|D||D − 1|

2
=
γccpf (γccpf − 1)

2

m2 =
|V −D||V −D − 1|

2
=

(n− γccpf )(n− γccpf − 1)

2

Now by the definition of doubly connected pitchfork domination, there exist at most two
edges from every vertex of D to V −D, then the number of edges from D to V −D equal
to 2|D| = 2γccpf (G) = m3. Hence the number of edges of G equal to

m = m1 +m2 +m3

=
1

2

[
(γccpf )2 − γccpf

]
+

1

2

[
n2 − nγccpf − n− nγccpf + (γccpf )2 + γccpf

]
+ 2γccpf

= (γccpf )2 − nγccpf + 2γccpf +
n2 − n

2

Which is the upper bound. �

The following some theorems are given depending on the fact that on the ordinary
dominating set may be one vertex dominates all other vertices of G. While in the pitchfork
dominating set every vertex in D dominates at most two vertices. Hence the order of
γpf (G) is equal or more than γ(G).

Theorem 2.6. Let G = (n,m) be a graph with a doubly connected pitchfork domination,
then:

γ(G) ≤ γpf (G) ≤ γccpf (G).

Proof. From the definition of doubly connected pitchfork domination, every doubly con-
nected pitchfork dominating set is a pitchfork dominating set and every pitchfork domi-
nating set is a dominating set. �

Theorem 2.7. Let G = (n,m) be a graph with a doubly connected pitchfork domination,
then:

γc(G) ≤ γcpf (G) ≤ γccpf (G)

Proof. From the definition of doubly connected pitchfork domination, every doubly con-
nected pitchfork dominating set is a connected pitchfork dominating set and every con-
nected pitchfork dominating set is a connected dominating set. �
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Theorem 2.8. Let G = (n,m) be a graph with doubly connected pitchfork domination,
then:

γcc(G) ≤ γccpf (G).

Proof. From the definition of doubly connected pitchfork domination, every doubly con-
nected pitchfork dominating set is a doubly connected dominating set. �

Theorem 2.9. Let G = (n,m) be a graph with doubly connected pitchfork domination,
then:

γc(G) ≤ γccpf (G)

Proof. From the definition of doubly connected pitchfork domination, every doubly con-
nected pitchfork dominating set is a connected dominating set. �

Theorem 2.10. Let G(n,m) (n ≥ 4), be a graph with an inverse doubly connected pitch-
fork domination number γ−cc

pf (G), then 2 ≤ γ−cc
pf (G) ≤ n− 2.

Proof. Let D be a doubly connected pitchfork dominating set in G, since D is a γccpf−set

and n > 3, then |D| ≥ 2 according to Theorem (2.4). Since |D−1| ≥ |D| then |D−1| ≥ 2
at least and |D−1| ≤ n− 2 at most. �

3. An Applications on Some Graphs

Here, the doubly connected pitchfork domination number and it’s inverse are applied
and evaluated for some standard and complement graphs such as: path, cycle, wheel,
complete, complete bipartite graph and some complement graphs.

Proposition 3.1. Let Pn be a path with n ≥ 2, then:
1. Pn has doubly connected pitchfork domination if and only if n = 2 such that γccpf (P2) = 1.
2. Pn has an inverse doubly connected pitchfork domination if and only if n = 2 such that
γ−cc
pf (P2) = 1.

Proof. If n = 2, then D has one vertex and V −D = D−1 such that D is a γccpf−set and

D−1 is a γ−cc
pf −set. For n ≥ 3, then Pn has no doubly connected pitchfork domination

according to Theorem (2.1). �

Theorem 3.1. Let Cn be the cycle graph, then:
1. Cn has doubly connected pitchfork domination if and only if n = 3, 4 where γccpf (Cn) =

dn3 e.
2. Cn has an inverse doubly connected pitchfork domination if and only if n = 3, 4 such
that γ−cc

pf (Cn) = dn3 e.
3. γccpf (Cn) + γ−cc

pf (Cn) = n if and only if n = 4.

4. γccpf (Cn) + γ−cc
pf (Cn) = n− 1 if and only if n = 3.

Proof. If n = 3, let D consists of any vertex of C3, then D is a pitchfork dominating set
and both G[D] and G[V − D] are connected graphs. Therefor D is a γccpf−set. In the

same way we choose D−1. Hence γccpf (C3) = γ−cc
pf (C3) = 1. If n = 4, let D consists of any

two adjacent vertices, then D is a pitchfork dominating set and both G[D] and G[V −D]
are connected graphs. So that D−1 = V − D. Hence γccpf (C4) = γ−cc

pf (C4) = 2. Thus D

is a γccpf−set and D−1 is a γ−cc
pf −set with order two. For n ≥ 5, then every chosen of a

pitchfork dominating set D get G[D] and G[V −D] disconnected graphs. Hence Cn has
no doubly connected pitchfork domination. �
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Theorem 3.2. Let Kn be a complete graph with n ≥ 3, then:
1. Kn has doubly connected pitchfork domination such that γccpf (Kn) = γpf (Kn) = n− 2.
2. Kn has an inverse doubly connected pitchfork domination if and only if n = 3, 4 such
that γ−cc

pf (Kn) = γ−1
pf (Kn) = n− 2.

3. γccpf (Kn) + γ−cc
pf (Kn) = n if and only if n = 4.

Proof. 1. Let D be a pitchfork dominating set in Kn. Since every vertex in D dominates
at most two vertices, then V −D contains only two vertices which are dominated by all the
other vertices. Since every component of order 2 or more of complete graph is complete,
therefor G[D] and G[V −D] are connected. Hence D be a γccpf−set in Kn with order n−2.
2. It is clear when n = 3, 4 then Kn has an inverse doubly connected pitchfork domination
number equals to n − 2 by similar technique of proof 1. But if n ≥ 5 then Kn has no
inverse pitchfork domination according to Note (1.1) since γccpf (Kn) > n

2 .
3. It is clear from 1 and 2. �

Theorem 3.3. Let Kn,m be a complete bipartite graph with n, m ≥ 2, then:
1. Kn,m has a doubly connected pitchfork domination if and only if n, m ≥ 2 such that
γccpf (Kn,m) = γpf (Kn,m).
2. Kn,m has an inverse doubly connected pitchfork domination if and only if n, m = 2, 3, 4

such that γ−cc
pf (Kn,m) = γ−1

pf (Kn,m).

3. γccpf (Kn,m) + γ−cc
pf (Kn,m) = n+m for K2, 2,K2, 4,K4, 4.

Proof. Let A and B are two disjoint sets of vertices of Kn,m such that |A| = n and |B| = m.
1- Three cases are obtained as follows:
Case 1: If n = m = 2 then the γccpf−set D contains any vertex in A and any vertex in B.

Case 2: If n = 2 and m ≥ 3, suppose that A = {v1, v2} and let D contains one vertex of
A such as v1 and m − 2 vertices of B, then v1 will dominate two vertices. Therefore, all
the m− 2 vertices of B which are in D will dominate v2. Hence, γccpf (Kn,m) = m− 1.
Case 3: If n, m > 2, then D must be contain n− 2 vertices of A and m− 2 vertices of B
where all the n − 2 vertices will dominate the two vertices of B. Also, all m − 2 vertices
of B which are in D will dominate the two vertices of A that belong to V − D. Hence,
γccpf (Kn,m) = m+ n− 4.
2- The proof is clear when n,m ≤ 4 by similar technique of 1. If m ≥ 5, since D contains
two vertex of A and m− 2 vertices of B by 1, then if D−1 contains the other two vertices
of A, it will dominate all the m− 2 vertices of B that belong to D, but m− 2 ≥ 3 which
is a contradiction. Hence, Kn,m has no inverse doubly connected pitchfork domination.
3. Since D−1 = V −D in K2, 2,K2, 4,K4, 4. �

Theorem 3.4. Let Wn be the wheel graph of order n+ 1, then:
1. Wn has doubly connected pitchfork domination such that:

γccpf (Wn) =

{
2, if n = 3
n− 2, if n ≥ 4

2. Wn has an inverse doubly connected pitchfork domination if and only if n = 3, 4 such
that γ−cc

pf (Wn) = γccpf (Wn).

3. γccpf (Wn) + γ−cc
pf (Wn) = n+ 1 if and only if n = 3.

4. γccpf (Wn) + γ−cc
pf (Wn) = n if and only if n = 4.

Proof. 1. If n = 3 let D consist of any two adjacent vertices of the cycle. Then every
vertex of D dominates the two remaining vertices with G[D] and G[V −D] are connected.
Hence D is γccpf−set of W3 with order two. If n ≥ 4 let D contains all the vertices except
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the central vertex and another any two adjacent vertices of the cycle say u1, u2. Then
every vertex of D dominates the central vertex, except the vertex un which dominates the
central vertex and u1. Also the vertex u3 dominates the central vertex and u2. Since both
G[D] and G[V −D] are connected. Hence D is γccpf−set of Wn with order n− 2.

2. If n = 3 then D−1 = V −D. If n = 4 then D consist of the two vertices of the cycle
which are in V −D. Hence D−1 is γ−cc

pf −set of Wn with order two. When n = 5 then if

the central vertex belongs to D−1 then it is dominates the three vertices of D which is
contradiction, also if the central vertex don’t belongs to D−1 then there exist one vertex
in D don’t dominated by D−1, hence there is no inverse pitchfork dominating set. If n ≥ 6
then γccpf (Wn) > n+1

2 and there is no D−1 according to Note (1.1).

Proof 3. and 4. follow from (1) and (2). �

Theorem 3.5. Let Pn be a complement path graph, then:
1. Pn has a doubly connected pitchfork domination if and only if n ≥ 5 such that

γccpf (Pn) =

 2, if n = 5, 6
3, if n = 7
n− 2, if n ≥ 8.

2. Pn has an inverse doubly connected pitchfork domination if and only if n = 5, 6, 7 such
that

γ−cc
pf (Pn) =

{
2, if n = 5
dn3 e+ 1, if n = 6, 7

3. γccpf (Pn) + γ−cc
pf (Pn) = n if and only if n = 7.

Proof. Since P 2 is null graph, P 3 has an isolated vertex and since every chosen of a
pitchfork dominating set D in P 4 give G[D] or G[V −D] disconnected. Hence P 2, P 3 and
P 4 has no doubly connected pitchfork domination.
1. It is clear for n = 5, 6, 7. If n ≥ 8, then the best choice “but not the only one” for
connected pitchfork dominating set is D = {v2, v3, · · · , vn−1}. Hence D is a γccpf−set with
order n− 2.
2. It is clear for n = 5, 6, 7. If n ≥ 8, then Pn has no inverse connected pitchfork
domination according to Note (1.1) since γccpf (Pn) > n

2 .

3. Since γccpf (P 7) = 3 and γ−cc
pf (P 7) = 4. �

Theorem 3.6. Let Cn be a complement cycle graph, then:
1. Cn has a doubly connected pitchfork domination if and only if n ≥ 6 such that

γccpf (Cn) =


2, if n = 6
n− 4, if n = 7, 8
6, if n = 9
n− 2, if n ≥ 10.

2. Cn has an inverse doubly connected pitchfork domination if and only if n = 6, 7, 8 such
that

γ−cc
pf (Cn) =

{
2, if n = 6
n− 4, if n = 7, 8

3. γccpf (Cn) + γ−cc
pf (Cn) = n if and only if n = 8.

Proof. Since C3 is null graph, C4 is disconnected graph and every chosen of a pitchfork
dominating set D in C5 give G[V −D] disconnected then C3, C4 and C5 has no doubly
connected pitchfork domination.
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1. There are four cases as follows: If n = 6 let D = {vk, vk+3} for any integer 1 ≤ k ≤ 6. If
n = 7 let us label the vertices of C7 as {vi; i = 1, 2, · · · , 7} and Let D = {vi; i is odd, i 6=
7}. If n = 8 let D = {vi; i is odd}. If n = 9 let D consists of the firstly two vertices from
every three consecutive vertices. If n ≥ 10 let D consists of all the vertices except two
vertices, but we must avoid choose V − D = {vi, vi+2} since vi+1 don’t dominates any
vertex. In all above cases, D is a pitchfork dominating set, since G[D] so that G[V −D]
are connected graphs, then D is a γccpf−set of Cn.

2. According to the γccpf−set D in proof 1, let us choose D−1 as follows: If n = 6 then let

D−1 = {vk+1, vk+4 } for any integer 1 ≤ k ≤ 6. If n = 7, 8 then let D−1 = {vi; i is even}.
D−1 is an inverse pitchfork dominating set, since G[D−1] so that G[V −D−1] are connected
graphs, then D−1 is a γ−cc

pf −set of Cn. If n ≥ 9 then Cn has no inverse doubly connected

pitchfork domination by Note (1.1) since γccpf (Cn) > n
2 .

3. It is clear since γccpf (C8) = 4 = γ−cc
pf (C8). �

Notice that Kn, Wn and Kn,m have no doubly connected pitchfork domination, since

Kn is null graph, Wn has an isolated vertex and Kn,m is disconnected graph contains two
disjoint complete components.

4. Conclusions

The goal of this paper is to introduce new parameters of domination, doubly connected
pitchfork domination and it’s inverse. Some bounds and properties of these new types of
dominations are studied and applied on some known graphs.

Acknowledgement. We would like to extend our gratitude to the authors of the refer-
ences we have used in this paper.

References

[1] Abdlhusein M. A. and Al-harere M. N., (2020), Inverse pitchfork domination in graphs, reprint.
[2] Abdlhusein M. A. and Al-harere M. N., (2019), Pitchfork domination and it’s inverse for corona and

join operations in graphs, Proceedings of International Mathematical Sciences, I (2), pp. 51-55.
[3] Al-harere M. N. and Abdlhusein M. A., (2019), Pitchfork domination in graphs, Discrete Mathematics,

Algorthem and Applications, to apper, doi.org/10.1142/S1793830920500251.
[4] Al-harere M. N. and Breesam A. T., (2019), Variant types of domination in Spinner graph, Al-Nahrain

Journal, 0, pp. 127-133.
[5] Al-harere M. N. and Khuda Bakhash P. A., (2018), Tadpole domination in graphs, Baghdad Science

Journal, 4, pp. 466-471.
[6] Chellali M., Haynes T. W., Hedetniemi S. T., and Rae A. M., (2013), [1,2]-Set in graphs, Discrete

Applied Mathematic, 18, pp. 2885- 2893.
[7] Cyman J., Lemanskat M. and Raczek J., (2006), On the doubly connected domination number of a

graph, Central European Journal of Mathematics, 4 (1), pp. 34-45.
[8] Das A., Laskar R. C., Rad N. J., (2018), On α-domination in graphs, Graphs and Combinatorics, 1,

pp. 193-205.
[9] Harary F., (1969), Graph theory, Addison-Wesley, reading mass.
[10] Haynes T. W., Hedetniemi S. T., Slater P.J., (1998), Domination in graphs -advanced topics, Marcel

Dekker inc.
[11] Hedetneimi S.T., Laskar R. (Eds.), (1990), Topics in domination in graphs, Discrete Math., 86.
[12] Natarajan C., Ayyaswamy S. K. and Sathiamoorthy G., (2018), A note on hop domination number

of some special families of graphs, International Journal of Pure and Applied Mathematics, 12, pp.
14165-14171.

[13] Omran A. A. and Rajihy Y., (2017), Some properties of Frame domination in graphs, Journal of
Engineering and Applied Sciences, 12, pp. 8882-8885.



M. A. ABDLHUSEIN, M. N. AL-HARERE: DOUBLY CONNECTED PITCHFORK ... 91

[14] Omran A. A. and Hamed O. H., (2019), Hn domination in graphs, Baghdad Science Journal, 1, pp.
242-247.

[15] Ore O., (1962), Theory of graphs, American Mathematical Society, Provedence, R.I.
[16] Rahman M. S., (2017), Basic graph theory, Springer, India.

Mohammed Abdali Abdlhusein is an assistant professor at Thiqar University
(Iraq), College of Education for Pure Sciences in the Department of Mathematics. He
is a Ph.D. student in the College of Education for Pure Sciences (Ibn Al-Haitham),
University of Baghdad. His main subjects are q-series and domination in graph theory.

Manal Naji Al-Harere has been an assistant professor, Ph.D. in Mathematics
at Ain Shams University, Egypt since 2014. She is a member of the Faculty of
Applied Sciences Department at University of Technology, Iraq. Her main interests
are Labeling and Domination in Graph Theory.


