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HUB NUMBER OF GENERALIZED MIDDLE GRAPHS

B. BASAVANAGOUD1, MAHAMMADSADIQ SAYYED1, ANAND P. BARANGI1, §

Abstract. A hub set in a graph G is a set S ⊆ V (G) such that any two vertices outside
S are connected by a path whose all internal vertices are members of S. The minimum
cardinality of hub set is called hub number. In this paper, we give results for the hub
number of generalized middle graphs.
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1. Introduction

In 2006, Walsh came across the following problem: Imagine that we have a graph G
which represents in a large industrial complex, with edge between two buildings if it is an
easy walk from one to other. The corporation is considering implementation of a rapid-
transit system (RTS) and wants to place its stations in buildings so that to travel between
two nonadjacent buildings, one need only to walk to an adjacent station, take the RTS,
and walk to the desired buildings. The corporation would like to implement this plan
as cheaply as possible, which involves converting as few buildings as possible into transit
stations.

Walsh [16], defined hub number of a graph to answer the above problem as follows: Let
G = (V,E) be a graph with S ⊆ V (G) and let x, y ∈ V (G). An S-path between x and
y is a path where all intermediate vertices are from S. A set S ⊆ V (G) is a hub set of
G if it has the property that, for any x, y ∈ V (G) \ S there is an S-path in G between
x and y. The minimum cardinality of hub set is called hub number and is denoted by
h(G). The problem in the previous paragraph can be rephrased as: what is the smallest
size of a hub set in G?. Later, Grauman et al. [6] obtained the relationship between hub
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number, connected hub number and connected domination number of a graph. Chleb1́k
et al. [4] studied approximation hardness of dominating set problems. Cauresma et al.
[5] obtained hub number of join, corona and cartesian product of two connected graphs.
Hamburger et al. [8] obtained size of a minimum routing set in subgraphs of the integer
lattice. Basavanagoud et al. [2] obtained hub number of some wheel related graphs.
Veena Mathad et al. [14] studied total hub number of graphs. Shadi Ibrahim Khalaf et
al. [10, 11, 12] studied different forms of hub number like edge hub number, restrained
hub number and hub and global hub numbers of graphs. Liu et al. [13] studied the
hub number of co-comparability graphs. Now, in this paper, we obtain hub number of
generalized middle graphs.

2. Preliminaries

All graphs considered in this paper are nontrivial, connected, simple and undirected
graphs. Let G be a graph with vertex set V (G) = {v1, v2, ..., vn} and edge set E(G) =
{e1, e2, ..., em}. Thus |V (G)| = n and |E(G)| = m where, n and m are called order and
size of G respectively. The complement of G [7] is denoted by G whose vertex set is V (G)
and two vertices of G are adjacent if and only if they are not adjacent in G. The line
graph L(G) of G [15] is a graph with vertex set as the edge set of G and two vertices of
L(G) are adjacent whenever the corresponding edges in G have a vertex in common. The
subdivision graph S(G) of G [7] is a graph whose vertex set is V (G) ∪ E(G) where two
vertices are adjacent if and only if one is a vertex of G and other is an edge of G incident
with it. The partial complement of subdivision graph S(G) of G [9] is a graph whose vertex
set is V (G)∪E(G) where two vertices are adjacent if and only if one is a vertex of G and
the other is an edge of G not incident with it. For undefined terminology and notations
refer [7].

The generalized middle graph Gxy, introduced recently by Basavanagoud et al. [3], is
a graph having V (G) ∪ E(G) as the vertex set and α, β ∈ V (G) ∪ E(G), α and β are
adjacent in Gxy if and only if one of the following holds:
(i) α, β ∈ E(G), α, β are adjacent in G if x = + and α, β are not adjacent in G if x = −.
(ii) α ∈ V (G) and β ∈ E(G), α, β are incident in G if y = + and α, β are not incident in
G if y = −.

One can obtain the four graphical generalized middle graph transformations of graphs
as G++, G+−, G−+ and G−−. An example of generalized middle graph transformations
and their complements are depicted in Figure 1. Note that, G++ is just the middle graph
of G, which was introduced by Akiyama et al. in [1]. The vertex v of Gxy corresponding
to a vertex v of G is referred to as a point vertex. The vertex e of Gxy corresponding to an
edge e of G is referred to as a line vertex. The vertex v of Gxy corresponding to a vertex
v of G is referred to as a incident point vertex if vertex v is incident to edge e = (u, v) in
G. The vertex e of Gxy corresponding to an edge e of G is referred to as a incident line
vertex if edge e = (u, v) is incident to vertices u and v in G.

3. Hub number of generalized middle graphs

Theorem 3.1. Let G be any graph of order n. Then

h(G++) = n− 1.

Proof. Let v1, v2, ..., vn be point vertices of G++ and e1, e2, ..., em be line vertices of G++.
Consider ei ∈ V (G++) with maximum degree then dG++(ei) = dG(u) + dG(v). Now
choose S = {e1|e1 ∈ V (G++)} such that e1 has maximum degree in G++ i.e., dG++(e1)
is atmost {dG(u) + dG(v)} then each ei is adjacent to atmost{dG(u) + dG(v)} vertices.
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Figure 1. Graph G, its generalized middle graph transformations Gxy and
their complements Gxy.

Next, choose e2 ∈ V (G++) which has maximum degree and is adjacent to e1. Since each
ei ∈ V (G++) is incident with uv ∈ E(G) and has maximum degree in V (G++), choosing
S = {ei|ei ∈ V (G++), 1 ≤ i ≤ n − 1} gives the minimum hub set. Thus, |S| = n − 1.
Hence, h(G++) = n− 1. �

Theorem 3.2. Let G be any graph of order n ≥ 4 and size m ≥ 2. Then

h(G+−) = 3.

Proof. Let v1, v2, ..., vn be point vertices of G+− and e1, e2, ..., em,m ≥ 2 be line vertices
of G+−. Choose any two line vertices having maximum degree in V (G+−). Since any
line vertex is adjacent to (n− 2) point vertices. Choose point vertex vi which is incident
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Figure 2. Choosing minimum hub set in graph G++.

with line vertices e1 and e2. Therefore, let e1 = v1v2 and e2 = v2v3 be two adjacent line
vertices in V (G+−). Then choosing S = {e1, e2, v2} gives the minimum hub set. Therefore,
|S| = 3. Hence, h(G+−) = 3. �
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Figure 3. Choosing minimum hub set in graph G+−.

Theorem 3.3. Let G be any graph of order n ≥ 5, not a star or complete graph. Then

h(G−+) =
⌈
n
2

⌉
.

Proof. Let v1, v2, ..., vn be point vertices of G−+ and e1, e2, ..., em be line vertices of G−+.
Consider point vertex vi ∈ V (G−+), it is adjacent to incident line vertices. Each line
vertex ei ∈ V (G−+) is adjacent to incident point vertices and nonincident line vertices.
Now choose S = {ei|ei ∈ V (G−+)} such that ei has the maximum degree in G−+. Choose
a line vertex e1 which has the maximum degree and adjacent to incident point vertices
v1 and v2. Next, choose e3 ∈ V (G−+) which is nonadjacent to point vertices v1, v2
but adjacent to a line vertex e1. Since ei ∈ V (G−+) with maximum degree then each
dG−+(ei) = (m− dG(u) + dG(v)) + 3. Choosing S = {e1, e2, ..., edn2 e} gives the minimum

hub set. Thus, |S| =
⌈
n
2

⌉
. Hence, h(G−+) =

⌈
n
2

⌉
. �

Theorem 3.4. Let G be any star or complete graph of order n ≥ 5. Then

h(G−+) = n.

Proof. Let v1, v2, ..., vn be point vertices of G−+ and e1, e2, ..., em be line vertices of G−+.
Consider point vertex vi ∈ V (G−+), it is adjacent to incident line vertices. Each line
vertex ei ∈ V (G−+) is adjacent to incident point vertices and nonincident line vertices.
Now choose S = {ei|ei ∈ V (G−+)} such that ei has the maximum degree in G−+. Let G
be a complete graph, choose n line vertices ei which has maximum degree in G−+ which



288 TWMS J. APP. AND ENG. MATH. V.12, N.1, 2022

b b b bG:

v1 v2 v3

e1 e2 e3
G−+:

b

b

b

b

b

b

b
v1 v2 v3 v4

e1 e2 e3

b
v4

e4

v5

b

b
v5

e4

Figure 4. Choosing minimum hub set in graph G−+, when G is not a star
or complete graph.

forms required S-path. Choosing S = {e1, e2, ..., en} gives the minimum hub set. Thus,
|S| = n. Hence, h(G−+) = n. Let G be a star, choose point vertex vi which has maximum
degree in G and choose line vertices ei which has incident point vertex vi in G. Choosing
S = {vi, e1, e2, ..., em} gives the minimum hub set. Thus, |S| = m + 1 = n. Hence,
h(G−+) = n. �
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Figure 5. Choosing minimum hub set in graph G−+, when G is a star or
complete graph.

Theorem 3.5. Let G be path of order n ≥ 5. Then

h(G−−) = 2.

Proof. Let v1, v2, ..., vn be point vertices of G−− and e1, e2, ..., em be line vertices of G−−.
Choose two line vertices having maximum degree in G−−. Since any line vertex is adjacent
to (n−2) point vertices, choose two line vertices e1 and e2 which are incident with pendant
vertices vi and vj in G. Then choosing S = {e1, e2} gives the minimum hub set. Thus,
|S| = 2. Hence, h(G−−) = 2. �

Theorem 3.6. Let G be any graph of order n ≥ 5, not a path. Then

h(G−−) = 3.

Proof. Let v1, v2, ..., vn be point vertices of G−− and e1, e2, ..., em be line vertices of G−−.
Choose any two line vertices having maximum degree in V (G−−). Since any line vertex
is adjacent to (n − 2) point vertices, now choose S = {e1|e1 ∈ V (G−−)} such that e1
has maximum degree in G−−. Then each ei = uv is adjacent to {dG(u) + dG(v) − 1}
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Figure 6. Choosing minimum hub set in graph G−−, when G is a path.

vertices. Next, choose e2 ∈ V (G−−) which is adjacent to one common vertex e1. Choose
e3 ∈ V (G−−) which is adjacent to one common vertex e2. Then, choosing S = {e1, e2, e3}
gives the minimum hub set. Thus, |S| = 3. Hence, h(G−−) = 3. �
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Figure 7. Choosing minimum hub set in graph G−−, when G is not a path.

Theorem 3.7. Let G be any path or star or cycle of order n ≥ 4. Then

h(G++) = 2.

Proof. Let v1, v2, ..., vn be point vertices of G++ and e1, e2, ..., em be line vertices of G++.
Consider a point vertex vi which is adjacent to nonincident line vertices in V (G++) and

adjacent to all other point vertices in G++. Let G be a path or star, choose a point vertex
vi corresponding to a pendent vertex of G and line vertex ei which is incident with vi in G.
Then S = {vi, ei} which gives the minimum hub set. Thus, |S| = 2. Hence, h(G++) = 2.

Let G be a cycle, choose a point vertex vi which is adjacent to 2n−3 vertices in G++. Next
choose another point vertex vj which is adjacent to nonadjacent vertices with vi in G++.

S = {vi, vj} which gives the minimum hub set. Thus, |S| = 2. Hence, h(G++) = 2. �

Theorem 3.8. Let G be any graph of order n ≥ 4, not a path or star or cycle. Then

h(G++) = 3.

Proof. Let v1, v2, ..., vn be point vertices of G++ and e1, e2, ..., em be line vertices of G++.
Let vi ∈ V (G++) then each vi is adjacent to (n− 1) point vertices and (m− dG(vi)) line

vertices in G++. Choose two adjacent point vertices v1 and v2 in G++. Next, choose
a line vertex ei ∈ V (G++) which is adjacent to point vertices v1 and v2 in G++. Then

S = {v1, v2, e1} which gives the minimum hub set. Thus, |S| = 3. Hence, h(G++) = 3. �
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Figure 8. Choosing minimum hub set in graph G++, when G is a path.
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Figure 9. Choosing minimum hub set in graph G++, when G is not a
path or star or cycle.

Theorem 3.9. Let G be any star graph of order n ≥4. Then

h(G+−) = 1.

Proof. Let v1, v2, ..., vn be point vertices of G+− and e1, e2, ..., em be line vertices of G+−.
Since the point vertex vi in G+− has the maximum degree, each point vertex vi is adjacent
to (n− 1) point vertices and incident line vertices in G+−. Choose nonpendent vertex vi
in G, is sufficient to form S-path in G+−. Then S = {vi} gives the minimum hub set.

Thus, |S| = 1. Hence, h(G+−) = 1. �

Theorem 3.10. Let G be any graph of order n ≥ 5, not a star graph. Then

h(G+−) = 3.

Proof. Let v1, v2, ..., vn be point vertices of G+− and e1, e2, ..., em be line vertices of G+−.
Since the point vertex vi in G+− has the maximum degree, each point vertex vi is adjacent
to (n−1) point vertices and incident line vertices in G+−. Choose any two adjacent point

vertices v1, v2 and line vertex ei which is adjacent to point vertices v1, v2 in V (G+−).

Then S = {v1, v2, e1} gives the minimum hub set. Thus, |S| = 3. Hence, h(G+−) = 3. �

Theorem 3.11. Let G be complete graph of order n ≥ 4. Then

h(G−+) = 3.

Proof. Let v1, v2, ..., vn be point-vertices of G−+ and e1, e2, ..., em be line vertices of G−+.
Since the point vertex vi ∈ V (G−+) has the maximum degree, each point vertex vi is
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Figure 10. Choosing minimum hub set in graph G+−, when G is a star.
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Figure 11. Choosing minimum hub set in graph G+−, when G is not a star.

adjacent to (n − 1) point vertices and nonincident line vertices in G−+. Choose any two

adjacent point vertices vi, vj ∈ V (G−+) which has the maximum degree in V (G−+). Next
choose a line vertex ei which is incident to one of point vertex vi or vj in G. Then

S = {vi, vj , ei} gives the minimum hub set. Thus, |S| = 2. Hence, h(G−+) = 3. �
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Figure 12. Choosing minimum hub set in graph G−+, when G is a com-
plete graph.

Theorem 3.12. Let G be any graph of order n ≥ 3 and size m > 2, not a complete graph.
Then

h(G−+) = 2.
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Proof. Let v1, v2, ..., vn be point-vertices of G−+ and e1, e2, ..., em be line vertices of G−+.
Since the point vertex vi ∈ V (G−+) has the maximum degree, each point vertex vi is

adjacent to (n − 1) point vertices and nonincident line vertices in G−+. Choose any two

adjacent point vertices vi, vj ∈ V (G−+) which have the maximum degree in V (G−+).

Then S = {v1, v2} gives the minimum hub set. Thus, |S| = 2. Hence, h(G−+) = 2. �
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Figure 13. Choosing minimum hub set in graph G−+, when G is not a
complete graph.

Theorem 3.13. Let G be any path of order n ≥ 3. Then

h(G−−) =
⌊
n
2

⌋
.

Proof. Let v1, v2, ..., vn be point vertices of G−− and e1, e2, ..., em be line vertices of G−−.
Each point vertex vi which is adjacent to (n− 1) point vertices and incident line vertices

in G−−. Choose v1 ∈ V (G−−) which has maximum degree and adjacent to at least two

incident line vertices e1 and e2 in G−−. Next, choose v2 ∈ V (G−−) which is adjacent

to v1 and nonadjacent to e1 and e2 in V (G−−). Similarly choose point vertices vi ∈
V (G−−) which forms a S-path between any two line vertices in V (G−−). Choose set

S = {v1, v2, v3, ..., vbn2 c} gives the minimum hub set. Thus, |S| =
⌊
n
2

⌋
. Hence, h(G−−) =⌊

n
2

⌋
. �
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Figure 14. Choosing minimum hub set in graph G−−, when G is a path.

Theorem 3.14. Let G be cycle of order n ≥ 5. Then

h(G−−) =
⌈
n
2

⌉
.
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Proof. Let v1, v2, ..., vn be point vertices of G−− and e1, e2, ..., en be line vertices of G−−.
Consider a point vertex vi ∈ V (G−−) is adjacent to (n − 1) point vertices and incident

line vertex in G−−. Choose point vertex v1 ∈ V (G−−) which is adjacent to two incident

line vertices e1 and e2 in V (G−−). Next, choose v2 ∈ V (G−−) which is adjacent to

v1 and nonadjacent to line vertices e1 and e2 in V (G−−). Choose point vertex v3 ∈
V (G−−) which is adjacent to vertices v1 and v2 ∈ V (G−−). Similarly choose point vertices

vi ∈ V (G−−) which forms a path between any vertices in V (G−−). Choosing the set

S = {v1, v2, v3, ..., vdn2 e} gives the minimum hub set. Thus, |S| =
⌈
n
2

⌉
. Hence, h(G−−) =⌈

n
2

⌉
. �
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Figure 15. Choosing minimum hub set in graph G−−, when G is a cycle.

Theorem 3.15. Let G be star graph of order n ≥ 4. Then

h(G−−) = 1.

Proof. Let v1, v2, ..., vn be point vertices of G−− and e1, e2, ..., em be line vertices of G−−.
Each point vertex vi which is adjacent to (n− 1) point vertices and incident line vertices

in G−−. Choose a point vertex vi which has maximum degree in G, is sufficient to form
S-path in G−−. Choosing set S = {vi} gives the minimum hub set. Thus, |S| = 1. Hence,

h(G−−) = 1. �
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Figure 16. Choosing minimum hub set in graph G−−, when G is a star.

Theorem 3.16. Let G be any graph of order n and size m ≥ 5, not a path or cycle or
star. Then

h(G−−) = n− 1.
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Proof. Let v1, v2, ..., vn be point vertices of G−− and e1, e2, e3, ..., em be line vertices of
G−−. Since each point vertex vi is adjacent to (n − 1) point vertices and incident line

vertices in G−−, let vi ∈ V (G−−) then d
G−−(vi) = {n − 1 + dG(vi)} for vi has the

maximum degree in G−−. Now choose S = {vi|vi ∈ V (G−−)} such that vi, which is

adjacent to incident line vertices ei and have maximum degree in V (G−−). Choosing

S = {vi|vi ∈ V (G−−), 1 ≤ i ≤ n − 1} gives the minimum hub set. Thus, |S| = n − 1.

Hence, h(G−−) = n− 1. �

b b
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Figure 17. Choosing hub set in graph G−−, when G is not a path or cycle
or star.

4. Conclusions

The results presented in this paper are hub number of generalized middle graphs in
terms of parameters of the graph considered. For further research we investigate different
graph families obtained by various graph operations.
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