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Y-CONE METRIC SPACES AND COUPLED COMMON FIXED POINT
RESULTS WITH APPLICATION TO INTEGRAL EQUATION

R. SHARMA!, V. S. CHOUHAN?* S. MISHRA?3, §

ABSTRACT. This paper acquaints with a concept of Y-cone metric space and to study
some topological properties of Y-cone metric space. We prove the coupled common fixed
point results for mixed weakly monotone map in ordered Y-cone metric spaces. We give
an example, which constitutes the main theorem.
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1. INTRODUCTION

Fixed point theory is a phenomenal subject, with an immense number of applications
in various fields of mathematics. In this theory, contraction is one of the main tools to
prove the existence and uniqueness of a fixed point. Banach’s contraction principle, which
provided the existence and uniqueness of a solution of an operator equation F's = s, is
the most used fixed point theorem in the analysis. The Banach contraction principle is
uncomplicated and most adaptable elementary result in fixed point theory. A number of
authors have defined contractive mapping on a complete metric space X, a generalization
of the Banach’s contraction principle. For more results, we, refer to [3, 4, 6, 7, 9, 10, 13,
15, 17, 22, 23].

Metric spaces play a significant role in the study of functional analysis and topology. The
term 'metric’ is derived from the word 'metor’ (measure). A metric space is a set in which
we can express the distance between any two of its elements. To discover a proper concept
of a metric space, diverse concepts exist in this sphere. Then, new notions of distance lead
to new notions of convergence and continuity. Several generalizations of the metric space
have then developed in many papers see [2, 11, 14, 16, 20]. Recently, cone metric spaces
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introduced by Huang and Zhang [14]. There they described convergence in cone metric
spaces and introduced the completeness. Then they proved some fixed point theorems of
contractive mappings on cone metric spaces. To use this concept in topology, the theory
of cone metric spaces have developed by many authors see [1, 5, 8, 12, 18, 19, 21, 24].

The organization of this paper is as follows. In section 2, the preliminary on cone
metric space, A-metric space and b-metric space has been discussed. In section 3, we
generalize the concepts of cone metric space, A-metric space and b-metric space named
it as Y-cone metric space followed by topological properties of Y-cone metric spaces and
provide definitions and lemmas. Section 4, provides the existence and uniqueness of certain
coupled common fixed point results in the framework of Y-cone metric spaces. In the end,
we gave an example to validate the result in section 4.

2. PRELIMINARIES

The perception of cone metric spaces propound by Huang [14]. For more delineate the
succeeding definitions, we recommend the reader to [14].

Definition 2.1. [14] Let X be a nonempty set and let E be a Banach space equipped with
the partial ordering < regarding the cone P C E. Suppose that the mappingd : X x X — E
satisfies the following conditions:

(1) 0<d(z,y)Vz,y€ X andd(z,y) =0 < = =uy,
(2)  dlz,y) =d(y,x) Y,y e X,
(3) d(z,y) <d(z,z)+d(z,y) Vz,y,z € X.
Then d is a cone metric on X, and (X,d) is known as cone metric space.

The concept of b- metric space introduced by Czerwik in [11]. For more details the
following definitions, we refer the reader to [11].

Definition 2.2. [11] Let X be a nonempty set and s > 1 be a real number. A function
d: X x X — R" is a b-metric on X if, for x,y,z € X, the following conditions hold:
1) d(z,y) =0 <= z =y,
(2)  d(z,y) =d(y, ),
(3) d(z,y) < sld(z, z) + d(z,y)].
Here, the pair (X,d) is known as b-metric space.
For more details about the following definitions, we refer the reader to [2].
Definition 2.3. [2] Let X be a nonempty set. A function A : X" — [0,00) is called an
A-metric on X if, for any x;,a € X,i=1,2,--- ,n, the following conditions hold:
(Al) A(ajla T2,T3, " ,Tn—1, xn) > 0,

(A2) A(z1, 29,23, ,Tp-1,Tp) =0 <= X1 =X9 =23 =+++ = Tp_1 = Tn,
(A3)
Az, 9,23, ,Tp_1,2Tpn) < A(x1,21,21,- -, (T1)p—1,0Q)
+A(LU2,$2,I1:2,"‘ ,(xg)n_l,a)
+ A(xn_l, Tp—1,Ln—1s""" (x(n—l))n—la a)
+ A(Zp, Ty Ty -+ (T )1, @).

The pair (X, A) is called an A-metric space.
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3. Y-CONE METRIC SPACES

In the following we always suppose F is a Banach space, P is a cone in FE with intP # ()
and < is a partial ordering with respect to P.

Definition 3.1. Let X be a nonempty set and k > 1 be a given real number. Suppose a
mapping Y : X™ — E is called a Y -cone metric on X if, for any s;,a € X,i=1,2,--- ,n,
the following conditions hold:

(Y1) Y (51,582,838, »Sn_1,5n) > 0,
(Y2) Y (81,582,838, "+ ,8p—1,8p) =0 <= s =83 =83 ="+ = Sp_1 = Sp,
(Y3)
Y (s1,82,83, ", Sn—1,5n) < k[Y (s1,81,51,* ,(S1)n—1,0)
Y (53, 52,59, + (52)n1,)
+ Y(Sn,l, Sn—1sSn—1,""" , (S(n—l))nfl, a)

+ Y(Sna SnySny s (Sn)nfh a)]
The pair (X,Y) is called an Y -cone metric space.
Note that cone b- metric space is a special case of Y-cone metric space with n = 2.

Proposition 3.1. If (X,Y) is Y-cone metric space, then for all s,u € X, we have
Y(S,S,--' ,s,u):Y(u,u,--- 7“75)

Example 3.1. Let X ={1,2,3,4,5},F =R and P={s € E :s > 0}. DefineY : X" —
E by:

0 ’Lf Si = Sj5.
Vi,j=1,2,---,n. Then (X,Y) is a Y-cone metric space with the coefficient k = %

Example 3.2. Let X = [0,1] and E = C with || u |=[ v |o + || ¢ |Joo,u € E and let
P={ue€FE:ut) >0 on [0,1]}. It is well known that this cone is solid but it is not
normal. Define a Y-cone metricY : X" — E by

—1 —1 -1
s1—So| Tt 4 lsa—s3|T + -+ |sp_1 — S if s;F#£ S,
Y(sl,82753,--.,sn_l,s,»:{’ [+ | |1 — sul i # 5,

Y (51,82,83,+ , Sn—1,8n) =[|s51 — 52>+ [s1 — s3>+ - + |51 — s
+ |82 — s3|% + [s2 — sa? 4+ + |52 — 5,2
+ ot spe1 — splY)ef
n
D IS
i=1 i<j
Then (X,Y) is a complete Y -cone metric space with the coefficient k = 2.

Lemma 3.1. Let X be a Y-cone metric space, then for all s,u € X we have, Y (s,s,-+-,8,2) <
El(n=1)Y (s,8,--- ,s,u)+Y (z,2,--- ,z,u)] and Y (s,8,--+ ,s,2) < k[(n—1)Y (s,s,---,s,u)+
Y(u,u, - ,u,z).

Proof. Applying Proposition (3.1) and condition (Y3) of the Y-cone metric, we have
Y(s,8,-,82) <k[Y(s,8,-,8u)+Y(s,s-,s,u)+-+Y(z,2,-,2,u)]
=k[(n—1)Y(s,s,-++,s,u)+Y(z,2,- -, z,u)]
=k[(n—1)Y(s,8,-+,s,u) +Y(u,u,- - ,u,z)|.



R. SHARMA, V. S. CHOUHAN, S. MISHRA: Y-CONE METRIC SPACES AND COUPLED COMMON ... 391

Hence the result. O

Definition 3.2. Let (X,Y) is a Y-cone metric space. Then, for s € X and 6 < p, the
Y -balls with center s and radius 8 < p are

By(s,p) ={ue€ X :Y(s,s, -+ ,8,u) < p}.
4. TOPOLOGICAL Y-CONE METRIC SPACES

In this section, we define the topology of Y-cone metric space and study its topological
properties.

Definition 4.1. Let (X,Y) be a Y-cone metric space with coefficient k > 1. For each
s € X and each 6 < p, put By(s,p) = {u € X : Y(s,s,--,8,y) < p} and put B =
{By(s,p) : s € X and 0 < p}. Then, B is a subbase for some topology 7 on X.

Remark 4.1. Let (X,Y) be a Y-cone metric space. In this paper, T denotes the topology
on X, B denotes a subbase for the topology on T and By (xz,p) denotes the Y -ball in
(X,Y), which are described in Definition (4.1). In addition, U denotes the base generated
by subbase B.

Theorem 4.1. Let (X,Y) be a Y-cone metric space and let P be a solid cone in E. Let
m € P be an arbitrarily given vector, then (X,Y") is a Hausdorff space.

Proof. Let (X,Y) be a Y-cone metric space and let s,u € X with s # u.

Let Y(s,s,---,s,u) =p. Let U= By(s, ﬁ) and V' = By (u, ). Then, s € U and
ueV.

We claim that U NV = ().
If not, there exist z € UNV.

But then Y(s,s, -+ ,8,2) < 50—, Y(u,u, -+ ,u,2) = 4.

2k(n—1) 2k
We get
p=Y(s, s, ,s,u) <k[(n—1)Y(s,s,-,8,2)+Y(u,u, - ,u,z)
p p
< k[(n — 1)7%(” Y + %]
< p.
Which is a contradiction. Hence, U NV = () and X is Hausdorff space. O

Definition 4.2. Let (X,Y) be a Y-cone metric space. A sequence {s,} in X converges
to s if for every c € E with 0 < ¢, there is a natural number N such that for allmn > N,
Y (Sn, Sny++ , Sn,S) K ¢ for some fixred s in X. Hence s is called the limit of a sequence
{sn} and is denoted by lim,, o0 Sp, = S OT S5, — S as N — 0.

Definition 4.3. Let (X,Y) be a Y-cone metric space. A sequence {sp} in X is called a
Cauchy sequence if for every ¢ € E with 0 < ¢, there is a natural number N such that for
all n,m > N, we have Y (Sp, Sp, -+, Sny Sm) <K C.

Definition 4.4. The Y -cone metric space X is said to be complete if every Cauchy se-
quence in X s convergent in X.

Definition 4.5. Let (X,Y) and (X', Y') be a Y-cone metric space.Then a function F :
X — X' is said to be continuous at a point s € X if and only if it is sequentially continuous
at s, that is, whenever {s,} is convergent to s, we have {fs,} is convergent to f(s).
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Lemma 4.1. Let (X,Y) be a Y-cone metric space. If {sn} be a sequence in X converges
to a point s, then s is unique.

Lemma 4.2. Let (X,Y) be a Y-cone metric space. If {sp} be a sequence in X converges
to s, then {s,} is a Cauchy sequence.

Remark 4.2. The converse of Lemma 4.2 does not hold in general. A Cauchy sequence
i an Y -cone metric space does not need to be convrgent. To see this we consider the space
(X =Q,Y) with the Y-cone metric defined as in Example (3.2). Let {s,} be a sequence
defined by sp, = (1 + %)” Observe that s, € Q,Vn € N. Furthermore,

Y (Sn, 8my 5 Sy Sm) = (1 — 1) |8, — 50| %€l
1 1
=(n—1D]1+=)"=1+=)"e =0
(= DI+ )" = (1 )2t =0,
as n,m — oo. Thus, {sp} is Cauchy. But s, — e asn — oo and e is not in Q. Hence
{sn} does not converge.

Lemma 4.3. Let (X,Y) be a Y-cone metric space. If there exist sequences {s,},{un}
such that s, — S, un — u, then limy_yo0 Y (Sn, Spy- -+ 5 Snytn) = Y (8, 8,-++ ,s,u).

Remark 4.3. Let (X,Y) be a Y-cone metric space over the ordered real Banach space E
with a cone P. Then the following properties are often used:

(1) Ifa<band b < c, then a < c.

(2) Ifa<band b < ¢, then a < c.

(3) If 6 < u < ¢ for each ¢ € intP, then u = 6.

(4) If c € intP, 0 < a, and a, — 0, then there exists ng such that for all n > ngy we
have a, < c.

(5) If 0 < ap, < b, and a, — a, b, — b, thena < b, for each cone P.

(6) If E is a real Banach space with cone P and if a < Aa where a € P and § < X\ < 1,
then a = 6.

(7) aintP CintP for a > 0.

(8) For each 6 >0 and s € intP there is 0 <y < 1, such that || vs ||< 0.

(9) For each 6 < ¢ and co € P, there is an element 0 < d such that ¢; < d, co < d.

(10) For each 6 < c¢1 and 0 < ca, there is an element 0 < e such that e < ¢, e < ca.

FEspecially properties (1), (3),(4) and (6) of this remark are often used, so we give their
proofs.

Proof. (1) We have to prove that ¢ —a € intP if b—a € P and ¢ — b € intP. There
exists a neighbourhood of V of 6 in E such that ¢ — b+ V C P. Then, from
b —a € P it follows that

c—a+V=(c-b+V+(b—-—aP+PCP,

Since P is convex.
(3) Since ¢ —u € intP for each ¢ € intP, it follows that %c —u € intP for each n € N.
Thus,

1 _
lim (-c—u)=0—-ue P=P

n—oo n
Hence u € —P N P = {6}, that is u = 0.
(4) Let 0 < ¢ be given. Choose a symmetric neighborhood V' such that ¢+ V C P.
Since a, — 6, there is ng such that a,, € V = —V for n > ng. This means that
cta, €c+V CP for n > ng, that is, a, < c.
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(6) The condition a < Aa means that Aa —a € P, that is, —(1 — A\)a € P. Since a € P
and 1—X > 0, we have also (1—\)a € P. Thus we have (1—\)a € PN(—P) = {6},
and a = 6.

U

5. CouPLED COMMON FIXED POINT RESULTS

Bhaskar and Lakshmikantham [6] initiated the study of a coupled fixed point theorem in
ordered metric spaces and applied their results to prove the existence and uniqueness of a
solutions for a periodic boundary value problem. Many researchers have obtained coupled
fixed point results for mappings under various contractive conditions in the framework
of partial metric spaces [2, 7, 8, 9, 10, 13, 17, 15, 19, 22, 23]. For more delineate, we
recommend the reader to [6]

Definition 5.1. [6] An element (s,u) € X x X is called coupled fixed point for the mapping
F:XxX— X if F(s,u) =s,F(u,s) = u.

Recently, Gordji et al.[13] introduced the concepts of coupled common fixed points and
mixed weakly monotone pair of mappings as follows.

Definition 5.2. [13] Let (X, <) be a partially ordered set and F, H : X x X — X be two
maps. The pair (F,H) is said to have the mized weakly monotone property on X if, for
all s,u € X
s < F(s,u),u > F(u,s)
= F(s,u) < H(F(s,u), F(u,s)), F(u,s)> H(F(u,s),F(s,u))

and
s < H(s,u),u > H(u,s)
— H(s,u) < F(H(s,u),H(u,s)), H(u,s)> F(H(u,s),H(s,u)).
Remark 5.1. [13] Let (X, <) be a partially ordered set, F : X x X — X be a map with

the mized monotone property on X. Then for alln € N, the pair (F™, F™) has the mized
weakly monotone property on X.

Now, we obtain common coupled fixed point results of mappings satisfying more general
contractive conditions in the framework of partially ordered Y-cone metric spaces. we start
with the following result.

Lemma 5.1. Let (X,Y) be an Y-cone metric space, then X x X is an Y -cone metric
space with the Y -cone metric D given by

D((Slaul)a (82>u2)a to )(Snaun)) = Y(Sla 82, 7571) + Y(u1?u27 e ’un)

or all s;,u; € X,i,7=1,2,3,--- ,n.
j

Proof. For all s;,u; € X,i,j =1,2,3,--- ,n, we have D((s1,u1), (s2,u2),- -, (Sn,upn)) >
0.
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Note that
D((s1,u1), (s2,u2), ", (Sp,un)) =0
<~ Y(s1,82, " ,Sn) + Y(uj,ug, -+ ,u,) =0
<~ Y (51,82, " ,8n) = 0,Y (ug,ug, -+ ,u,) =0
= 5] =8y = =S8, U] =Up ="+ = Up
= (s1,u1) = (S2,u2) = -+ = (Sp, Up)-
Consider

D((817u1)7 (SQaUQ)a e ,(Sn,un)) — Y(517527 e 7871) + Y(”l,“?? e ,Un)

Sk[Y(Sl,Sl,"‘ a517a)+Y(52752a"' ,SQ,CL)
+Y(5n73n7"' ,Sn,a)+Y(U1,U1,°" 7u17b)
+Y(U27U27"' 7u27b)
+Y(’U,n,un,"' ,Un,b)]

= k[D((Shul)? (517 ul)? T (317 u1)7 (a7 b))

+ D((SQ,'LLQ), (827 'U,Q), ) (827’11,2), (CL, b))
-+ D((Snvun)a (Snvun)v T (Sn,un)a (a7 b))]
By the above D is an Y-cone metric on X x X. O

Theorem 5.1. Let (X, <,Y) be a partially ordered complete Y -cone metric space with
the coefficient k > 1 relative to a solid cone P. Let F,H : X x X — X be the mappings
such that a pair (F, H) has the mized weakly monotone property on X. Suppose that there

exist a; > 0,1 =1,2,--+ ,6 with a1 + as + a3 + 2kas < 1 and Z?:l a; < 1 such that

Y(F(s,u),F(s,u), -+, F(s,u), H(r,v)) + Y (F(u,s), F(u,s), -, F(u,s), H(v,r))

< alD((Sa u)a (Sa u)a ) (57 U), (T‘, U))
+ aoD((s,u), (s,u), -, (s,u), (F(s,u), F(u,s)))
(’I“, U)v T (Ta U)v (H 7“,’()), H(U’T)))
+ CL4_D( S,U), (S,U), ) (Sa U), (H T, U)v H(’F,U
(

)
+ ag(min{D((r,v), (r,v), -, (r,v), (H(r,v), H(v,7))),
D((s,u), (s,u), -+, (s, ), (H(r,v), H(r,v))),
D((r,v), (r,v), -+, (r,0), (F(s,u), F(u, s)))})
V s,u,r,v € X with s < r and u > v, where D is defined as in Lemma 5.1. Suppose

that there exists sp,ug € X such that so < F(sg,up), ug > F(ug,s0) or so < H(so,up),
ug > H(ug, o), then F' and H have a coupled common fized point in X .

Proof. Choose sg,uyp € X and set s1 = F(so,up),u1 = F(ug,s0),s2 = H(s1,u;) and
ug = H(uy, $1).
From the condition sy < F'(sg,up), uo > F'(uo, so) and the fact that (F, H) has the mixed
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weakly monotone property we have
s1 = F(so,u0) < H(F(so,up), F(ug,s0)) = H(s1,u1) = s1 < so,
so = H(s1,u1) < F(H(s1,u1), H(u1,51)) = F(s2,u2) = s2 < s3.
Thus,
uy = F(uo, s0) > H(F(uo, s0), F'(s0,u0)) = H(u1,81) = u1 > ug,
ug = H(uy,s1) > F(H(u1,s1), H(s1,u1)) = F(ug, s2) = ug > us.
Repeating this process, we obtain
Son+1 = F(82n,U2n), u2nt1 = F(uan, san),
Sont+2 = H(Son+t1, Uon+1), Uznto = H(u2nt1, S2nt1) for all n € N.
Therefore the sequences {s,} and {u,} are monotone:
850 <851 << sy S Spgp1 S
Ug > UL 2 2 Uy 2 Upt] =70

Similarly, from the condition sy < H(sg,up), up > H(ug,so), one can show that the

sequences {s,} and {u,} are increasing and decreasing respectively. Then by (1), we have

Y (S2n+1, S2n+1, -+ 5 S2n+1, S2n+2) + Y (U2n41, U2n41, - -+ 5 U2n41, U2n+2)
= Y(F(32n7 UZn)a F(52n7 u2n)7 Tty F(SQna u2n)7 H(32n+17 u2n+1))
+ Y (F(u2n, S2n), F(ugn, 520), -+ , F(u2n, 52n), H (2011, S2n+1))

S alD((82n7 U2n)7 (82717 u2n)7 T (52n7 u?n); (82n+17 u2n+1))

+ a2D<(S2n, Unn ), (S2n, Uan), -+ 5 (S2n, Uan ), (F(S2n, u2n), F(u2n, S2n)))

+ G3D<(S2n+1, Uznt1)s (S2n41, Uznt1), <+ 5 (S2n415 Uont1)s (H (S2ng15 Uan1), H (uans1, 82n+1)))
+ a4D<(S2n, Uan ), (S2ns Uzn), <+ (S2ns uon), (H(S2n41, Uzns1), H (21, 52n+1))>
+ G5D<(82n+1, Uznt1)s (S2n41, Uznt1), - -+ 5 (S2n41, Uant1), (F(S2n, uzn), F(Ugn, Sm)))
+ ag [mm{D ((32n+17 U2nt1), (S2n41, Uon+1)s 5 (S2n41s Uang1)s (H (S2n41, Uant1), H (uont1, 52n+1)))7
D((52n7 Unn), (S2ns Uzn), -+ (S2ns tzn), (H (S2n41, Uons1), H (Uons1, 32n+1)))>
D ((s2n41,2n41)); (52041, U2041))s (2051, Uan1), (F (20, w20, Ptz 520)) ) }.
Thus, we get
Y (52041, 52041, "+ » 82041, 52n42) + Y (U2n 41, U2nt1, - 5 U2ni1, U2ns2)
< a1 D ((s2n, u2n), (S2n, U2n), - -+ 5 (S2n, U2n), (S2n41, Uzns1))
+ aoD((s2n, u2n), (S2n, Uan), -+ (S2n, Uzn), (S2n41, Uzn1))
+ asD((s2n41, U2n+1), (S2n415 U2nt1)s -+ (S2n415 U2nt1)s (S2n42, Uans2)) (2)
+ a4D((32n7 U2n), (820, Uzn), -+, (820, U2n), (S2n+2, u2n+2))
< (a1 +az+ ka4)D((S2m U2n), (820, U2n), 5 (520, U2n), (82041, U2n+1))

+ (a3 + kas) D ((S2n41, U2n41)), (S2n41, U2nt1), -+ (S2n41, Uznt1), (S2nt2s Uant2))-
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Similarly, we get

Y (U2n+41, U2n+1, "+ > U2nt1, U2n42) + Y (82041, S2n415 7+ 5 82041, S2n42)
< (a1 + a2 + kaa)[Y (uon, U2n, - =+, U2n, U2n+1) + Y (S2n, S2ns -+ 5 520, S2n4+1) ]
+ (az + kaa)[Y (uan+1, U2n+1, -+ s Uant1, U2n+2) + Y (S2n41, S2n+15° ** 5 S2n41, S2n42)]-
(3)
It follows from (2) and (3) that
[Y (S2n+1, S2n+1, -+ 5 S2n+1, S2n+2) + Y (U2n41, U2n+1, -+ U2nt1, U2n+2)]
a1 + as + kay
= W[Y(S%; S2n, " 5 S2n, 52n+1) + Y(“Qna U2n, * *+ , U2n, U2n+1)}-
_ (a1+az+kas)
Leté—m,then0§5<land
(Y (S2n+1, S2n+1, -+ 5 S2n+1, S2n+2) + Y (U2n41, U2n41, - -+ s U2nt1, U2n+2)] ()
< O[Y (S2n, S2m, -+ * 5 S2ms S2n+1) + Y (Ugn, Uan, - - -, U2n, U2n+1)]-
For all n € N, by interchanging the roles of F' and H and using (1), we have
Y (S2n+2, Sont2, -+ s S2n+2, Sonts) + Y (Uont2, Uont2, - -+, U2n+2, U2n13) (5)
< 5[Y(82n+1, S2n+1, " 5 S2n+1, 82n+2) + Y(u2n+17 U2n+1, "+ * 5 U2n+1, U2n+2)]-
It follows from (4) that
(Y (S2n+1, S2n+1, " -+ » S2n+1, S2n+2) + Y (U2n+1, U2n+1, - -+ U2nt1, U2n+2)]
< O[Y (S2n, S2n, -+ S2ms S2n+1) + Y (Ugn, Ugn, - -+, U2n, U2n+1)]
< 5<5(Y(82n—1, 52n—1," " »82n—1,52n) + Y (U2n—1,U2n—1," - - 7u2n—17u2n)))
< 5(5(5(3/(527172, 52n-2," " »52n-2,52n—1) + Y (U2n—2, U2n—2, " - , U2p—2, U2n71))))-
This implies
[Y (82041, S2n+1, -+ 5 S2n+1 S2n+2) + Y (U2n41, U2n+1, -+ U2nt1, U2n+2)]
< 83V (s2n-2, S2n-25 "+ » 5202, 82n—1) + Y (U2n—2, Un—2, -+, U2n—2, U2n—1)]
(6)
S 62n+1 (Y(S(), S0, , S0, 81) + Y(UO, Uug, - -+, UQ, ’LL1).
and similarly, by (5), we get
Y (s2n+2, S2n+2, -+ 5 S2n+2, S2n+3) + Y (U2nt2, Uant2, - -+ U2n+2, U2n+3) o

< 62n+2[y(807307... ’30731) +Y(UO,Uo,"‘ ,UO,UI)]‘
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By Lemma 3.1 we have for all n,m € N with n <m

Y (Sont1, S2n41," "+ 5 S2n41, S2mt1) + Y (Uan41, Uant1, ++  Uznt1, Uzmt1)

< kl(n —1)Y (S2n+1, 52041, s 52041, S2n+2) + Y (52042, 52042, 5 52042, S2m+1)]
+k[(n = 1Y (uon41, Uznt1, -+ s Uznt1s Uang2)) + Y (Uant2, Uspta, - o+ 5 Uant2, Uzmt1)]

< (k(n — 1)Y (S2n+1, S2n+1, -+ s S2n+1, S2n+2) + k(n — 1)Y (Ugnt1, Ugnt1, - -+ U2n+1, U2nt2))
+ (K*(n = 1)Y (sant2, S2n42, -+ > S2nt2, S2nt3) + k(0 — 1)Y (ugni2, ugni2, -+, Uzn 42, U2n+3))
co (B2 = 1)Y (S2m—15 S2m—1, -+ S2m—1, S2m) + k2710 — )Y (Ugm—1, Uzm—1, - - » U2m—1, U2m))
+ KN Y (S2ms S2ms -+ S2ms Samt1) Y (Ugm, Ugm, -+ 5 Uz, Uzme1))

< (k(n — 1Y (2041, S2n41, 5 S2n41, S2n+2) + k(0 — 1)Y (Uant1, Uany1, -+, U241, Uant2))
+ (K*(n = 1)Y (52042, S2n42, -+ » S2n+2, 20+3) + k(0 — 1)Y (uznt2, uant2, -+ s Usnta, Uznta))+
+ (K™ (n — 1)Y (S2m, S2ms - -+ > S2ms S2ma1) + K27 (0 — 1)Y (Ugm, Uams - - - 5 Uz Uzma1))

< k(n— 1)(52”+1(1 + k6 + k262 + - - )(Y(s0, 80, ,S0,51) + Y (ug, uo, -+ ,ug, uy)).
This implies

Y (S2n41, 82041, 5 S2n41s S2m+1) + Y (U2n 41, U2nt1, - -+ 5 U2nt1, U2mt1)
k52n+1
S (n - 1) 1_ k5 (Y(307 50, " 780731) + Y(“O;“Ou e 7“07“1))-
Similarly, we get
Y (820,520, 5 520, S2m41) + Y (U2n, U2p, -+, U2p, U2m1)
k52n
< (n =175 Y (s0,80, -+ 50, 81) + Y (w0, uo, -+ wo, ),
and
Y(52n7 S2ny " 5 S2n, SQm) + Y(u2na U2n, "+ U2n, u2m)
k52n
< (n =175 (Y (50,80, 50, 81) + Y (w0, uo, -+ uo, 1))
and
Y (52041, 82041, 5 52041, 52m) + Y (U241, U2nt1, -+, U2nt1, U2m)
k52n+1
< (n =175 (Y (50,80, 80, 81) + Y (uo, o, -+, ug, un))-
Hence, for all n,m € N with n < m, we have
Y(Snv Sny 5 Sn, Sm) + Y(“”v Un, "+ Un, Um)
ko™
S (n - 1) 1— k6<Y(307307 o 730781) + Y(U(),UO, o 7u07u1))
According to Remark 3.12(4), and for any ¢ € E with 6 < ¢, there exists ng such
that for any > ng, (n — 1)%(Y(30,50,--- ,80,51) + Y (ug,ug, -+ ,up,u1)) < c. Fur-
thermore, for any m > n > ng, Remark (4.3) (1) shows that Y(so,so, - ,s0,51) +

Y (ug, ug, - -+ ,up,u1) < c. Hence, by Definition (4.3), {s,} and {u, } are Cauchy sequences
in X. By the completeness of X, 3 s,u € X such that

lim s, =s and lim wu, = u.
n—o0 n—oo
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Now we show that (s,u) is a coupled common fixed point of F and H.
Suppose F' is continuous, then we have

s= lim spy1 = lim F(sp,up)
n—oo n—oo

= F(lim s,, lim uy,)
= F(s,u),

and

u= lim upt1 = lim F(uy,sy,)
n—oo n—oo

= F(lim uy,, lim s,)
= F(u,s).
Taking s = r and u = v in (1), we get
u,s), F(u,s), -+, F(s,u), H(u, s))

(Svu) (S,’LL),--- ,(s,u),(F(s,u),F(u, 5)))

+ asD((s,u), (s,u), -, (s,u),(H(s,u), H(u,s)))
+ aqD((s,u), (s,u), -, (s,u),(H(s,u), H(u,s)))
+ asD((s,u), (s,u), -, (s,u), (F(s,u), F(u,s)))
+ ag(min{D((s,u), (s,u), -+, (s,u), (H(s,u), H(u,s))),
D((s,u), (s,u), -+, (s, u), (H(s, u), H(u, 5))),
D((s,u), (s,u), -+, (s, u), (F(s,u), F(u,s)))})
(az + as)D((s,u), (s,u), -+, (s,u), (H(s,u), H(u, )))
= (a3 +aq)(Y(s,8,--+,8, H(s,u)) + Y (u,u,-- ,u, H(u,s)))

Therefore
Y(s,8,-++,8,H(s,u)) +Y(u,u, - ,u, H(u,s))
< (a3 + CL4)(Y(S,S, e ,S,H(S,U)) + Y(u7u7 e ,’LL,H('LL, S)))

Since 0 < (ag+a4) < 1, Remark 3.12(6) shows that Y (s,s, -+ ,s, H(s,u))+ Y (u,u, - ,u,
H(u,s)) = 6. Hence, Y(s,s,---,s,H(s,u)) =60 and Y (u,u, - ,u, H(u,s)) = 6. That is
H(s,u) = s and H(u,s) = u. This implies (s,u) is a coupled fixed point of H. Similarly,
we can prove that (s,u) is a coupled fixed point of F' when H is a continuous mapping.
This completes the proof. O

Theorem 5.2. Suppose all the assumptions of Theorem 5.1 are satisfied . Moreover,
assume that X has the following properties
(a) if a non-decreasing sequence{s,} in X converges to some point s € X, then s, < s,
Vn,
(b) if a non-increasing sequence {u,} in X converges to some point u € X, then
Uy > U, Vn.

Then the conclusion of Theorem 5.1 also hold.

Proof. Following the proof of Theorem 5.1 we only have to check that (s,u) is a coupled
fixed point of F'.

In fact, since {s,} is non-decreasing and s,, — s and {u, } is non-increasing and wu,, — u,
by our assumption, s, < s and u, > u V n.
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Applying the contractive condition we have

Y(s,8,-++,8 F(s,u)) +Y(u,u,-- ,u, F(u,s))
<E[(n—-1)Y(s,s,--,8,Sm42) + (n —1)Y (u,u,- - ,u, usni2)
+ Y (s2n+2, S2nt2, -+« 5 Sont2, F(s,u)) + Y (uont2, Uant2, -« Uant2, F(u, s))]
=k[(n—1)Y(s,s,---,8,Som+2) + (n — L)Y (u,u, -+, u, uzpy2)
+ Y (H (s2n+1, uznt1), H(s2n41, uant1), -+ H(S2n41, uzns), F(s, u))
+ Y (H (u2n+1, S2nt1), H(Ugn41, Song1), -+ H (uang1, San1), Fu, )]

(8)

By using (1) and interchanging the roles of F' and H we obtain

Y (H(s2n+1, U2n+1), H(S2n41, u2n41), -+ s H(S2n41, uznt1), F(s,u))
+ Y (H (u2n+1, 82n+1), H(U2n+1, S2n41)s - -+ 5 H(u2n41, S2nt1), F(u, 8))
< a1D((s2n41, U2n+1), (S2n41, Uzn41)s (2041, Uznt1), (5, 1))
+ a2 D((52n+1, u2nt1), (S2nt1, U2n+1), +++ , (S2n+1, U2n41), (S2n+2, U2n42))
+azD((s,u), (s,u), -, (s,u), (F(s,u), F(u,s)))
+ asD((S2n+1, U2n+1), (S2n+1, U2n+1), -+ 5 (S2n41, U2n+1), (F(s,u), F(u, 5)))
+asD((s,u), (s,u), -, (s, u), (S2n+2, U2n+2))
+ ag(min{D((s,u), (s,u), -, (s,u), (F(s,u), F(u,s))),
D((s2n+1, U2n41), (82041, U2n+1), 5 (S2n415 Uan1), (F (s, u), F(u, 8))),
D((s,u), (s,u), -+, (s,u), (S2n+2, U2n+2))-

(9)
It follows (8) and (9) that

Y(s,8,---,8 F(s,u)) +Y(u,u,- - ,u, Fu,s))
<Kk[n—1)Y(s,8,-,8,82m42) + (n— )Y (u,u,- - ,u, ugpt2)
+ a1D((S2n+1, U2n+1), (S2n41, U2n+1)s -+ 5 (82041, U2n41), (8, 1))
+ a2 D((52n+1, U2n+1);s (82041, U2n+1)5 5 (S2n41, U2n+1), (S2n42, U2n42))
+azD((s,u), (s,u), -, (s,u), (F(s,u), F(u,s)))
+ asD((82n+1, U2n+1)s (2041, U2n41)s 5 (S2nt15 U2nt1), (F (s, u), F(u, 8)))
+asD((s,u), (s,u), -+, (s, u), (S2n+2, U2n+2))
+ ag(min{D((s,u), (s,u), -, (s,u), (F(s,u), F(u,s))),
D((s2n+1, U2n41), (82041, U2n+1), 5 (S2n41, Uan1), (F' (s, u), F(u, 8))),

D((Sa u)v (Sa ’LL), B (37 u)? (52n+2a u2n+2))]'
(10)
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Taking the limit as n — oo in above inequality, we have

Y(s,s,--+,8,F(s,u)) +Y(u,u,---,u, F(u,s))
)

+ aoD((s,u), (s,u), -+, (s,u),(s,u)) +azD((s,u), (s,u), -, (s,u), (F(s,u), F(u,s)))
+ ayD((s,u), (s,u), -, (s,u), (F(s,u), F(u,s))) +asD((s,u), (s,u), -, (s,u),(s,u))
+ ag(min{D((s,u), (s,u), -+ ,(s,u), (F(s,u), F(u,s))),

D((s;u), (s,u), -+, (s,u), (F(s,u), F(u, 5)))

D((s;u), (s,u), -+, (s,u), (s,u))})

= klagD((s,u), (s,u), -, (s,u), (F(s,u), F(u,s)))
+ ayD((s,u), (s,u), -, (s,u), (F(s,u), F(u,s)))].

Therefore,

Y(s,8,--+,8,F(s,u) +Y(u,u,-- ,u, F(u,s))
< k(a3+a4)D (Svu)a(svu ) " ,(s,u),(F(s,u),F(u, 5)))
=k(as+ aq)[Y(s,8,--,s,F(s,u)) + Y (u,u,--- ,u, F(u,s))].

Since, 0 < k(ag+a4) < 1 Remark (4.3)(6) shows Y (s, s,---,s, F(s,u))+Y (u,u, - ,u, F(u,s)) =
0, that is, F(s,u) = s and F(u,s) = u. Similarly, one can show that H(s,u) = s and
H(u,s) = u. This proves that (s,u) is a coupled common fixed point of F' and H and this
finishes the proof. O

Now, we give a sufficient condition for the uniqueness of the coupled fixed point in
Theorem 5.1 and 5.2. This condition is

for (s,u), (r,v) € X x X there exists (z,t) € X x X which is comparable to (s,u) and (r,v).
(11)

Note that in X x X we consider the partial order relation given by

(s,u) < (r,v) <= s<randu>v.

Theorem 5.3. Adding condition (11) to the hypotheses of Theorem 5.1 (resp. Theorem
5.2) we obtain uniqueness of the coupled common fixed point of F and H. Furthermore,
any fized point of F' is a fixzed point of H and conversely.

Proof. Suppose (s,u) and (s',u') are coupled common fixed points of F' and H, that is,
F(s,u) =s,F(u,s) =u,H(s',u') = s and H(v',s") = v/. We shall prove that s = s/, u =
/
u'.
Let (s,u) and (s',u') are not comparable. By assumption there exist (z,t) € X x X
comparable with both of them. Suppose that (s,u) < (s',u) without loss of generality,

then it follows from Theorem 5.1.
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Y(8757"' ,5,5')+Y(u,u,--« 7uaul)

=Y (F(s,u), F(s,u), -, F(s,u), H(s u") + Y(F(u,s), F(u,s), -+, F(s,u), H(u',s"))
< (al +ay —|—a5)D((s,u),(s,u),- o 7(87u)7(3/7ul))
= (a1 +as+as)Y(s, s, ,88)+Y(uu,- - uu).

Since, 0 < (a;+as+as) < 1, Remark (4.3)(6) shows that Y (s, s,--- ,s,8)+Y (u,u, - ,u,u') =
6, which implies s = s’ and u = /.

Now, we show that any fixed point of F' is a fixed point of H and conversely. Applying
Theorem 5.1, we get

Y(s,s,--+,8,u)+Y(u,u,---,u,s)
=Y (F(s,u), F(s,u), -, F(s,u s
+Y(F(u,s), F(u,s), -, F(u,s), H(s,u))
< (a1 + a1+ a)D((s5,), (5,0), -+ (5, ), (v, )
=(a1+as+as)Y(s,s,--,s,u)+Y(u,u,---,u,s).

), H(u,s))

Since, 0 < (ai;4a4+as) < 1, Remark (4.3)(6) shows Y (s, s, -+, s,u)+Y (u,u, -+ ,u,s) =0,
which implies s = u. The coupled common fixed point of F' and H is unique. This finishes
the proof. O

Example 5.1. Let (X,<,Y) be a totally ordered complete Y -cone metric space with Y -

cone metric defined as in Example 3.2.Let F,H : X xX — X as F(s,u) = H(s,u) = w
for all s,u € X.
The pair (F, H) has the mized weakly monotone property on X and

Y(F(s,u),F(s,u), -, F(s,u), H(r,v)) + Y(F(u,s), F(u,s), -, F(u,s), H(u,s))
(0 = DIF(s,u) = Hr,v)? + (0 = 1)|F(u, 5) = H(v,7)]

s+2u  r+2v 4 u+2s v+2r,
= -1 — -1 _
(=11 P (-1 e
s r 2u 2v u v 2r  2s
=wwn@—p+@——w (=Dl —2)+(F = 2Pt
S Te 2u 9 Vg o 2r 2897 4
<2(n—1)||2 - = = _= S = ==
_m ﬁ| TP 12 - 2P - 21T~ 2P

[ys — 2 20— 202 + Ju— v + |25 — 23\2] et
[[s—r]Q—I- lu — ﬂet

7 ((57u)>( ) ,(s,u),(r,v)).

where a1 = %,ag = a3 = a4 = a5 = ag = 0. Hence, the conditions of Theorem 5.1 are
satisfied. Moreover, (0,0) is the unique coupled common fixed point of F and H.

Corollary 5.1. Let (X,<,Y) be a partially ordered complete Y -cone metric space with
the coefficient k > 1 relative to a solid cone P. Let F' : X x X — X be the mappings
such that F has the mized monotone property on X. Suppose that there exist a; > 0 with
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a1 + as + as + 2kay < 1 and Z? a; <1 such that
Y(F(s,u), F(s,u), -+, F(s,u), F(r,v))
+Y(F( s), F(u,s), -, F(u,s), F(v,r))
), (s,u),- - (s,u), (r,v)))
), (8,u), -+ 5 (s,u), (F(s,u), F(u, s
), (rv), -+ (rv), (F(r,v), F(v,r)
+ asD((s,u), (s,u),- -, (s,u), (F(r,v), F(r,v)))
v), (r,v),- -+, (r,v), (F(s,u), F(u, s)))
+a6(min{D((7ﬂ ), (), (rv), (F(r,v), Fv,1))),
D((s,u), (5,u), -+, (s,u), (F(r,v), F(r,v))),
D((r,v), (r,v), -+, (r,v), (F(s,u), F(u,s)))})

vV s,u,r,v € X with s <r and u > v, where D is defined as in Lemma 5.1.
Suppose either F is continous or X has the following properties

)
) 12)

S

(a) if a non-decreasing sequence{s,} in X converges to some point s € X, then s, < s,
Vn,

(b) if a non-increasing sequence {u,} in X converges to some point u € X, then
Uy > U, Vn.

If there exists sp,up € X such that so < F(sg,ug) and ug > F(ug, so), then F has a unique
coupled fixed point.

Corollary 5.2. Let (X,<,Y) be a partially ordered complete Y -cone metric space with
the coefficient k > 1 relative to a solid cone P. Let F': X x X — X be the mappings such
that F' has the mized monotone property on X. Suppose that there exist K € [0,1) such
that

Y(F(Sau)7F($7u)7"' ,F(S,U),F(T, U))
+Y(F(u,s),F(u,s),--- aF(u>8)7F(U7r)) (13)
< K(Y(S,S,"' ,S,T) +Y(u7u7 ,’LL,’U))
vV s,u,r,v € X with s <r and u > v.
Suppose either F is continous or X has the following properties

(a) if a non-decreasing sequence{s,} in X converges to some point s € X, then s, <'s,
Vn,
(b) if a non-increasing sequence {u,} in X converges to some point u € X, then
Uy > U, Vn.
If there exists sg,up € X such that so < F(so,ug) and ug > F(ug, so), then F has a unique
coupled fixed point.

Proof. Applying H = F and a1 = K,a3 = a3 = a4 = a5 = ag = 0 in Theorems (5.1) and
(5.2) and using Remark (5.1), we obtain the corollary. O

6. APPLICATION TO INTEGRAL EQUATIONS

In this section, we study the existence of a unique solution to an initial solution to an
initial value problem, as an application to Theorem 5.1.
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Consider the initial value problem

s'(2) = f(z,8(2),8(2)), z€I=10,1],
5(0) = so, (14)

where f: I x [sp,00] X [s0,00] = X[sg,00] and sg € R.

Theorem 6.1. Consider the initial value problem (14) with f € C(I x [sp, 0] X [sg, >])
for the initial value problem (14) and

/Ozf(p,S(pM(p))dp < i/ozf(p,S(p%S(p))dp— i/ozf(p,U(p) u(p))dp

Then there exists a unique solution in C(I,[xg,o0]) for the initial value problem (14).

Proof. The integral equation corresponding to initial value problem (14) is

5(2) = 50+ /0 " F (.2 (p), 2(p))dp. (15)

Let X = C(I,[so,o0]) and Y-cone metric defined as in Example 3.2 for s,u € X.

Define F': X x X — X by
S0 #
=4t ; [P, s(p), u(p))dp

Y(F(s,u), F(s,u), -+, F(s,u), H(r,v))
- (n— )| F(s,u) — H(r, u)ﬂet

= (X ) r(p),v Zlet
- P [ s unin) -+ [ 10 e) )]
_n—l 4/0 f(p,s(p),s(p) dp—i/o f (0, u(p), u(p))dp)

-G [ 1w @renie =5 [ o). ow)an ]

= [0 = 01 [ 7o) 5D = [ .m0 o))

- [ 10w [ 10w o]

S (n1_61) /pr,s p), s(p dp—/zfpﬂ" p).7(p))dp)[?
/fp, p))dp — /fp, U )\]t

< 16 D((s,u), (s,u), -+, (s, ), (r;v)) (16)

In similar way, we can also find

Now

IA

Y(F(u,s), F(u,s), -+, F(u,s), H(u,s)) < —
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From (16) and (17), we attain
Y(F(s,u),F(s,u),---,F(s,u), H(r,v)) + Y (F(u,s), F(u,s),---,F(u,s), H(u,s))

S éD((svu)7 (S7u)7 Ty (37 u)v (Tu 1)))

where a1 = %,ag = a3 = a4 = a5 = ag = 0. hence, the conditions of Theorem 5.1 are
satisfied. From Theorem 5.1, we conclude that F' possesses a unique coupled fixed point
(s,u) with s = u. In particular s(z) is the unique solution of the integral equation (14). O

7. CONCLUSIONS

As presented at the beginning of this work, many eminent researchers gave the new
ideas of generalization of metric spaces. Obtaining results as concerns the existence and
uniqueness of certain coupled common fixed point theorems involving a contractive con-
dition for a map possesses the property of mixed weakly monotone in the new framework
of Y-cone metric spaces. Lastly, we provide an example and application to an integral
equation to support our result.

Acknowledgement. The authors express sincere thanks to the editor and referees for
their valuable comments and suggestions.
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