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FUZZY ESSENTIAL SUBMODULES WITH RESPECT TO

AN ARBITRARY FUZZY SUBMODULE

S. NIMBHORKAR1, J. KHUBCHANDANI2, §

Abstract. In this paper, we extend the concepts of a fuzzy essential submodule and a
fuzzy complement submodule to the concepts of fuzzy essential submodule with respect
to an arbitrary fuzzy submodule and fuzzy complement submodule with respect to an
arbitrary fuzzy submodule respectively. We give some characterizations and properties
of such fuzzy submodules.
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1. Introduction

The well known concept of a fuzzy set was introduced by Zadeh [11] in 1965. Since
then this concept has been applied to many areas in Mathematics. Rosenfeld [7] applied
this concept to groups. Naegoita and Ralescu [5] applied this concept to modules and
defined fuzzy submodules. Pan [6] defined a fuzzy finitely generated module and a fuzzy
quotient module. The concept of an essential fuzzy submodule and various properties
of such modules was studied by Kalita [3]. Safaeeyan and Saboori [9] studied essential
submodules with respect to an arbitrary submodule. Al-Dhaheri and Al-Bahrami [1] have
considered essential submodules with respect to an arbitrary submodule.

In this paper, we have fuzzify the concepts of an essential submodule with respect to an
arbitrary submodule and a complement submodule with respect to arbitrary submodule
and obtain various properties related to these concepts.

2. Preliminaries

Throughout in this paper R denotes a commutative ring with identity and M an unitary
R-module with the zero element θ.
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Definition 2.1. [4] A fuzzy subset of an R-module M , is a mapping µ from M to [0, 1].

Definition 2.2. [4] If N ⊆M and α ∈ [0, 1]M , then αN is defined as,

αN (x) =

{
α, if x ∈ N,
0, otherwise.

If N = {x}, then αx is often called a fuzzy point and is denoted by χα.
If α = 1, then 1N is called the characteristic function of N and is denoted by χN .

The following properties are well-known.
If µ, σ ∈ [0, 1]M , then

(i) µ ⊆ σ if and only if µ(x) ≤ σ(x);
(ii) µ ∪ σ = max{µ(x), σ(x)} = µ(x) ∨ σ(x);

(iii) µ ∩ σ = min{µ(x), σ(x)} = µ(x) ∧ σ(x);
(iv) (µ+ σ)(x) = ∨{µ(y) ∧ σ(z) | y, z ∈M,y + z = x}.

Definition 2.3. [4] Let X and Y be two nonempty sets and f : X → Y be a mapping.
Let µ ∈ [0, 1]X and σ ∈ [0, 1]Y . Then the image f(µ) ∈ [0, 1]Y and the inverse image
f−1(σ) ∈ [0, 1]X are defined as follows:
For every y ∈ Y ,

f(µ)(y) =

{
∨{µ(x) | x ∈ X, f(x) = y}, iff−1(y) 6= ∅,
0, otherwise.

and f−1(σ)(x) = σ(f(x)) for all x ∈ X.

Definition 2.4. [4] Let M be an R-module. A fuzzy subset µ of M is said to be a fuzzy
submodule, if for every x, y ∈M and r ∈ R the following conditions are satisfied:

(i) µ(θ) = 1,
(ii) µ(x− y) ≥ µ(x) ∧ µ(y),

(iii) µ(rx) ≥ µ(x).

The set of all fuzzy submodules of M is denoted by F (M).
The support of a fuzzy set µ, denoted by µ∗, is a subset of M defined by
µ∗ = {x ∈M | µ(x) > 0}.

Definition 2.5. [4, Theorem 4.2.1] Let µ, σ ∈ F (M) be such that µ ⊆ ν. Then the
quotient of ν with respect to µ, is a fuzzy submodule of M/µ∗, denoted by ν/µ, and is

defined as

(
ν
µ

)
([x]) = ∨ {ν(z) | z ∈ [x]}, ∀x ∈ ν∗, where [x] denotes the coset x+ µ∗.

Definition 2.6. [10] A fuzzy submodule σ of M is called a fuzzy direct sum of two fuzzy
submodules µ and ν if σ = µ+ ν and µ ∩ ν = χθ.

Definition 2.7. [10] An element µ ∈ F (M) is called a fuzzy direct summand of M if there
exists γ ∈ F (M) such that χM is a fuzzy direct sum of µ, ν.

Definition 2.8. [3] A fuzzy submodule µ of M is called an essential fuzzy submodule of
M , denoted by µ EM if for every non zero fuzzy submodule σ of M , µ ∩ σ 6= χθ.

Example 2.1. Let R = Z8 under addition and multiplication modulo 8 and
M = Z8

⊕
Z8. Then M is an R-module. Define σ : M → [0, 1] as :

σ(x) =


1, if x = {(0, 0)},
1\3, if x ∈ {(0, 4), (4, 0), (4, 4)},
0, otherwise.

Then σ is an essential fuzzy submodule of M .



S. NIMBHORKAR, J. KHUBCHANDANI: FUZZY ESSENTIAL SUBMODULES WITH ... 437

We recall some known results which we shall use in this paper.

Theorem 2.1. [3, Theorem 3.2.5] A submodule A of M is essential in M if and only if
χA is an essential fuzzy submodule of M .

Lemma 2.1. [8, Lemma 5.3.1] Let µ, ν ∈ F (M) be such that µ ⊆ ν. Then

(
ν

µ

)∗
=
ν∗

µ∗
.

Theorem 2.2. [3, Theorem 3.2.15] Let µ be a nonzero fuzzy submodule of M . Then
µ EM if and only if µ∗ EM .

Theorem 2.3. [3, Theorem 3.2.16] Let µ and σ be two nonzero fuzzy submodule of an
R-module M . Then µ E σ if and only if µ∗ E σ∗.

Theorem 2.4. [3, Theorem 3.2.19] If f : M → K is a module homomorphism and µ is
an essential fuzzy submodule of K, then f−1(µ) is an essential fuzzy submodule of M .

Definition 2.9. [3] Let µ be fuzzy submodule of an R-module M . A relative complement
for µ in M is any fuzzy submodule σ of M which is maximal with respect to the property
µ ∩ σ = χθ.

Proposition 2.1. [3, Proposition 3.1.19] Let {µα|α ∈ Ω} ⊆ F (M). Then∑
α∈Ω µ

∗
α = (

∑
α∈Ω µα)∗.

Proposition 2.2. [3, Proposition 3.1.20] Let {µα|α ∈ Ω} ⊆ F (M). Then
(
⋂
α∈Ω µα)∗ ⊆

⋂
α∈Ω µ

∗
α.

Proposition 2.3. [9, Proposition 2.2] For each m,n ∈ Z, mZ EnZ mZ + nZ.

Theorem 2.5. [9, Proposition 2.13] Let T1 6 K1 6 M1 6 M and T2 6 K2 6 M2 6 M
such that M1 ∩M2 = T1 ∩ T2. Then, K1 +K2 ET1+T2 M1 +M2 if and only if K1 ET1 M1

and K2 ET2 M2.

Lemma 2.2. [9, Lemma 2.15] Let M and N be right R-modules, T and K be submodules
of N and f ∈ HomR(M,N). If K ET N , then f−1(K) Ef−1(T ) M .

Corollary 2.1. [9, Corollary 2.6] Let T1 6 K1 6 M1 6 M and T2 6 K2 6 M2 6 M
such that M1 ∩M2 = T1 ∩ T2. If K E N , then f−1(K) Ekerf M . Moreover, if f is an
epimorphism, then K E N if and only if f−1(K) Ekerf M .

3. Fuzzy essential submodules with respect to
an arbitrary fuzzy submodule

In this section we introduce the concept of a fuzzy essential submodules with respect
to an arbitrary fuzzy submodule. We obtain some properties of these modules.

Definition 3.1. Let σ be a proper fuzzy submodule of an R-module M . A fuzzy submodule
µ of M is called σ- essential denoted by µ Eσ M , provided that µ * σ and for any fuzzy
submodule δ of M , µ ∩ δ ⊆ σ implies that δ ⊆ σ.

Example 3.1. Consider the module M = Z16 under addition and multiplication modulo
16 over the ring Z.
Define µ and σ from M to [0, 1] as:

µ(x) =


1, if x = {0},
0.7, if x = {2, 4, 6, 8, 10, 12, 14},
0, otherwise.
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σ(x) =


1, if x = {0},
0.5, if x = {4, 8, 12},
0, otherwise.

Then µ is a σ-essential submodule of M .

Remark 3.1. µ is an essential fuzzy essential submodule of M if and only if µ Eχθ M .

Theorem 3.1. Let µ, σ ∈ F (M). Then µ Eσ M if and only if µ∗ Eσ∗ M .

Proof. Assume, that µ Eσ M . Let A be a submodule of M such that µ∗ ∩ A ⊆ σ∗. This
implies (µ ∩ χA)∗ ⊆ σ∗ and so µ ∩ χA ⊆ σ. But, µ Eσ M and so χA ⊆ σ gives A ⊆ σ∗.
Hence, µ∗ Eσ∗ M .

Conversely, assume that µ∗ Eσ∗ M . Let δ be an fuzzy submodule of M such that
µ∩ δ ⊆ σ. This implies, (µ∩ δ)∗ ⊆ σ∗ and so µ∗ ∩ δ∗ ⊆ σ∗. But, µ∗ Eσ∗ M and so δ∗ ⊆ σ∗
consequently, δ ⊆ σ. Thus, µ Eσ M . �

Theorem 3.2. Let α, β ∈ F (M). If α Eσ M and β Eσ M . Then α ∩ β Eσ M .

Proof. Let γ be a fuzzy submodule of the module M such that (α ∩ β) ∩ γ ⊆ σ. Then
α ∩ (β ∩ γ) ⊆ σ. As α Eσ M gives β ∩ γ ⊆ σ. Since, β Eσ M we conclude that γ ⊆ σ.
Thus, α ∩ β Eσ M . �

Definition 3.2. Let µ, δ ∈ F (M) be such that µ ⊆ δ. Then µ is called σ-essential of δ,
denoted by µ Eσ δ, provided that µ * σ and for any fuzzy submodule γ of M satisfying
γ ⊆ δ and µ ∩ γ ⊆ σ implies γ ⊆ σ.

Theorem 3.3. Let µ, δ ∈ F (M). Then µ Eσ δ if and only if µ∗ Eσ∗ δ∗.

Proof. Assume, that µ Eσ δ. Let A be an submodule of δ∗ such that µ∗ ∩A ⊆ σ∗. (I)
Define a fuzzy submodule γ as follows:

γ(A) =

{
σ(x), if x ∈ A,
0, if x /∈ A.

Clearly, γ∗ = A. Hence, (I) becomes, µ∗ ∩ γ∗ ⊆ σ∗. This implies (µ ∩ γ)∗ ⊆ σ∗. Thus
µ ∩ γ ⊆ σ. Since, µ Eσ δ and so γ ⊆ σ implies γ∗ ⊆ σ∗. Thus, µ∗ Eσ∗ δ∗.

Conversely, assume that µ∗ Eσ∗ δ∗. Let ν ⊆ δ be such that µ ∩ ν ⊆ σ. Hence,
(µ ∩ ν)∗ ⊆ σ∗ and so µ∗ ∩ ν∗ ⊆ σ∗. As, µ∗ Eσ∗ δ∗ we get ν∗ ⊆ σ∗ Thus, ν ⊆ σ and so,
µ Eσ δ. �

Theorem 3.4. Let µ, γ, δ ∈ F (M) such that µ ⊆ γ ⊆ δ. Then µ Eσ δ if and only if
µ Eσ γ and γ Eσ δ.

Proof. Let µ Eσ δ and ξ ⊆ γ be such that µ ∩ ξ ⊆ σ. (I)
As ξ ⊆ γ and γ ⊆ δ gives ξ ⊆ δ. Thus, from (I) and using µ Eσ δ we get ξ ⊆ σ. This
implies µ Eσ γ.
Again, let ν ⊆ δ be such that ν ∩ γ ⊆ σ. (II)
As µ ⊆ γ implies µ ∩ ν ⊆ γ ∩ ν and so (II) becomes µ ∩ ν ⊆ σ. But, given µ Eσ δ implies
ν ⊆ σ gives γ Eσ δ and thus, µ Eσ γ and γ Eσ δ.

Conversely, assume that µ Eσ γ and γ Eσ δ. Let ξ ⊆ δ be such that µ ∩ ξ ⊆ σ. Then
µ ∩ (γ ∩ ξ) ⊆ σ. As, γ ∩ ξ ⊆ γ and µ Eσ γ we get γ ∩ ξ ⊆ σ. Also, γ Eσ δ implies ξ ⊆ σ.
Thus, µ Eσ δ. �

We prove the following characterization.
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Theorem 3.5. Let σ1, σ2, γ1, γ2 ∈ F (M) such that γ1∩γ2 = σ1∩σ2. Also, µ1, µ2 ∈ F (M)
be such that σ1 ⊆ µ1 ⊆ γ1 and σ2 ⊆ µ2 ⊆ γ2. Then µ1 + µ2 Eσ1+σ2 γ1 + γ2 if and only if
µ1 Eσ1 γ1 and µ2 Eσ2 γ2.

Proof. Assume that µ1 + µ2 Eσ1+σ2 γ1 + γ2.
=⇒ (µ1 + µ2)∗ E(σ1+σ2)∗ (γ1 + γ2)∗ by Theorem 3.3.
=⇒ (µ∗1 + µ∗2) E(σ∗

1+σ∗
2) (γ∗1 + γ∗2) by Proposition 2.1.

=⇒ µ∗1 Eσ∗
1
γ∗2 and µ∗2 Eσ∗

2
γ∗2 by Theorem 2.5.

=⇒ µ1 Eσ1 γ1 and µ2 Eσ2 γ2 by Theorem 3.3.
Conversely, assume that µ1 Eσ1 γ1 and µ2 Eσ2 γ2.

=⇒ µ∗1 Eσ∗
1
γ∗2 and µ∗2 Eσ∗

2
γ∗2 by Theorem 3.3.

=⇒ (µ∗1 + µ∗2) E(σ∗
1+σ∗

2) (γ∗1 + γ∗2) by Theorem 2.5.

=⇒ (µ1 + µ2)∗ E(σ1+σ2)∗ (γ1 + γ2)∗ by Proposition 2.1.
=⇒ µ1 + µ2 Eσ1+σ2 γ1 + γ2 by Theorem 3.3. �

We give relationships between inverse images.

Theorem 3.6. Let f : M → N be a module epimorphism where M and N are R-modules.
Let µ and σ be fuzzy subsets of N . If µ Eσ N , then f−1(µ) Ef−1(σ) M .

Proof. From the proof of Theorem 2.4 we have, f−1(µ∗) = (f−1(µ))∗. (I)
As µ Eσ N then by Theorem 3.1, µ∗ Eσ∗ N . Hence by Lemma 2.2, f−1(µ∗) Ef−1(σ∗) M .

Thus, from (I), (f−1(µ))∗ E(f−1(σ))∗ M . Hence, by Theorem 3.1 f−1(µ) Ef−1(σ) M . �

Theorem 3.7. Let f : M → N be a module epimorphism where N is an R-module and µ
be fuzzy subset of N . Then f−1(µ) Eχkerf M if and only if µ E N .

Proof. Assume, f−1(µ) Eχkerf M . From the proof of the Theorem 2.4, we have

f−1(µ∗) = (f−1(µ))∗. (I)
As f−1(µ) Eχkerf M then by Theorem 3.1 (f−1(µ))∗ Ekerf M and so by equation (I)

f−1(µ∗) Eχkerf M and by Corollary 2.1, µ∗ E N . Hence, µ E N .

Conversely, assume µ E N implies µ∗ E N . Then by Corollary 2.1, f−1(µ∗) Ekerf M
and by (I), (f−1(µ))∗ Ekerf M . Hence, by Theorem 3.1 f−1(µ) Eχkerf M . �

We prove some results related to fuzzy quotient submodules.

Theorem 3.8. Let µ, σ ∈ F (M). If µ Eσ M . Then

(
µ+ σ

σ

)
E

(
χM
σ

)
.

Proof. Let δ be a fuzzy submodule such that σ ⊆ δ and

(
δ

σ

)
be a fuzzy submodule

of

(
χM
σ

)
such that

(
δ

σ

)
∩
(
µ+ σ

σ

)
= χσ∗ . Then

(
δ

σ

)∗
∩
(
µ+ σ

σ

)∗
= {σ∗} and so(

δ∗

σ∗

)
∩
(
µ∗ + σ∗

σ∗

)
= {σ∗}. (I)

Let x ∈ µ∗ ∩ δ∗. Then x+ σ∗ ∈ (µ∗ ∩ δ∗) + σ∗ = (δ∗ ∩ µ∗) + σ∗.
Using σ ⊆ δ we get σ∗ ⊆ δ∗ and by modular law, x+ σ∗ ∈ δ∗ ∩ (σ∗ + µ∗).

Thus, x+ σ∗ ∈
(
δ∗

σ∗

)
∩
(
σ∗ + µ∗

σ∗

)
= {σ∗} by (I).

Hence x+ σ∗ ∈ σ∗ so x ∈ σ∗.
Thus, µ∗ ∩ δ∗ ⊆ σ∗ and so (µ ∩ δ)∗ ⊆ σ∗. Thus µ ∩ δ ⊆ σ.

But given that, µ Eσ M implies δ ⊆ σ and hence,

(
µ+ σ

σ

)
E

(
χM
σ

)
. �
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Theorem 3.9. Let µ, σ ∈ F (M) be such that σ ⊆ µ. Then µ Eσ M if and only if(
µ

σ

)
E

(
χM
σ

)
.

Proof. Assume, that µ, σ ∈ F (M) and σ ⊆ µ. Let

(
α

σ

)
be a fuzzy submodule of

(
χM
σ

)
such that

(
α

σ

)
∩
(
µ

σ

)
= χ{σ∗}. Then,

(
α

σ

)∗
∩
(
µ

σ

)∗
= {σ∗}. (I)

Let x ∈ α∗ ∩ µ∗. Then x+ σ∗ ∈
(
α∗

σ∗

)
∩
(
µ∗

σ∗

)
implies x+ σ∗ ∈

(
α

σ

)∗
∩
(
µ

σ

)∗
= {σ∗}.

Hence from (I) we get x+ σ∗ = σ∗ and so x ∈ σ∗. This gives, α∗ ∩ µ∗ ⊆ σ∗. (II)
But it is given that µ Eσ M and by Theorem 3.1 µ∗ Eσ∗ M . So from (II), α∗ ⊆ σ∗.

Hence, α = σ. Therefore,

(
α

σ

)
= χ{σ∗} and hence,

(
µ

σ

)
E

(
χM
σ

)
.

Conversely, assume that

(
µ

σ

)
E

(
χM
σ

)
implies

(
µ

σ

)∗
E

(
χM
σ

)∗
. (III)

Let δ be an fuzzy submodule of M such that µ ∩ δ ⊆ σ.
This implies (µ ∩ δ)∗ ⊆ σ∗
⇒ µ∗ ∩ δ∗ ⊆ σ∗

⇒
(
µ∗

σ∗

)
∩
(
δ∗

σ∗

)
⊆ {σ∗}

⇒
(
µ

σ

)∗
∩
(
δ

σ

)∗
⊆ {σ∗}.

Hence from equation (III),

(
δ

σ

)∗
⊆ {σ∗}.

Now assume that x /∈ σ∗. Then

(
δ

σ

)
(x + σ∗) = 0. This implies ∨{δ(x + y)|y ∈ σ∗} = 0

and so δ(x+ θ) = δ(x) = 0. Thus x /∈ δ∗.
Hence, δ∗ ⊆ σ∗. Therefore, δ ⊆ σ. Hence, µ Eσ M . �

We give an example to illustrate the concept of a fuzzy essential submodule with respect
to arbitrary submodule.

Example 3.2. Let M = R = Z. We define fuzzy subsets µ, σ and δ of Z as:

µ(x) =


1, if x = {0},
0.7, if x ∈ {±3,±6,±9, ...},
0, if otherwise.

σ(x) =


1, if x = {0},
0.5, if x = {±5,±10,±15, ...},
0, if otherwise.

δ(x) =

{
1, if x = {0},
0.2, if otherwise.

Then µ, σ and δ are fuzzy submodules of Z. Also, µ∗ = 3Z, σ∗ = 5Z and δ∗ = Z. Hence,
by Proposition 2.3, 3Z E5Z (3Z + 5Z), that is µ∗ Eσ∗ (µ∗ + σ∗), where µ∗ + σ∗ = δ∗ and
so µ∗ Eσ∗ δ∗. Hence, by Theorem 3.3, µ Eσ δ.
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4. Fuzzy complement with respect to arbitrary fuzzy submodule

In this section we introduce the concept of a fuzzy complement with respect to an
arbitrary fuzzy submodule and prove some results.

Definition 4.1. Let µ be a fuzzy submodule and σ be a proper fuzzy submodule of an
R-module M . A fuzzy submodule β of M is called σ-complement to µ, if β is maximal
with respect to the property µ ∩ β ⊆ σ.

Definition 4.2. Let µ be a fuzzy submodule and σ be a proper submodule of a fuzzy
submodule δ. Then a fuzzy submodule β of δ is called σ-complement to µ in δ if β is
maximal with respect to µ ∩ β ⊆ σ.

Remark 4.1. Let M be an R-module. If σ = χθ, then fuzzy submodule β is σ-complement
to µ if and only if β is complement for µ in M .

Theorem 4.1. Let µ, δ ∈ F (M) and σ = µ ∩ δ. If µ is σ-complement to δ. Then(
δ + µ

µ

)
E

(
χM
µ

)
.

Proof. Let ξ be a fuzzy submodule of M such that µ ⊆ ξ and

(
ξ

µ

)
∩
(
δ + µ

µ

)
= χ{µ∗}.

Then,

(
ξ

µ

)∗
∩
(
δ + µ

µ

)∗
= {µ∗} implies

(
ξ∗

µ∗

)
∩
(
δ∗ + µ∗

µ∗

)
= {µ∗}. (I)

Let x ∈ ξ∗ ∩ δ∗. Therefore, x+ µ∗ ∈ (ξ∗ ∩ δ∗) + µ∗ = ξ∗ ∩ (δ∗ + µ∗) by using modular law.

Hence x+µ∗ ∈
(
ξ∗

µ∗

)
∩
(
δ∗ + µ∗

µ∗

)
= {µ∗} by (I). Thus x+µ∗ ∈ µ∗ and so x ∈ µ∗. Thus

ξ∗ ∩ δ∗ ⊆ µ∗. Consequently, (ξ ∩ δ)∗ ⊆ µ∗. Thus ξ ∩ δ ⊆ µ. Hence ξ ∩ δ ⊆ µ ∩ δ = σ. By

assumption, µ = ξ and therefore,

(
ξ

µ

)∗
= {µ∗}. Hence,

(
δ + µ

µ
) E (

χM
µ

)
. �

Theorem 4.2. Let µ, β, σ ∈ F (M). If

(
µ

σ

)
is fuzzy complement to

(
β

σ

)
in

(
χM
σ

)
.

Then µ is σ-complement to β in M . The converse is true if σ ⊆ µ ∩ β.

Proof. Let

(
µ

σ

)
be fuzzy complement to

(
β

σ

)
in

(
χM
σ

)
.

Then,

(
µ

σ

)
∩
(
β

σ

)
= χ{σ∗}.

=⇒
(
µ

σ

)∗
∩
(
β

σ

)∗
= {σ∗}.

=⇒
(
µ∗

σ∗

)
∩
(
β∗

σ∗

)
= {σ∗}.

=⇒ µ∗ ∩ β∗ = σ∗.
=⇒ µ ∩ β = σ
=⇒ µ is σ-complement to β in M .
Suppose that, µ ⊆ α ⊆ σ is such that α ∩ β ⊆ σ.
=⇒ α∗ ∩ β∗ ⊆ σ∗.

=⇒
(
α∗

σ∗

)
∩
(
β∗

σ∗

)
⊆ {σ∗}.

=⇒
(
α

σ

)∗
∩
(
β

σ

)∗
⊆ {σ∗}.
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=⇒
((

α

σ

)
∩
(
β

σ

))∗
⊆ {σ∗}.

=⇒
(
α

σ

)
∩
(
β

σ

)
= χ{σ∗}.

=⇒
(
α

σ

)
is fuzzy complement to

(
β

σ

)
in

(
χM
σ

)
, a contradiction to the assumption.

Therefore,

(
µ

σ

)
=

(
α

σ

)
=⇒

(
µ

σ

)∗
=

(
α

σ

)∗
.

=⇒ µ∗

σ∗
=
α∗

σ∗
=⇒ µ∗ = α∗

=⇒ µ = α. Hence, µ is σ-complement to β in M .
Conversely, µ is σ-complement to β in M and σ ⊆ µ ∩ β then µ ∩ β = σ. Hence

(µ ∩ β)∗ = (σ)∗.
=⇒ µ∗ ∩ β∗ = σ∗.

=⇒
(
µ∗

σ∗

)
∩
(
β∗

σ∗

)
= {σ∗}.

=⇒
(
µ

σ

)∗
∩
(
β

σ

)∗
= {σ∗}.

=⇒
(
µ

σ

)
∩
(
β

σ

)
= χ{σ∗}.

=⇒
(
µ

σ

)
is fuzzy complement to

(
β

σ

)
in

(
χM
σ

)
.

Suppose that

(
µ

σ

)
⊆
(
α

σ

)
⊆
(
χM
σ

)
such that

(
α

σ

)
∩
(
β

σ

)
= χ{σ∗}.

=⇒
(
α

σ

)∗
∩
(
β

σ

)∗
= {σ∗}.

=⇒
(
α∗

σ∗

)
∩
(
β∗

σ∗

)
= {σ∗}.

=⇒ α∗ ∩ β∗ = σ∗

=⇒ α ∩ β = σ.

But, given µ is σ-complement to β in M , therefore, µ = α and thus,

(
µ

σ

)
=

(
α

σ

)
. Thus,(

µ

σ

)
is fuzzy complement to

(
β

σ

)
in

(
χM
σ

)
. �

Theorem 4.3. Let µ, β, σ ∈ F (M) such that

(
χM
σ

)
=

(
µ

σ

)
⊕
(
β

σ

)
. Then µ is

σ-complement to β in M .

Proof. As

(
χM
σ

)
=

(
µ

σ

)
⊕
(
β

σ

)
, we get

(
µ

σ

)
∩
(
β

σ

)
= χ{σ∗}.

Let

(
µ

σ

)
⊆
(
δ

σ

)
⊆
(
χM
σ

)
be such that

(
δ

σ

)
∩
(
β

σ

)
= χ{σ∗}.

Since,

(
χM
σ

)
=

(
µ

σ

)
+

(
β

σ

)
and

(
µ

σ

)
⊆
(
δ

σ

)
we get

(
χM
σ

)
=

(
δ

σ

)
⊕
(
β

σ

)
, so
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µ

σ

)
=

(
δ

σ

)
. Thus,

(
µ

σ

)
is fuzzy complement to

(
β

σ

)
in

(
χM
σ

)
. Hence by Theorem

4.2, µ is σ - complement to β in M . �

Theorem 4.4. Let µ, β be fuzzy submodules of M . Then µ is complement to β in M if
and only if µ⊕ β Eµ M .

Proof. Assume that µ is complement to β in M , then by Theorem 3.3.3 of [3], µ⊕β EM .

But by Theorem 3.3.10 of [3] , µ is closed in M . Hence,

(
µ⊕ β
µ

)
E

(
χM
µ

)
by Theorem

3.3.10 of [3]. Thus by Theorem 3.9 , µ⊕ β Eµ M .
Conversely, Let µ⊕ β Eµ M then µ ∩ β = χθ.

Now by Theorem 3.9,

(
µ⊕ β
µ

)
E

(
χM
µ

)
.

Let α be a fuzzy submodule of M such that µ ⊆ α and α ∩ β = χθ.

Now,

(
α

µ

)
⊆
(
χM
µ

)
and by modular law,

(µ∗ ⊕ β∗) ∩ α∗ = µ∗ ∩ α∗ + β∗ ∩ α∗ = µ∗ + β∗ ∩ α∗ = µ∗ + {θ} = µ∗. Hence(
µ∗ ⊕ β∗

µ∗

)
∩
(
α∗

µ∗

)
= {µ∗} gives

(
µ⊕ β
µ

)∗
∩
(
α

µ

)∗
= {µ∗} and thus,(

µ⊕ β
µ

)
∩
(
α

µ

)
= χ{µ∗}. But,

(
µ⊕ β
µ

)
E

(
χM
µ

)
gives

(
α

µ

)
= χ{µ∗} and so(

α

µ

)∗
= {µ∗}.

Let x /∈ µ∗.

=⇒
(
α

µ

)
(x+ µ∗) = 0.

=⇒ ∨{α(x+ y)|y ∈ µ∗} = 0.
=⇒ α(x+ θ) = α(x) = 0.
=⇒ x /∈ α∗.
=⇒ α∗ ⊆ µ∗.
=⇒ α = µ.
Hence, µ is complement to β in M . �

Theorem 4.5. Let µ, α and β be fuzzy submodules of M . If µ E M and β is fuzzy
complement for α in M . Then µ+ α Eα M .

Proof. Let δ be an fuzzy submodule of M such that α ⊆ δ. Also,

(
δ

α

)
be a fuzzy

submodule of

(
χM
α

)
such that

(
µ⊕ α
α

)
∩
(
δ

α

)
= χ{α∗}

=⇒
(
µ⊕ α
α

)∗
∩
(
δ

α

)∗
= {α∗}.

=⇒
(

(µ⊕ α)∗

α∗

)
∩
(
δ∗

α∗

)
= {α∗}.

=⇒ (µ+ α)∗ ∩ δ∗ = α∗.
=⇒ (µ∗ + α∗) ∩ δ∗ = α∗.
=⇒ µ∗ ∩ δ∗ + α∗ ∩ δ∗ = α∗.
=⇒ µ∗ ∩ δ∗ + α∗ = α∗.
=⇒ µ∗ ∩ δ∗ ⊆ α∗.
=⇒ µ ∩ δ ⊆ α.
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Hence, (µ ∩ δ) ∩ β ⊆ α ∩ β = χθ because β is fuzzy complement for α in M . Implies
µ∩ (δ ∩ β) = χθ. But, µ EM gives δ ∩ β = χθ. But given β is fuzzy complement for α in

M and so α = δ, thus

(
µ⊕ α
α

)
E

(
χM
α

)
and hence, by Theorem 3.9, µ+ α Eα M . �

5. Conclusion

In this paper fuzzy essential submodules with respect to an arbitrary fuzzy submod-
ule and fuzzy complement submodules with respect to arbitrary fuzzy submodule have
been studied. This concept of fuzzy essential submodules with respect to an arbitrary
fuzzy submodule can be extended to fuzzy small-essential submodules with respect to an
arbitrary fuzzy submodule.

Acknowledgement. The authors would like to thank the referee(s) for their helpful
suggestions, which improved this paper.
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