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FUZZY ESSENTIAL SUBMODULES WITH RESPECT TO
AN ARBITRARY FUZZY SUBMODULE

S. NIMBHORKAR!, J. KHUBCHANDANI?, §

ABSTRACT. In this paper, we extend the concepts of a fuzzy essential submodule and a
fuzzy complement submodule to the concepts of fuzzy essential submodule with respect
to an arbitrary fuzzy submodule and fuzzy complement submodule with respect to an
arbitrary fuzzy submodule respectively. We give some characterizations and properties
of such fuzzy submodules.
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1. INTRODUCTION

The well known concept of a fuzzy set was introduced by Zadeh [11] in 1965. Since
then this concept has been applied to many areas in Mathematics. Rosenfeld [7] applied
this concept to groups. Naegoita and Ralescu [5] applied this concept to modules and
defined fuzzy submodules. Pan [6] defined a fuzzy finitely generated module and a fuzzy
quotient module. The concept of an essential fuzzy submodule and various properties
of such modules was studied by Kalita [3]. Safaeeyan and Saboori [9] studied essential
submodules with respect to an arbitrary submodule. Al-Dhaheri and Al-Bahrami [1] have
considered essential submodules with respect to an arbitrary submodule.

In this paper, we have fuzzify the concepts of an essential submodule with respect to an
arbitrary submodule and a complement submodule with respect to arbitrary submodule
and obtain various properties related to these concepts.

2. PRELIMINARIES

Throughout in this paper R denotes a commutative ring with identity and M an unitary
R-module with the zero element 6.
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Definition 2.1. [4] A fuzzy subset of an R-module M, is a mapping p from M to [0, 1].
Definition 2.2. [4] If N C M and o € [0,1]™, then ay is defined as,

an(z) = {a, ifreN,

0, otherwise.

If N = {x}, then ay is often called a fuzzy point and is denoted by xq-
If a =1, then 1y is called the characteristic function of N and is denoted by xn -

The following properties are well-known.
If u,0 €1[0,1]M, then

(i) u C o if and only if u(x) < o(x);

(i) pUo = maz{u(z), 0(z)} = u(z) v o(a);
(it}) 11N o = min{u(z),0(x)} = u(x) A o (o)
(iv) (u+0)(@) = Viu(y) A=) |y, € M,y + = = a}.

Definition 2.3. [4] Let X and Y be two nonempty sets and f : X — Y be a mapping.
Let pn € [0,1]% and o € [0,1]Y. Then the image f(u) € [0,1]¥ and the inverse image
f~Yo) €[0,1]% are defined as follows:

For everyy €Y,

Fu)(y) = Vip(z) |z € X, f(z) =y}, if [ (y) #0,

0, otherwise.

and f~Y(o)(z) = o(f(x)) for all z € X.

Definition 2.4. [4] Let M be an R-module. A fuzzy subset p of M is said to be a fuzzy
submodule, if for every x,y € M and r € R the following conditions are satisfied:
(i) n(0) =1,
(i) w(x —y) > p(x) A py),
(iii) p(re) = p(z).
The set of all fuzzy submodules of M is denoted by F(M).
The support of a fuzzy set u, denoted by u*, is a subset of M defined by
pt =Lz e M| p(x)>0}.
Definition 2.5. [4, Theorem 4.2.1] Let p,0 € F(M) be such that @ C v. Then the
quotient of v with respect to u, is a fuzzy submodule of M/u*, denoted by v/u, and is

defined as ( >([:c]) =V A{v(z) | z € [z]}, Vx €v*, where [z] denotes the coset x + p*.

v
o
Definition 2.6. [10] A fuzzy submodule o of M s called a fuzzy direct sum of two fuzzy
submodules p and v if o = u+v and pNv = xg.

Definition 2.7. [10] An element p € F(M) is called a fuzzy direct summand of M if there
exists v € F(M) such that xar s a fuzzy direct sum of u, v.

Definition 2.8. [3] A fuzzy submodule v of M is called an essential fuzzy submodule of
M, denoted by p < M if for every non zero fuzzy submodule o of M, p N o # xg.

Example 2.1. Let R = Zg under addition and multiplication modulo 8 and
M =73@Zg. Then M is an R-module. Define o : M — [0,1] as :
L if . ={(0,0)},
o(z) =< 1\3,if = € {(0,4), (4,0), (4,4)},
0, otherwise.
Then o is an essential fuzzy submodule of M.
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We recall some known results which we shall use in this paper.

Theorem 2.1. [3, Theorem 3.2.5] A submodule A of M s essential in M if and only if
XA s an essential fuzzy submodule of M.

Lemma 2.1. [8, Lemma 5.3.1] Let p, v € F(M) be such that u C v. Then <V> -7

1% I
Theorem 2.2. [3, Theorem 3.2.15] Let p be a nonzero fuzzy submodule of M. Then
pw <M if and only if u* < M.

Theorem 2.3. [3, Theorem 3.2.16] Let p and o be two nonzero fuzzy submodule of an
R-module M. Then u < o if and only if u* < o*.

Theorem 2.4. [3, Theorem 3.2.19] If f : M — K is a module homomorphism and i is
an essential fuzzy submodule of K, then f~1(u) is an essential fuzzy submodule of M.

Definition 2.9. [3] Let p be fuzzy submodule of an R-module M. A relative complement
for pin M is any fuzzy submodule o of M which is maximal with respect to the property

po=Xxg-
Proposition 2.1. [3, Proposition 3.1.19] Let {uq|a € Q} C F(M). Then
D aca e = e Ha)™

Proposition 2.2. [3, Proposition 3.1.20] Let {pq|a € Q} C F(M). Then
(ﬂaeQ NCY)* g maeﬂ /.L:;

Proposition 2.3. [9, Proposition 2.2] For each m,n € Z, mZ <,z mZ +nZ.

Theorem 2.5. [9, Proposition 2.13] Let Th < K1 < M1 < M and To < Ko < My < M
such that My N Ms =11 NTy. Then, K1+ Ko <711, M1+ M if and only if K1 <7, M;
and Ko <7, Ms.

Lemma 2.2. [9, Lemma 2.15] Let M and N be right R-modules, T and K be submodules
of N and f € Homg(M,N). If K <t N, then f~1(K) L1y M.

Corollary 2.1. [9, Corollary 2.6] Let Th < K1 < M1 < M and To < Ko < My < M
such that My N My =Ty NTy. If K < N, then f~1(K) <gerg M. Moreover, if fis an
epimorphism, then K <A N if and only if f~'(K) Dkerf M.

3. Fuzzy ESSENTIAL SUBMODULES WITH RESPECT TO
AN ARBITRARY FUZZY SUBMODULE

In this section we introduce the concept of a fuzzy essential submodules with respect
to an arbitrary fuzzy submodule. We obtain some properties of these modules.

Definition 3.1. Let o be a proper fuzzy submodule of an R-module M. A fuzzy submodule
p of M is called o- essential denoted by p <, M, provided that p ¢ o and for any fuzzy
submodule & of M, puNd C o implies that § C o.

Example 3.1. Consider the module M = Z1g under addition and multiplication modulo
16 over the ring 7.
Define p and o from M to [0,1] as:
1, if = {0},
p(z) =< 0.7,if v ={2,4,6,8,10,12,14},

0, otherwise.
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1, if = {0},
o(z) =1 05,if v ={4,8,12},
0, otherwise.
Then p is a o-essential submodule of M.

Remark 3.1. p is an essential fuzzy essential submodule of M if and only if p <, M.
Theorem 3.1. Let p,0 € F(M). Then u <, M if and only if p* <z« M.

Proof. Assume, that y <, M. Let A be a submodule of M such that p*N A C ¢*. This
implies (£ N xa)* € o* and so pN x4 C o. But, p <, M and so x4 C o gives A C o*.
Hence, p* <y« M.

Conversely, assume that pu* <, M. Let § be an fuzzy submodule of M such that
uNé C o. This implies, (£Nd)* C o* and so p*Ndo* C o*. But, pu* <, M and so 6* C o*
consequently, 0 C o. Thus, p <, M. O

Theorem 3.2. Let o, € F(M). If « <o M and 5 <, M. Then anNp <, M.

Proof. Let v be a fuzzy submodule of the module M such that («¢ N B) N~y C 0. Then
an(Bny) Co. Asa J, M gives N~ C o. Since, § I, M we conclude that v C o.
Thus, anNp <, M. ([l

Definition 3.2. Let u,d € F(M) be such that p C §. Then p is called o-essential of 9,
denoted by p <, &, provided that p ¢ o and for any fuzzy submodule v of M satisfying
vy Cdand pNy C o impliesy C o.

Theorem 3.3. Let u,§ € F(M). Then u <, 6 if and only if p* <g+ 0*.

Proof. Assume, that © <, 6. Let A be an submodule of §* such that p* N A C o*. (I)
Define a fuzzy submodule v as follows:
~(4) = O'(lr), if v e A,
0, if v ¢ A.

Clearly, v* = A. Hence, (I) becomes, pu* N~* C ¢*. This implies (u N7)* C o*. Thus
pwN~y Co. Since, u <, 6 and so v C o implies v* C ¢*. Thus, u* s« §*.

Conversely, assume that p* <, §*. Let v C § be such that uNv C o. Hence,
(pnNwv)* Co* and so u* Nv* Co*. As, p* Jy+ §* we get v* C ¢* Thus, v C ¢ and so,
p L5 0. O

Theorem 3.4. Let p,v,6 € F(M) such that uw C v C 6. Then p <, 0 if and only if
p <oy and vy <5 0.

Proof. Let p <, § and £ C « be such that pN & C o. (I)
As £ C vy and v C 6 gives £ C 6. Thus, from (I) and using p <, § we get £ C o. This
implies p <y 7.
Again, let v C 6 be such that v N~y C o. (II)
As p C v implies pNv CyNv and so (IT) becomes N v C o. But, given pu <, § implies
v C o gives v <, d and thus, <, v and v <, 6.

Conversely, assume that pu <, v and v <, d. Let £ C § be such that uN& C o. Then
pN(yNE Co. As,yNECyand p <, v we get yNE C o. Also, v I, 6 implies € C 0.
Thus, p <, 9. ]

We prove the following characterization.
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Theorem 3.5. Let 01,02,71,72 € F(M) such that v Ny = o1 Noy. Also, p1, pe € F(M)
be such that o1 C ,ul C vy and o3 C o C yo. Then pr + p2 Loytoy Y1+ 72 if and only if
p1 Doy 11 oand p2 Ly Yo

Proof. Assume that p1 + p2 <oy 405 71 + 72
= (1 + po)* <1(01+02)* (71 + 72)* by Theorem 3.3.
(,ul + 15) (ot +(,2) (7§ +~3) by Proposition 2.1.
= pj Jor 75 and p5 gx 3 by Theorem 2.5.
= 1 Iy, 71 and pe <yy 12 by Theorem 3.3.
Conversely, assume that p; <5, 71 and p2 gy 2.
= pj Jor 75 and p5 Jgx 3 by Theorem 3.3.
= (17 + 13) Dor403) (71 +75) by Theorem 2.5.
= (1 + #2) J(o1+02)* (71 + 72)* by Proposition 2.1.
= p1 + p2 Loy 40, 71 + 72 by Theorem 3.3. O

We give relationships between inverse images.

Theorem 3.6. Let f: M — N be a module epimorphism where M and N are R-modules.
Let i and o be fuzzy subsets of N. If <, N, then f~(p) L1y M

Proof. From the proof of Theorem 2.4 we have, f~1(u*) = (f~(u))*. (I)
As p <, N then by Theorem 3.1, p* <l,+ N. Hence by Lemma 2.2, f~!(u*) Lp-1(o+) M.
Thus, from (I), (f~(u))* (4-1(0))» M. Hence, by Theorem 3.1 (D) Ly M. O

Theorem 3.7. Let f: M — N be a module epimorphism where N is an R-module and p
be fuzzy subset of N. Then f~'(u) < Drers M if and only if p I N.

Proof. Assume, f~1(u) Dypers M. From the proof of the Theorem 2.4, we have
£ ) = (7 (). )
As f~1(p) Uypers M then by Theorem 3.1 (/7Y (w)* Dgery M and so by equation (I)
) Uypery M and by Corollary 2.1, p* < N. Hence, p < N.

Conversely, assume p <! N implies g* < N. Then by Corollary 2.1, f~1(u*) lger M
and by (I), (f~'(1))* <gery M. Hence, by Theorem 3.1 f~1(u) <y,.., M. O

We prove some results related to fuzzy quotient submodules.

Theorem 3.8. Let p,0 € F(M). If p <, M. Then <W> < (XM)

o - o

o (1) (5)0(422) = e (5) 0 (%27) = )
(5:) 7 (57) = e g

Let z € p* N d*. Then z +o* € (p*N&*)+0o* = (0* Np*)+o*.
Using o C § we get o* C 6* and by modular law, z + o* € 6* N (o™ + p*).

6* * *
Thus, z + 0* € () n <(’ s ) = {o*} by (D).
o o
Hence x + 0* € 0* so x € o*.
Thus, p* N o6* C o* and so (xNJ)* Co*. Thus uNd Co.

But given that, u <, M implies § C ¢ and hence, (M + U) < (XM> O
o

Proof. Let § be a fuzzy submodule such that ¢ C § and <5> be a fuzzy submodule

g
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Theorem 3.9. Let p,0 € F(M) be such that 0 C p. Then p <o M if and only if
(2)= ()
o o
Proof. Assume, that u,0 € F(M) and o C u. Let <a) be a fuzzy submodule of XM>
o

such that <a> N <,u> = X{o+}- Then, <a> N <M) = {o*}. (I)
o o o o
* * * *
Let x € o* N p*. Then z +0* € <a*> N (,u*> implies x 4+ o* € <a> N <,u> = {o*}.
o o o o
Hence from (I) we get  + 0* = 0* and so x € o*. This gives, a* N p* C o*.

But it is given that u <, M and by Theorem 3.1 p* <,« M. So from (II), a* C o*.
Hence, o = 0. Therefore, (a) = X{o*} and hence, <H> < <XM>
o o

o
Conversely, assume that <M> g <XM> implies <,u> g (XM> . (I11)
o o o o

Let 6 be an fuzzy submodule of M such that pNd C o.
This implies (xN4§)* C o*
=u N Co*

“(E)a(5)eie
() olf) e
Hence from equation (III), (j) C {o*}.

Now assume that z ¢ o*. Then ° (x + 0*) = 0. This implies V{6(z + y)ly € c*} =0
o

and so 0(z + 6) = 6(x) = 0. Thus z ¢ 6*.
Hence, §* C o*. Therefore, § C o. Hence, p <, M. O

We give an example to illustrate the concept of a fuzzy essential submodule with respect
to arbitrary submodule.

Example 3.2. Let M = R =7. We define fuzzy subsets p, o and & of Z as:
1, if = {0},
p(z) =< 0.7,if v € {£3,46,+9, ...},
0, if otherwise.
1, if = {0},
o(x) ={ 0.5,if x = {£5,£10,£15, ...},
0, if otherwise.
o) = § o A0
0.2,¢f otherwise.
Then p, o and § are fuzzy submodules of Z. Also, u* = 37, o* = 5Z and §* = Z. Hence,
by Proposition 2.3, 3Z <5z (3Z + 5Z), that is p* <y« (u* + 0*), where p* + o* = §* and
so pu* <+ 6*. Hence, by Theorem 8.3, i <, 6.
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4. Fuzzy COMPLEMENT WITH RESPECT TO ARBITRARY FUZZY SUBMODULE

In this section we introduce the concept of a fuzzy complement with respect to an
arbitrary fuzzy submodule and prove some results.

Definition 4.1. Let p be a fuzzy submodule and o be a proper fuzzy submodule of an
R-module M. A fuzzy submodule B of M is called o-complement to p, if B is mazximal
with respect to the property uN B C o.

Definition 4.2. Let p be a fuzzy submodule and o be a proper submodule of a fuzzy
submodule 6. Then a fuzzy submodule B of § is called o-complement to p in § if 5 is
mazimal with respect to uN B C o.

Remark 4.1. Let M be an R-module. If 0 = xp, then fuzzy submodule § is o-complement
to p if and only if B is complement for p in M.

Theorem 4.1. Let u,d € F(M) and o0 = pnNd. If p is o-complement to 6. Then
()= (%)
p 7
0+ p

Proof. Let & be a fuzzy submodule of M such that u C ¢ and <€> N <> = X{u*}-
H H
Then, (i) N <5+M> = {u*} implies <i*> N <5;'/J> ={u*}. (I)

u

Let x € £* N d*. Therefore, x + p* € (£ N*) + p* = £ N (6" + ©*) by using modular law.
* 5*

Hence x + p* € <i ) < :M > {p*} by (I). Thus z + p* € p* and so x € p*. Thus

& Nd* C p*. Consequently, (£NJ)* Cu Thus ENd C pu. Hence ENd C und =o0. By

1)
assumption, u = & and therefore, <§> = {u*}. Hence, < + M) < (XM> O
0 [ 0
AN B\ . xm
Theorem 4.2. Let p,3,0 € F(M). If | = | is fuzzy complement to | — ) in [ =— ).
o o o

Then u is o-complement to B in M. The converse is true if o C pN 3.

Proof. Let <,u> be fuzzy complement to <ﬁ> in <XM>
o

g g
Then, <“) N <6> = X{o*}-

g

~ 2] o -
~ () (6)-e

= pu*Np*F=o*.

= uNB=0c

= p is o-complement to § in M.

Suppose that, 4 C o C ¢ is such that aN g C o.
= a*NG* Co*.

2(0*2 (ﬁ*)f{“}
= (:) N <f) C {o*}.
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= () () een
= (5)7() = .

AW BY . - .
= | — ] is fuzzy complement to | — | in [ =— |, a contradiction to the assumption.
o o o

Therefore, <,u> = <a>
o o

* *

Q
o
o* o*

= 1 = «. Hence, u is o-complement to 8 in M.
Conversely, u is o-complement to S in M and ¢ C pN B then uN B = 0. Hence

(w0 )" = (o)".

— "N B = ot

~ )
<o
N
— (£ is fuzzy complement to = ) in (22
() s oy compemnt 1o () (3
Suppose that <Z> C (j) C (ﬁ”) such that (j) N (f) = X{or}-
= (5) (o) =
=)

= a*Np*=oc*
= anNp=o.

g

But, given p is o-complement to 5 in M, therefore, 4 = « and thus, () = <a>. Thus,

<,u> is fuzzy complement to <ﬁ> in (XM> 0
o o o

XM) = (M) @ (6> Then p is
o o o
o-complement to 3 in M.

<

i e ()= (2) (2 (2}
o (2) € (2 € (2) v s (2)1(2) = v

e (2) () 0 o 2) € () e (29 - ()2 2).

Theorem 4.3. Let pi, 3,0 € F(M) such that

>_X{O'
s
g
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1)
<,u> = <> Thus, <,u> is fuzzy complement to <B> in (XM) Hence by Theorem
o o o o o
0

4.2, p is o - complement to 8 in M.

Theorem 4.4. Let u, 3 be fuzzy submodules of M. Then p is complement to B in M if
and only if p@© B <, M.

Proof. Assume that p is complement to 8 in M, then by Theorem 3.3.3 of [3], u® 8 < M.
But by Theorem 3.3.10 of [3] , i is closed in M. Hence, <W> < <XM> by Theorem
3.3.10 of [3]. Thus by Theorem 3.9, p® 3 <, M. 8 8

Conversely, Let © @ 3 <, M then N S = xp.

Now by Theorem 3.9, @ (X)),

po ) =\ p
Let a be a fuzzy submodule of M such that © C o and a N B = xp.

Now, (a) C (XM> and by modular law,
7 7
(WaepHNa* =p*Na*+p*Na*=p*+p*Na*=p*+ {0} = p*. Hence
* * * * *
('M@*/B> N <a*> = {p*} gives (W N (a) = {p*} and thus,
7 7 7 7

) () (57) 2 () o )
—)Nnl—=)= . But, | —— )| < | &=— | gives | — | = «1 and so
( " " X{p} P 0 g 0 X{p}

={w}

L ¢ u*.

= (Z)(w—i—,u*) =0.

= V{a(z +y)ly € p*} = 0.

= a(x +0) = a(x) = 0.

=z ¢ a*.

= a* C p*.

= a = L.

Hence, p is complement to 8 in M. ]

Theorem 4.5. Let u, a and B be fuzzy submodules of M. If u < M and B is fuzzy
complement for o in M. Then pu+ o <o M.

Q
n
et T

0
Proof. Let § be an fuzzy submodule of M such that o C §. Also, <a> be a fuzzy

submodule of (XM> such that (u@a) N <6> = X{a*}
a

~ (22 () e
= (450 (5) -

= (p+a)*Nd* =a*.
= (L +a*)Né* =a
= u* N+ a* N =a.
= pu*Né*+a* =a’.

= pu*Ndé* Ca*.

= undCa.
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Hence, (uNéd)Np C anfB = xp because f is fuzzy complement for o in M. Implies
pwN(0NB) = xe. But, u I M gives § N 3 = xg. But given 3 is fuzzy complement for « in
M and so a = 6, thus (,u © a) < (X—M> and hence, by Theorem 3.9, p+ a <, M. O

« - «

5. CONCLUSION

In this paper fuzzy essential submodules with respect to an arbitrary fuzzy submod-
ule and fuzzy complement submodules with respect to arbitrary fuzzy submodule have
been studied. This concept of fuzzy essential submodules with respect to an arbitrary
fuzzy submodule can be extended to fuzzy small-essential submodules with respect to an
arbitrary fuzzy submodule.
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