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ON SOFT 7 GENERALIZED CLOSED SETS

HARIWAN Z. IBRAHIM, §

ABSTRACT. The purpose of this paper is to define some new classes of soft generalized
closed sets namely soft ﬁ Wg closed, soft b—’Yg closed soft p—Wg closed, soft s- Wg closed,

soft a- ’Yg closed and soft ’Yg closed by using soft 5 open set. The relationships between
these soft sets and the related concepts are 1nvest1gated Basic propertles of soft -

’Yg closed, soft b- ’Yg closed, soft p- ’Yg closed, soft s- ’Yg closed, soft a- ’Yg closed and soft
’Yg closed sets are analyzed. Finally, the new soft separation axiom, namely soft ’7 T1
space is introduced and its basic properties are investigated.
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1. INTRODUCTION

Soft set is a parameterized general mathematical tool which deals with a collection
of approximate descriptions of objects. Each approximate description has two parts, a
predicate and an approximate value set. The concept of soft sets was first introduced by
Molodtsov [18] in 1999 as a general mathematical tool for dealing with uncertain objects.
He also successfully applied the soft theory in several directions, such as smoothness
of functions, game theory, operations research, Riemann integration, Perron integration,
probability, theory of measurement, and so on. Shabir and Naz [20] introduced the notion
of soft topological spaces which are defined over an initial universe with a fixed set of
parameters. Chen [7] investigated soft semiopen sets in soft topological spaces and studied
some properties of it. Arockiarani and Arokialancy [4] defined soft preopen and soft -
open sets and continued to study weak forms of soft open sets in soft topological space.
Akdag and Ozkan [5] defined soft a-open sets and also they defined soft b-open sets [6].
Kalavathia [13] introduced and discussed an operation of a family of all soft open sets in
soft topological space. Many researchers defined and studied the weak and strong forms
of soft closed sets that are important for the study of characterizations of soft topological
spaces. Ibrahim [11] introduced and studied the concept of ygb-closed sets in topological
spaces. Soft T space was introduced by Kannan [14].
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2. PRELIMINARIES

Definition 2.1. [18] Let X be an initial universe set and E be a set of parameters. Let
P(X) denotes the power set of X and (A, E) is a non-empty subset of E. A pair (F,A) is
called a soft set over X and is defined by the set (F, A) = {(e, F(e)) :e € A, F(e) € P(X)},
where F' is a mapping given by F : A — P(X) such that F(e) = ¢ ife ¢ A. In other words,
a soft set over X is a parametrized family of subsets over the universe X. For e € A,
F(e) may be considered as the set of e-approximate elements of the soft set (F, A). The
value of F(e) may be arbitrary, some of them may be empty, some may have non-empty
intersection.

Definition 2.2. [16] For two soft sets (F,A) and (G, B) over a common universe X,
(F, A) is a soft subset of (G, B), denoted by (F,A) C (G, B), if

(1) AC B and

(2) F(e) C G(e), forall e € A.
(F, A) is said to be a soft superset of (G, B) if (G, B) is a soft subset of (F, A) and denoted
it by (F,A) 2 (G, B).
Definition 2.3. [16] Two soft sets (F, A) and (G, B) over the common universe X are

said to be soft equal, if (F,A) is a soft subset of (G,B) and (G, B) is a soft subset of
(£, A).

Definition 2.4. [16] The relative soft complement of a soft set (F, A) is denoted by (F, A)°
and is defined by (F, A)¢ = (F°, A), where F¢: A — P(X) is a mapping given by F¢(e) =
X \ F(e) foralle € A.

Definition 2.5. [16] A soft set (F, A) over X is said to be a null soft set and denoted by
o, if F(e) = ¢ for alle € A.

Definition 2.6. [16] A soft set (F, A) over X is said to be an absolute soft set and denoted
by )N(, if F(e) =X for alle € A. Clearly X =b and d =X.

Definition 2.7. [16] The soft union of two soft sets (F, A) and (G, B) over the common
universe X is the soft set (H,C'), where C' = AU B and for all e € C,

F(e) ifee A\ B
(H,C)=1<¢ Gle) ife€e B\ A
Fe)UG(e) ifec ANB.
Definition 2.8. [16] The soft intersection of two soft sets (F,A) and (G, B) over the

common universe X is the soft set (H,C), where C = AN B and for each e € C, H(e) =
F(e)nGle).

Definition 2.9. [22] A soft subset (F, A) over X is called a soft point in X denoted by
er, if for the element e € A, F(e) # ¢ and F(e') = ¢ for every ¢ € A\ {e}. The soft
point ep is said to be in the soft set (G, A) denoted by ep E (G, A), if the element e € A
and F(e) C G(e).

Throughout this paper, consider X is an universe set, E is a fixed set of parameters.
We consider only soft sets (F, E') over the universe X in which all the parameter set E are
same. The collection of all soft sets over X is denoted by S(X).

Definition 2.10. [20] Let T be the collection of soft sets over X. Then T is said to be a
soft topology on X if
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(1) ® and X belongs to T.
(2) The soft union of any number of soft sets in T belongs to T.
(3) The soft intersection of any two soft sets in 7 belongs to T.

The triplet ()N(, 7N', E) is called a soft topological space over X. The members of7N' are said

to be soft open sets over X. A soft set (F, E) over X is said to be soft closed in )N(, if its
relative soft complement (F¢, E) belong to T.

Definition 2.11. Let (X, 7, E) be a soft topological space over X and (F,E) e S(X).
(1) The soft interior of (F, E) denoted by int(F, E) is defined as the soft union of all
soft open subsets of (F, E) [22].
(2) The soft closure of (F, E) denoted by cl(F, E) is defined as the soft intersection of
all soft closed supersets of (F, E) [20].

Definition 2.12. A soft set (F, E) in a soft topological space ()N(,7N', E) is called:

(1) soft a-open, if (F,E) C int(cl(int(F, E))) and soft a-closed if cl(int(cl(F, E))) C
(F,E) |5 ) )

(2) soft preopen, if (F,E) C int(cl(F,E)) and soft preclosed if cl(int(F,E)) C (F,E
[4].

(3) soft semiopen, if (F,E) C cl(int(F,E)) and soft semiclosed if int(cl(F,E)) C
(F, E) [T )

(4) soft b-open, if (F, E) C cl(int(F, E)) Uint(cl(F, E)) and soft b-closed if cl(int(F, E)) N
int(cl(F,E)) C (F,E) [6].

(5) soft B-open, if (F, E) - cl(int(cl(F, E))) and soft 5-closed if int(cl(int(F, E))) C
(F, E) [4].
(6) soft regular open, if (F, E) = int(cl(F,E)) [4].

~—

Definition 2.13. Let ()f}, 7,E) be a soft topological space over X and (F, E) E S(X).

(1) The soft a-closure of (F, E) denoted by acl(F, E) is defined as the soft intersection
of all soft a-closed supersets of (F, E) [5].

(2) The soft pre closure of (F, E) denoted by pcl(F, E) is defined as the soft intersection
of all soft preclosed supersets of (F, E) [4].

(3) The soft semi closure of (F, E) denoted by scl(F, E) is defined as the soft intersec-
tion of all soft semiclosed supersets of (F, E) [7].

(4) The soft b-closure of (F, E) denoted by bel(F, E) is defined as the soft intersection
of all soft b-closed supersets of (F, E) [4].

(5) The soft B-closure of (F, E) denoted by Bcl(F, E) is defined as the soft intersection
of all soft B-closed supersets of (F, E) [4].

Definition 2.14. [13] Let ()N( 7N' E) be a soft topologz'cal space over X. An operation :YJ
on the soft topology T isa mappmg from a soft topology T into the soft power set S(X ) of
X such that (V,E) C (V, ) for each (V, E) €T, where (V, E)V denote the value of ¥ at
(V,E). It is denoted by VT — S(X).

Deﬁnition 2.15. [13] A soft subset (F,E) of a soft topological space ()N(,;, E) is said
to be soft Y open, if for each er € (F,E), there exists a soft open set (U, E) such that
ep € (U,E) and (U, E)'Y C (F,E). A soft subset (F,E) of (X 7,E) is said to be soft v
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closed if and only if (F, E)¢ is soft v open in ()N(, T, E). The family of all soft % open, sets
denotes by ;;.

Remark 2.1. [13] Let ()N(,7N', E) be a soft topological space. Then, 7N-§§7-

Definition 2.16. [13] A soft topological space ()N(, 7,E) is said to be soft v regular if for
each ep €X and for each soft open set (V, E) such that ep E (V,E), there exists a soft
open set (U, E) such that ep E (U,E) and (U,E)” C (V,E).

Theorem 2.1. [13] A soft topological space ()N(, 7,E) is soft v regular if and only if 77:77?

Definition 2.17. [13] The soft ;§ closure of (F, E) denoted by ’?;—CZ(F, E) is defined as

the soft intersection of all soft v closed supersets of (F\, E).
Definition 2.18. A soft set (F, E) in a soft topological space ()N(,7N', E) is called:

(1) soft g-closed if cl(F, E) é (U, E), whenever (F, E) é (U, E) and (U, E) is soft open
in X [14].

(2) soft gab-closed if bel(F, E) é (U, E), whenever (F,E) é (U,E) and (U, E) is soft
a-open in X [1].

(3) soft sgb-closed if bel(F, E) § (U,E), whenever (F,E) 5 (U,E) and (U, E) is soft
semiopen in X [1].

(4) soft gb-closed if bcl(F, E) - (U, E), whenever (F,E) - (U,E) and (U, E) is soft
open in X [19].

(5) soft gBb-closed if bel(F, E) - (U, E), whenever (F,E)
B-open in X [19].

(6) soft gB-closed if Bcl(F, E) é (U, E), whenever (F,E) é (U,E) and (U, E) is soft
open in X [2].

(7) soft pre generalized closed (in short soft pg-closed™) if pcl(F, E) é (U, E), whenever
(F,E) c (U,E) and (U, E) is soft preopen in X [21].

(8) soft pg-closed if pcl(F, E) C (U, E), whenever (F, E) C (U,E) and (U, E) is soft
open in X [3].

(9) soft gp-closed if cl(F, E) - (U, E), whenever (F,E) C (U,E) and (U, E) is soft
preopen in X [3].

(10) soft sg-closed if scl(F, E) E (U, E), whenever (F,E) é (U,E) and (U, E) is soft
semiopen in X [2].

(11) soft gs-closed if scl(F,E) é (U, E), whenever (F,E) é (U,E) and (U, E) is soft
open in X [2].

(12) soft s*g-closed if cl(F, E) é (U, E), whenever (F,E) é (U,E) and (U, E) is soft
semiopen in X [15].

(13) soft ag-closed if acl(F, E) C (U, E) whenever (F,E) C (U,E) and (U, E) is soft
open in X [2].

M2

(U,E) and (U, E) is soft
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(14) soft ga-closed if cl(F, E) é (U, E) whenever (F,E) é (U,E) and (U, E) is soft
a-open in X [1].
(15) soft gsB-closed if Bel(F, E) é (U, E), whenever (F, E) é (U, E) and (U, E) is soft
semiopen in X [2].
Definition 2.19. [14] A soft set (F,E) is called soft g-open if the relative complement
(F, E)¢ is soft g-closed.
Definition 2.20. A soft set (F, E) in a soft topological space ()N( 7,E) is called:
(1) soft g*-closed if cl(F,FE) C (U, E), whenever (F,E) - (U,E) and (U, E) is soft
g-open in X [9].
(2) soft wg-closed if cl(int(F, E)) C (U, E), whenever (F,E) C (U,E) and (U, E) is
soft open in X [12].
(3) soft rg-closed if cl(F,E) é (U, E), whenever (F,E) é (U,E) and (U, E) is soft
regular open in X [2].
(4) soft rwg-closed if cl(int(F, E)) § (U, E), whenever (F,E) é (U,E) and (U,E) s
soft reqular open in X [12].
(5) soft gpr-closed if pcl(F, E) i (U, E), whenever (F, E) é (U,E) and (U, E) is soft
regular open in X [10].
(6) soft-gsr-closed if scl(F, E) C (U,E), whenever (F,E)
regqular open in X [17].
(7) soft rga-closed if acl(F, E) - (U, E), whenever (F, E) C (U, E) and (U, E) is soft
reqular open in X [1].
(8) soft rgb-closed if bel(F, E) é (U, E), whenever (F, E) é (U,E) and (U, E) is soft

regular open in X [1].

M2

(U,E) and (U, E) is soft

Theorem 2.2. [14] If a soft set (F, E) is soft g-closed, then cl((A, E)) r\v (A, E) contains
only null soft closed.

3. SOFT YG.CLOSED SETS

Deﬁnition 3.1. A soft set (F,E) in a soft topologz'cal space ()N( T, E) is called soft (-
’Yg closed (resp. soft b- ’Yg closed, softp-’Yg closed, softs ’Yg closed, soft a-’Yg closed and soft
9. closed) zfﬁcl(F E) C(U,E) (resp. bl(F,E) C (U,E), pc(F,E) C (U,E), scl(F,E) C
(U.E), acl(F.E) C (U.E) and ci(F, E) C (U,E)), whenever (F,E) C (U, E) and (U, E)
18 soft v open in X

Theorem 3.1. (1) Every soft b-’NYg.closed set is soft B—’?g.closed.
(2) Every soft p—?g.closed set is soft b—ag.closed.
(3) Ewvery soft 5—’NYg.closed set is soft b—%g.closed.
(4) Every soft a—;g.closed set is soft p—%g.closed.
(5) Every soft a—’?g.closed set is soft s—’NYg.closed.
(6)

6) Every soft %g. closed set is soft a—%g. closed.
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~

Proof. Let (F, E) be any soft set in a soft topological space (X, 7, E) and (F, E) é (U, E),
where (U, E) is soft 7 open.
(1) If (F, E) is soft b- g. closed then bel (F, E) (U, E) and since B¢l (F, E) i bel(F, E).
Thus, (F, FE) is a soft - ’Yg closed set in X
(2) If (F, E) is soft p-Tg.closed, then pcl(F, E) (U, E) and since bcl(F, E) - pcl(F, E).
Thus, (F, E) is a soft b- Yg.closed set in X.
(3) If (F, E) is soft s- ~Yg.closed, then scl(F, E) c (U, E) and since bel(F, E) - scl(F, E).
Thus, (F, E) is a soft b- ’)’g closed set in X.
(4) If (F,E) is soft a- ’Yg closed, then acl(F,E) é (U FE) and since pcl(F,E) é
acl(F, E). Thus, (F E) is a soft p-g. closed set in X.
(5) If (F, E) is soft a- Yg.closed, then acl(F, E) (U, E) and since scl(F, E) é acl(F, E).
Thus, (F, E) is a soft s- ’Yg closed set in X
(6) If (F, FE) is soft Wg closed then cl(F, E) C (U, E) and since acl(F, E) C cl(F,E).
Thus, (F, E) is a soft a- 7g closed set in X.
(|

Remark 3.1. In general, soft p—’?g.closed and soft 5—’7g.closed are independent. It is
shown by the following examples.

Example 3.1. Let X = {p17P2aPSap47P5}7 E = {6} and ;: {)}7&;7 (F17E)7 (FQ)E) (F37E)}

be a soft topological space over X, where (F1, E) = {(e,{p1,p2})}, (F2, E) = {(e, {pg,p4})}
and (F3, E) = {(e,{p1,p2,p3,p4})} are soft open sets over X. Define an operation YonT

by
o A E) if (A FE) = (Fs,F
my [ B A = (FE)
X otherwise.
Then, ;:{: {)N(, ZIV), (F5,E)}. If (G, E) ={(e,{p1,p4})}, then (G, E) is both soft p-7g.closed
and soft b—’NYg.closed but (G, E) is neither soft a—%g.closed nor soft s—gg.closed.

Example 3.2. Let X = {p,p2, ps,ps}, E = {e} and 7= {X,®, (F\, E), (Fy, E), (F3, E)}
be a soft topological space over X, where (F1,E) = {(e,{p1})}, (F2, E) = {(e, {pg,p4})}
and (F3, E) ={(e,{p1,p2,pa})} are soft open sets over X. Define an operation Y on T by

(A, E)7 = (A, E) for all (A,E) €T . Then, 7'3:7.

(1) If (G, E) = {(e,{p1})}, then (G, E) is both soft s—’NYg.closed and soft b—’NYg.closed
but (G, E) is neither soft oz—:;g.closed nor soft p—f’;g.closed.
(2) If (G, E) = {(e,{p1,p2})}, then (G, E) is soft B-Vg.closed but (G, E) is not soft

b-77g.closed.
Theorem 3.2. (1) Ewvery soft v closed set is soft ’7g. closed.
(2) Ewvery soft closed set is soft %g.closed.
(3) Every soft a-closed set is soft a-7g.closed.
(4) Every soft preclosed set is soft p-7g.closed.
(5) v

5

Every soft semiclosed set is soft s-7g.closed.
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Every soft b-closed set is soft b—;g.closed.
Every soft B-closed set is soft B-7g.closed.

(6)
) ¢
(8) Ewery soft g-closed set is soft 7V g.closed.
(9) Every soft g*-closed set is soft ’NYg.closed.

(10) Ewvery soft gp-closed set is soft %g.closed.

(11) Ewvery soft s*g-closed set is soft yg.closed.
)

(12) Ewvery soft ga-closed set is soft ’NYg.closed.

Proof. (1) Let (F, E) be a soft 7 closed set in X such that (F,E) é (U, E), where (U, E)
is soft 7 open. Since (F,E) is soft 7 closed, then ;y—cl(F, E)= (F,FE) and cl(F,E) g?ry-
cl(F,E) = (F,E). Therefore, cl(F,E) C (U, E). Hence, (F,E) is a soft Yg.closed set in

X.
The proofs of the other parts are similar. O

Remark 3.2. The converse of the Theorem 3.2 need not be true in general as it is shown
below.

Example 3.3. Let X = {p1,p2,ps}, E = {e1,e2} and
;: {Xv(I)v (Fl’E))(F27E)7(F3aE)7(F4aE)a(F55E)5(F67E)7(F77E)} be a SOft tOpOlOg’l;C(ll

space over X, where X={(e1, {p1,p2,p3}): (€2, {p1, p2, 3} }, @= {(e1,9), (e2, 9)},
(F1, E) = {(e1,{p1}), (e2, {p2}) }, (F2, E) = {(e1, X), (e2, {p2})},

(F37 E) - {(617 {p27p3}) (627 {plvp?)})}v (F47 E) = {(617 X): (627 {plvp?)})}v
(F5, E) = {(e1, {p1}), (e2,9)}, (F6, E) = {(ex, {p2, p3}), (e2,0)} and o
(Fr,E) ={(e1,X), (e2,0)} are soft open sets over X. Define an operation Y on T by

(A E)§_ (flvE) if(A’E):(FlvE) or (FSaE)
’ ] x otherwise.

Then, 7= {X. &, (1, E). (B3 B)}. If (G, E) = {(e1.{p2}), (e2, {p1.ps})}. then the only
soft Y open supersets of (G,E) are (F3,E) and )N(, then (G, E) is a soft ’NYg.closed set but
(G, E) is neither soft 3 closed nor soft closed. Also, it is both soft a—?g.closed and soft

s—ag.closed but (G, E) is neither soft a-closed nor soft semiclosed.

Example 3.4. Let X = {p1,p2}, E = {e1,ea} and T= {)N(,(g,(Fl,E),(Fg,E),(Fg,E)}
be a soft topological space over X, where (F1,E) = {(e1,{p2}), (e2,{p1})}, (F2, E) =
{(e1,{p2}), (e2,{p1,p2})} and (Fg, E) = {(61, {pl,pg}) (62,{]?1})} are soft open sets over
X. Define an operation Y on T by (A, E)'y =X for all (A, E) ET. Then, ;Nz {)} (E)}

Let (G,E) = {(el,X) (e2,{m})}, smce the only soft 7 open superset of (G E) is X,

then (G, E) is soft p- ’Yg closed, soft b- ’79 closed and soft 3- ’Yg closed but (G, E) is not soft
preclosed, soft b-closed and soft B-closed.

Example 3.5. From Ezxample 3.3, we define an operation Y on T by (A,E); —X for
all (A E) ET . Then, ;§: {X,®}. If (G,E) ={(e1,X), (e2,{p2})}, then (G, E) is soft

’?g.closed but (G, E) is not soft g-closed, soft g*-closed, soft gp-closed, soft s*g-closed and
soft ga-closed.



HARIWAN Z. IBRAHIM: ON SOFT 7 GENERALIZED CLOSED SETS 563

Theorem 3.3. (1) Every soft ag-closed set is soft soft a—%g.closed.
(2) Ewvery soft pg-closed™ set is soft p-7g.closed.
Every soft pg-closed set is soft p-?g.closed.

>~ W

Every soft sg-closed set is soft s—’NYg.closed.
Every soft gs-closed set is soft s-7g.closed.

ot

Every soft gab-closed set is soft b—’NYg.closed.
Every soft sgb-closed set is soft b-7g.closed.

(0¢)

Every soft gb-closed set is soft b—;g. closed.
Every soft gBb-closed set is soft b-7g.closed.
Every soft gB-closed set is soft ﬁ—ag.closed.

= o~~~ —~ —~ —~
=) (=}

) -~
e srsEE

—

Every soft gsB-closed set is soft ﬁﬁg.closed.

(11

Proof. The proofs are obvious. O

Remark 3.3. From Theorems 3.1,3.2 and 3.3, the following diagram of implications is
obtain:

soft gfb-closed

soft preclosed soft gab-closed soft sgb closed soft gb-closed
soft pg-closed soft b- ’Yg closed soft gﬁ closed soft gsf-closed

\ /

soft pg-closed* —— soft p—’)’g closed soft 5- ’Yg closed <—— soft [-closed
\
soft a-closed —— soft a—Vg.closed soft b-v g.closed <— soft b-closed
/ \
soft ag-closed soft §g.closed soft s- ’7g closed <—— soft semiclosed
/
soft closed soft 7g closed soft ga-closed soft gs-closed
soft 7 closed soft sg-closed
soft g-closed soft g*-closed soft gp-closed soft s*g-closed

Theorem 3.4. Let ()}, ;, E) be soft v regular. Then:
(1) Ewvery soft %g. closed set is soft rg-closed.
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2) FEvery soft ’NYg. closed set is soft rwg-closed.
3) Every soft Vg.closed set is soft wg-closed.
4) FEwvery soft 7Vg.closed set is soft gpr-closed.

6
7) Every soft %g. closed set is soft-gsr-closed.

(2)

(3)

@ j

(5) Ewvery soft Vg.closed set is soft rga-closed.
(6) Every soft ’79. closed set is soft rgb-closed.
(7)

Proof. Since every soft regular open set is soft open, then the proofs are obvious by
Theorem 2.1. 0

Remark 3.4. Let ()N(,;, E) be soft v reqular. Then:

(1) Ewvery soft p—?g.closed set in X is soft gpr-closed.
(2) Every soft a—’NYg.closed set in X is soft rga-closed.
(3) Ewvery soft b—’?g.closed set in X is soft rgb-closed.
(4) Every soft s—’NYg.closed set in X is soft-gsr-closed.

Theorem 3.5. If (F, E) is soft open and soft wg-closed, then (F,E) is soft ag.closed.

Proof. Let (F, E) be soft open and soft wg-closed in X such that (F,E) é (U, E), where
(U, E) is soft v open. Since every soft v open set is soft open and (F, F) is wg-closed, then
c(F,E) = cl(int(F,E)) C (U, E). Thus, (F, E) is soft Yg.closed. O
Corollary 3.1. Let ()N(, T, E) be soft ¥ reqular and (F, E) be a soft set in X. Then,
) is soft g-closed if and only if (F, E) is soft ’NYg.closed.
E) is soft ag-closed if and only if (F, E) is soft oz—;g.closed.
, E) is soft pg-closed if and only if (F, E) is soft p—’?g.closed.
E) is soft gs-closed if and only if (F, E) is soft s-’NYg.closed.
E) is soft gb-closed if and only if (F, E) is soft b—;g.closed.
)

Proof. The proofs are obvious by Theorem 2.1. O

Theorem 3.6. Let (F, E) be a soft ¥ open set in a soft topological space ()N(, T, E). Then,
(1) (F,E) is soft closed if (F, E) is soft g.closed.

(2) (F,E) is soft a-closed if (F, E) is soft a-7g.closed.
(3) (F,E) is soft preclosed if (F, E) is soft p—’?g.closed.
(4) (F,E) is soft semiclosed if (F,E) is soft s-7g.closed.
(5) (F, E) is soft b-closed if (F,E) is soft b-;g.closed.
(6) (F,E) is soft B-closed if (F,E) is soft B-g.closed.

Proof. (1) Let (F,E) be soft 7 open and soft %g.closed. As (FE) C (F,E), we have

cl(F,E) C (F,FE) and since (F, E) C cl(F, E), therefore cl(F, E) = (F,E). Thus, (F,E) is
soft closed.
The proofs of (2), (3), (4), (5) and (6) are similar to (1). O
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Theorem 3.7. The intersection of a soft ’NYg. closed set and a soft v closed set is always
soft Yg.closed.

Proof. Let (A, E) be soft Yg.closed and (F, E) be soft 7 closed. Assume that (U, E)
is a soft v open set such that (A4, FE) N N (F E) C C (U E), set (G,E) = (F,E)°. Then,
(A F) C C (U,E) U (G, E), and since (G, E) is soft v open, then (U, E) (G, E) is soft v
open. Since (A, E) is soft ’)’g closed, then cl(A E) C (U E) (G, E) Now, cl((A, E) N
(F.E)) C cl(A,E) N cl(F, E) = (A, E) N (F,E) c (U.E) U (G.B)) N (FE) =
(U,E) N (F,E)) U (G, E) N (F,E)) = (U,E) N (F,E)) UC (U, E). Thus, (4,E) N
(F, E) is soft %g.closed.

O

Theorem 3.8. Let (F, E) be any soft Y closed set and (A, E) be any soft set in a soft
topological space (X, ; E). Then,

(1) (A, ) (F, E) is soft a—;g.closed if (A, F) is a—:YJg.closed.
(2) (A, E) E)N (F,E) is soft p-Vg.closed if (A, E) is p-7g.closed.
(3) (A E) E)N (F,E) is soft s-7g.closed if (A, E) is s-7g.closed.
(4) (A, ) E)N (F, E) is soft b- %g closed if (A, E) is b- ’79 closed.
(5) (A, N N (F, E) is soft B- Ag.closed if (A, E) is - Y g.closed.
Proof. The proof is similar to the proof of Theorem 3.7. g

Theorem 3.9. Let ()N(, 7N',E) be any soft topological space. Then,

(1) the finite union of soft %g.closed sets in )N( s always a soft %g.closed set.
(2) the finite union of soft a—:YJg.closed sets in X is always a soft a—;g.closed set.

Proof. (1) Let (A, F) and (B, E) be two soft 7g.closed sets and (A,E) U (B E)
(U, E), where (U E) is soft v open. Since (A, E) and (B, E) are soft ’Yg closed,
then cl(A, E) C (U E)and cl(B,E) C (U E) implies cl(A, E) U cl(B, E) (U, E).
Since cl(A, B) U cl(B, E) = cl((A, E) U (B, E)), therefore cl((A, E) U (B, E)) C

(U,E). Thus, (A, E) U (B, E) is soft Yg.closed.
(2) The proof is similar to (1).
t

Remark 3.5. The union of two soft p—%g.closed sets need not be soft p—;;g.closed in general.
It is shown by the following example.

Example 3.6. From Eﬂample 3.2, if (A, E) = {(e, {pQ})} and (B, E) = {(e,{ps})}, then
(A, E) and (B, E) are soft p- g.closed but (A,E) U (B,E) = {(e,{p2,pa})} is not soft
p—r’;g. closed.

Remark 3.6. The union of two soft Sﬁg.closed sets need not be soft 8—’NYg.closed in general.
It is shown by the following example.

Example 3.7. From Ezample 3.2, if (A, E) = {(e,{p1})} and (B, E) = {(e,{p2,p4})},
then (A, E) and (B, E) are soft s-7g.closed but (A, E) U (B,E) ={(e,{p1,p2,pa})} is not
soft s—%g.closed.
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Remark 3.7. The union of two soft b—’NYg. closed sets need not be soft b—’NYg.closed in general.
It is shown by the following example.

Example 3.8. From Example 3.2, if (A, E) ={(e,{p1})} and (B, E) = {(e,{p2})}, then
(A, E) and (B, E) are soft b-7g.closed but (A FE) U (B, E) = {(e,{p1,p2})} is not soft
b—”NYg.closed.

Remark 3.8. The union of two soft ﬂ—’NYg.closed sets need not be soft Bﬁg.closed n
general. It is shown by the following example.

Example 3.9. From Ezample 3.2, if (A, E) = {(e,{pa})} and (B, E) = {(e,{p1,p2})},
then (A, E) and (B, E) are soft B-g.closed but (A E) U (B, E) ={(e,{p1,p2,p4})} is not
soft B-’NYg.closed.

Remark 3.9. (1) The intersection of two soft :YJg.closed sets need not be soft :YJg.closed
in general.

(2) The intersection of two soft a—;g.closed sets need not be soft Oz—;g.closed mn general.

(3) The intersection of two soft p—’?g.closed sets need not be soft p—%g.closed i general.
It is shown by the following example.

Example 3.10. From Example 3.2, we define an operation ’7 onT by

(4, B) = { (AB) i (AB)= (1, F)

X otherwise.
Then, 7= {X,®.(F1, E)}. Let (A,E) = {(e,{p1,ps})} and (B,E) = {(e,{p1,p2})},
then (A,E) and (B, E) are soft ’NYg.closed (resp. soft a-’NYg.closed and soft p—;g.closed)
but (A, E) N (B,E) = (F1,E) is not soft %g.closed (resp. soft a—’?g.closed and soft p-
’Vg.closed).

Remark 3.10. (1) The intersection of two soft s—?g.closed sets need not be soft s-
;g.closed i general.
(2) The intersection of two soft b-7g.closed sets need not be soft b-7g.closed in general.

(3) The intersection of two soft /Bﬁg. closed sets need not be soft 5—’7g.closed in general.
It is shown by the following example.

Example 3.11. Let X = {p1,p2,p3}, E = {e} and T= {)N(,E), (F, E)} be a soft topological
space over X, where (F,E) = {(e,{p1})}. Define an operation Y onT by (A,E) = (A, FE)
for all (A,E) €t. Then, 77;:77. Let (A, E) = {(e,{p1,p2})} and (B, E) = {(e,{p1,p3})},

then (A, E) and (B, E) are soft s-?g.closed (resp. soft b-’NYg.closed and soft Bﬁg.closed)
but (A, E) N (B,E) = (F,E) is not soft s—gg.closed (resp. soft b—:YJg.closed and soft [3-
’NYg.closed).

Definition 3.2. [8] A soft set (F, E) over X is said to be a soft point, if there is exactly
one e € E such that F(e) = {x} for some xz € X and F(e') = ¢ for all € € E\ {e}. It
will be denoted by F¥. The soft point F¥ is said to be in the soft set (G, E) denoted by

F? € (G, E), if the element e € E and F(e) C G(e).
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Theorem 3.10. Let ()N(, T, E) be a soft topological space over X. Then, for each x € X,
1) either F® is soft 7 closed or FT is soft ;g.closed m )}
e e
either F® is soft 7 closed or F=° is soft a-7g.closed in X.
e e g
either FT is soft v closed or FT¢ is soft p-’?g.closed m X.
e e
4) either FT is soft 7 closed or F=° is soft 8—’N)’g.closed m X.
e e
cither F® is soft 7 closed or F2¢ is so b—’NYg.closed m X.
e e
either F® is soft 7 closed or FT¢ is soft B-7g.closed in X.
e e g

Proof. (1) Suppose that F¥ is not soft 7 closed, then FZ*¢is not soft 7 open. Let (U, E) be
any soft ¥ open set such that Fr¢ C (U, E) implies (U, E) =X. Therefore, clF*¢ C (U, E).

Thus, F7€ is soft ;g.closed.
The proofs of (2), (3), (4), (5) and (6) are similar to (1). O

4. SOFT ’V—T; SPACE
2

~

Definition 4.1. A soft topological space (X, T, E) is called soft %—T; , if every soft ’Vg.closed
2
set is soft Vv closed.

Exarrwlpl:e 4.1. Let X = {p1,p2,p3}, E = {e1,e2} and

T={X, <I),£F1, E),(F3, B), (F3, EZ, (Fy, E), (Fs, E), (Fs, E)} be a soft topological space over
X, where X= {(ebX)’ (627X)}7(I): {(61>¢)> (627¢)}7

(£1, E) = {(e1,{p1}), (e2, {m}) }, (F2, E) = {(e1, {p2}), (€2, {p2})},

(F3, E) = {(e1,{ps}), (2, {ps})}, (F4, E) = {(ex, {p1,p2}), (€2, {p1,p2})},
(F5, E) = {(e1,{p1,p3}), (e2, {p1,p3})} and (FG, E) = {(e1,{p2,p3}), (e2,{p2,p3})} are

soft open sets over X. Define an operation YonT by
~ A E) if (A E)=(Fy), E) or (F3,F
gy = { B T AE) = (BB or (B E)
X otherwise.
Then, ;;: {)N(, S), (Fy, E),(F5,F), (Fs, E)} and ()N(, 7,E) is not soft ;-T%, because
{(e1,{p2}), (e2,{p3})} is a soft Yg.closed set but it is not soft ¥ closed.

Example 4.2. Let X = {plap2}} E= {61762} and ;: {)}757 (FlyE)v (FQ’E)’ (F?nE)?
(F47E)7 (F57E)7 (FﬁvE)v (F77E)7 (FS)E)7 (F9)E)) (FlﬂaE)u (Fll)E)) (F127E)} be a SOft tOpO—
logical space over X, where (F1,E) = {(e1, ), (e2,{p1})}, (Fo, E) = {(e1, ®), (e2, {p2})},

(5, )—{(ela{pl}) (e2,9)}, (Fu, E) = {(e1, {p2}). (e2,9)},

(F5, E) = {(e1,{p1}), (e2,{p2}) }, (F6, E) = {(e1, {p2}), (e2,{p1}) },

(F77 ) = {(617 {pl’pz})7 (62’ {pl})}v (F87 E) = {(617 {p17p2})7 (627 {p2})}7

(Fo, E) = {(e1,{p1}), (e2, {p1,p2 )}, (Fir0, E) = {(e1,{p2}), (e2, {p1,p2})},

(F11, E) = {(e1, ¢), (e2,{p1,p2})} and (F12, E) = {N(el, {p1,p2}), (e2, @)} are soft open sets

over X. Define an operation ¥ on T by (A,E)" = (A,E) for all (A E) ET. Then,
(X,T,E) is soft Y-T.
2
Theorem 4.1. Let ()N(,;, E) be a soft topological space. If ()N(,;, E) is soft ’V—T;, then
2
F? is soft ¥ closed or soft 7 open for each x € X.

e
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Proof. Suppose that F? is not soft 7 closed. By Theorem 3.10 (1), F*¢ is soft %g.closed.
Since (X, T, E) is soft %—T%, then F7€ is soft 7 closed and hence F? is soft 7 open. O

Theorem 4.2. Let ()N(,;, E) be a soft %—T% topological space. IerW {(L,E) 6773: F* é
(L,E)} #X for x € X, then there exist two soft 7 open sets (L1, E) and (Lo, E) such that
(L1, E) £X and F* = (L1, E) \ (La, E).

Proof. Let N {(L,E) 6?;: F? C (L,E)} 75)? for 2 € X, then there exists soft 7 open
(L, E) such that F¥ C (L,F) and (L,F) #X. By Theorem 4.1, we have F7 is soft ¥
open or soft 7 closed. If F? is soft v open, then FY = F? i X. But if F? is soft v
closed, then FZ€¢ is soft 7 open. Put (Li,E) = (L, FE) and (Lo, E) =XN FZ*¢. Then,
F* = (L1, E) \ (L, E) and (L1, E) £X. 0

Definition 4.2. [23] A soft mapping fpy : ()N(, T, E)— (?,H,El) is called soft closed, if
Tou((A, E)) is soft closed over'Y for each soft closed set (A, E) over X.

Theorem 4.3. [22, 23] Let fp, : ()},;, E) — (}7,771,E1) be a soft mapping. Then, the
following conditions are equivalent:

(1) fpu is soft continuous.

(2) fI;}(B,El) is a soft open set over X, for each soft open set (B, E1) overY.
(3) fp_u1 (K, E1) is a soft closed set over X, for each soft closed set (K, Ey) over Y.
(4) fpu(cl(A, E)) é c(fou((A, E))), for each soft set (A, E) over X.

Theorem 4.4. Let fp, : ()N(, 7,E) — (1;,771, E\) be soft continuous and soft closed. Then:
(1) fou((A,E)) is soft gg.closed in (}7,;1,E1), for every soft g.closed (A, E) in ()N(,7N'
,E). Where E is an operation on the soft topology T1.
(2) f[;}((B,El)) is soft Vg.closed in ()N(,;, E), for every soft g.closed (B, E7) in (}7
71, E1).

Proof. (1) Let (K, Eq) be any soft 5 open set in (};,ﬂ,El) such that f,,((AE)) é

~

(K, Eq). Since fp, is soft continuous and every soft § open set is soft open,
then f.'((K,E1)) is soft open in ()N(,;, E). Since (A, E) is soft g.closed and
(A,E) C f;,1((K, E1)), then cl(A, E) C f.1((K, E1)), and hence f(cl(A, E)) C
(K, Eq). Since fp, is soft closed, so fpu(cl(A, E)) is soft closed in (g,%,El) and
hence cl(fou(A, E)) C cl(fpu(cl(A, E))) = foulcl(A, E)) C (K, E;). This implies
fpu((A, E)) is soft gg.closed.

(2) Let (L, E) be a soft 7 open set in ()},;, E) such that fp_ul((B,El)) i (L,E). Let
(F,E) = d(f,.} (B, E)) N (L,E)¢, then (F,FE) is soft closed. Since fp, is soft
closed, this implies fp,((F, E)) is soft closed in (}Zﬁ,El). By Theorem 4.3, we
have fou((F,E)) € foulcl(fpl (B, 1)) O fpu((L E)) € el fpu( £ (B, E1)) 01
Sou((fd (B, E1))°) c cl(B,E1) N (B, E;)¢ and by Theorem 2.2, Jou((F, E)) -
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and hence (F, E) =¢. Thus, cl(f5,}(B, E1)) C (L, E) and therefore f5.1((B, E1))

is soft ’NYg.closed.
O

Definition 4.3. [14] A soft topological space ()N(,;, E) is called soft T1 if every soft g-
2
closed set is soft closed.

~

Theorem 4.5. Let fp, : ()N(, T, E) = (Y, 71, E1) be soft continuous and soft closed. Then:
(1) If fpu is injective and (}Z%,El) is soft g—T%, then ()N(,;, E) is soft T%.
(2) If fpu is surjective and ()N(, 7,E) is soft ’NY—T;, then (g,%,El) is soft T .
2 2

Proof. (1) Let (A, E) be soft g.closed in ()f},;, E). By Theorem 4.4 (1), fyu(A, E)
is soft gg.closed in (}7,771,]51). Since (g,ﬂ,El) is soft g—T;, this implies that
2

fou(A, E) is soft § closed and hence it is soft closed. By Theorem 4.3, we have
(A, E) = f,}(fpu(A, E)) is soft closed in ()N(,;, E). Thus, ()N{,;, E) is soft T%.
(2) Let (B, E1) be soft g.closed in (g,ﬁ,El). By Theorem 4.4 (2), f,,}(B,E1) is
soft %g.closed in ()N(, 7,E). Since ()N(, 7,E) is soft ’NY—T%, then f,!(B, E) is soft v
closed and hence it is soft closed. Also, since f, is both surjective and soft closed,

Slo) fpu(fﬁl(B,El)) = (B, 1) is soft closed in (}Z%,El). Thus, (f,%,El) is soft
T:.

2

O
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