
TWMS J. App. and Eng. Math. V.12, N.2, 2022, pp. 579-587

CERTAIN EXPANSION FORMULAE OF INCOMPLETE

H-FUNCTIONS ASSOCIATED WITH LEIBNIZ RULE

S. MEENA1, S. BHATTER1, K. JANGID2, S. D. PUROHIT2, §

Abstract. In this article, we have derived some expansion formulae of the incom-
plete H-functions by the use of the Leibniz rule for the Riemann-Liouville type deriva-
tives. Further, expansion formulae of the incomplete Meijer’s G-function, incomplete
Fox-Wright function and incomplete generalized hypergeometric function are derived as
special cases of our main results.
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fractional derivatives; Leibniz rule.
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1. Introduction, Definitions and Preliminaries

In the year 1961, Charles Fox [2] investigated and defined a new function, known as
Fox’s H-function. This function involved Mellin-Barnes integrals with symmetrical Fourier
kernel and defined as:

Hm, n
p, q (z) = Hm, n

p, q

[
z

∣∣∣∣∣ (aj , Aj)1,p

(bj , Bj)1,q

]
=

1

2πi

∫
L

Θ(s) z−s ds, (1)

here,

Θ(s) =

∏m
j=1 Γ(bj +Bjs)

∏n
j=1 Γ(1− aj −Ajs)∏q

j=m+1 Γ(1− bj −Bjs)
∏p
j=n+1 Γ(aj +Ajs)

, (2)

and m,n, p, q ∈ N0 with 0 ≤ n ≤ p, 1 ≤ m ≤ q, Aj(j = 1, .., p), Bj(j = 1, ..., q) ∈ R+

and aj , bj ∈ C. Also, L is a suitable contour which separates the poles. The H-function
converges absolutely under the set of conditions defined in [2] (see also [5, 7, 8, 14]).
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We next recall and defined the familiar lower and upper incomplete gamma functions
γ(s, x) and Γ(s, x), respectively, as:

γ(s, x) =

∫ x

0
ys−1 e−y dy,

(
<(s) > 0; x = 0

)
, (3)

and

Γ(s, x) =

∫ ∞
x

ys−1 e−y dy,
(
x = 0; <(s) > 0 if x = 0

)
. (4)

These functions fulfill the following relation (known as decomposition formula):

γ(s, x) + Γ(s, x) = Γ(s), (<(s) > 0). (5)

By the use of above defined incomplete gamma functions, Srivastava et al. [15] defined
the incomplete generalized hypergeometric functions pγq and pΓq given below. The in-
complete generalized hypergeometric functions pγq and pΓq are widely used in science and
engineering problems (see [2, 4, 5, 7, 8]).

pγq

[
(a1, x), a2, · · · , ap;

z
b1, · · · , bq;

]
=

∏q
j=1 Γ(bj)∏p
j=1 Γ(aj)

∞∑
`=0

γ(a1 + `, x)
∏p
j=2 Γ(aj + `)∏q

j=1 Γ(bj + `)

z`

`!

=
1

2πi

∏q
j=1 Γ(bj)∏p
j=1 Γ(aj)

∫
L

γ(a1 + s, x)
∏p
j=2 Γ(aj + s)∏q

j=1 Γ(bj + s)
Γ(−s)(−z)sds, (|arg(−z)| < π), (6)

and

pΓq

[
(a1, x), a2, · · · , ap;

z
b1, · · · , bq;

]
=

∏q
j=1 Γ(bj)∏p
j=1 Γ(aj)

∞∑
`=0

Γ(a1 + `, x)
∏p
j=2 Γ(aj + `)∏q

j=1 Γ(bj + `)

z`

`!

=
1

2πi

∏q
j=1 Γ(bj)∏p
j=1 Γ(aj)

∫
L

Γ(a1 + s, x)
∏p
j=2 Γ(aj + s)∏q

j=1 Γ(bj + s)
Γ(−s)(−z)sds, (|arg(−z)| < π), (7)

with the existence and convergence conditions setout in [15].
In terms of the incomplete gamma functions defined in (3) and (4), the incomplete

Pochhammer symbols (a;x)n and [a;x]n are defined as follows (see [15]):

(a;x)n =
γ(a+ n, x)

Γ(a)
, (a, n ∈ C; x ≥ 0), (8)

and

[a;x]n =
Γ(a+ n, x)

Γ(a)
, (a, n ∈ C; x ≥ 0). (9)

Inspired by the applications of pγq and pΓq functions defined above and their represen-
tation as Mellin-Barnes contour integrals, Srivastava et al. [16] presented and researched
the incomplete H-functions as follows:

γm, np, q (z) = γm, np, q

[
z

∣∣∣∣∣ (a1, A1, x), (aj , Aj)2,p

(bj , Bj)1,q

]
=

1

2πi

∫
L
g(s, x) z−s ds, (10)

and

Γm, np, q (z) = Γm, np, q

[
z

∣∣∣∣∣ (a1, A1, x), (aj , Aj)2,p

(bj , Bj)1,q

]
=

1

2πi

∫
L
G(s, x) z−s ds, (11)
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where

g(s, x) =

γ(1− a1 −A1s, x)
m∏
j=1

Γ(bj +Bjs)
n∏
j=2

Γ(1− aj −Ajs)

q∏
j=m+1

Γ(1− bj −Bjs)
p∏

j=n+1
Γ(aj +Ajs)

, (12)

and

G(s, x) =

Γ(1− a1 −A1s, x)
m∏
j=1

Γ(bj +Bjs)
n∏
j=2

Γ(1− aj −Ajs)

q∏
j=m+1

Γ(1− bj −Bjs)
p∏

j=n+1
Γ(aj +Ajs)

, (13)

with the set of conditions setout in [16].
These incomplete H-functions fulfill the following relation (known as decomposition

formula):

γm,np,q (z) + Γm,np,q (z) = Hm,n
p,q (z). (14)

1.1. Riemann-Liouville Fractional Operators. The Riemann-Liouville fractional op-
erators of order ν for the function f(z) are defined as follows (see [5]):

Iνf(z) =
1

Γ(ν)

∫ z

0
(z − t)ν−1f(t)dt, (15)

where, the integral is well defined provided f is a locally integrable function and ν is a
complex number in the half plane <(ν) > 0.

Dν
zf(z) =

1

Γ(−ν)

∫ z

0
(z − t)(−ν−1)f(t)dt, (<(ν) < 0), (16)

if <(ν) ≥ 0 and m ∈ N is the smallest integer with m− 1 ≤ <(ν) < m, then

Dν
zf(z) =

dm

dzm
Dν−m
z f(z) =

dm

dzm

[
1

Γ(−ν +m)

∫ z

0
(z − t)−ν+m−1f(t)dt

]
. (17)

1.2. Leibniz Formula for Fractional Derivative. The classical Leibniz rule for two
differentiable functions f and g is defined as follows:

Dn[f(t)g(t)] =
n∑
k=0

(
n

k

)
[Dkg(t)][Dn−kf(t)].

This Leibniz rule can be extended for the Riemann-Liouville type derivatives. If f and
g are two functions of class C, then the fractional generalization of the Leibniz rule is
defined as (see [11])

Dµ[f(t)g(t)] =

∞∑
k=0

(
µ

k

)
[Dkg(t)][Dµ−kf(t)], µ > 0, k ∈ N. (18)

In particular, if f is function of class C, then

Dµ[tpf(t)] =

p∑
r=0

(
µ

r

)
[Drtp][Dµ−rf(t)], µ > 0.

The Leibniz rule, which generalizes the differentiation law of the product, may be used
to extract a mechanism that calculates the composition representation of the differential
operators. In principle, it would be helpful to infer some fascinating transformations,
summations, generating functions and expansions concerning the different special functions
(including q-functions) of one and sometimes more variables, see papers [1, 3, 6, 9, 10, 12,
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13, 17] and references within. The key aim of this paper is to extract several expansion
formulas from incomplete H-functions by implementing the Leibniz rule for fractional
derivatives of the Riemann-Liouville type. There are also several fascinating special cases
and implementations with the primary outcome.

2. Main Results

We have established some expansion formulae of the incomplete H-functions by the use
of Leibniz rule.

Theorem 2.1. Let λ ≥ 1, σ > 0, k ∈ N, m ∈ N and m − 1 ≤ <(µ) ≤ m, then the
following result holds:

Γm, n+1
p+1, q+1

[
azσ

∣∣∣∣∣ (a1, A1, x), (1− λ, σ), (aj , Aj)2,p

(bj , Bj)1,q , (1− λ+ µ, σ)

]

=
∞∑
k=0

(
µ

k

)
Γ(λ)

Γ(λ− µ+ k)
Γm, n+1
p+1, q+1

[
azσ

∣∣∣∣∣ (a1, A1, x), (0, σ), (aj , Aj)2,p

(bj , Bj)1,q , (k, σ)

]
. (19)

Proof. To prove the result (19), let us consider f(z) = zλ−1 and

g(z) = Γm,np,q (azσ) = Γm,np,q

[
azσ

∣∣∣∣∣ (a1, A1, x), (aj , Aj)2,p

(bj , Bj)1,q

]
.

Now, substituting the values of f(z) and g(z) in (18), we obtain

Dµ
[
zλ−1Γm,np,q (azσ)

]
=
∞∑
k=0

(
µ

k

)[
DkΓm,np,q (azσ)

] [
Dµ−kzλ−1

]
. (20)

On taking L.H.S of equation (20), we obtain

Dµ
[
zλ−1Γm,np,q (azσ)

]
= Dµ

[
zλ−1 1

2πi

∫
L
G(s, x)a−sz−σsds

]
=

1

2πi

∫
L
G(s, x)a−sDµ

[
zλ−σs−1

]
ds

=
1

2πi

∫
L
G(s, x)a−s

Γ(λ− σs)
Γ(λ− µ− σs)

zλ−µ−σs−1 ds,

using the definition (11), we obtain

Dµ
[
zλ−1Γm,np,q (azσ)

]
= zλ−µ−1Γm, n+1

p+1, q+1

[
azσ

∣∣∣∣∣ (a1, A1, x), (1− λ, σ), (aj , Aj)2,p

(bj , Bj)1,q , (1− λ+ µ, σ)

]
. (21)

Similarly, the R.H.S. of equation (20) is the immediate consequences of the definitions
(11) and (18), we obtain

∞∑
k=0

(
µ

k

)[
DkΓm,np,q (azσ)

] [
Dµ−kzλ−1

]
= zλ−µ−1

∞∑
k=0

(
µ

k

)
Γ(λ)

Γ(λ− µ+ k)
Γm, n+1
p+1, q+1

[
azσ

∣∣∣∣∣ (a1, A1, x), (0, σ), (aj , Aj)2,p

(bj , Bj)1,q , (k, σ)

]
. (22)

Substituting the equation (21) and (22) into (20), we get the required result (19). �
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Below theorem are the immediate consequences of the definitions (10), (11) and (18)
and hence they are given without proof here.

Theorem 2.2. Let λ ≥ 1, σ > 0, k ∈ N, m ∈ N and m − 1 ≤ <(µ) ≤ m, then the
following result holds:

Γm+1, n
p+1, q+1

[
az−σ

∣∣∣∣∣ (a1, A1, x), (aj , Aj)2,p , (λ− µ, σ)
(λ, σ), (bj , Bj)1,q

]

=
∞∑
k=0

(
µ

k

)
Γ(λ)

Γ(λ− µ+ k)
Γm+1, n
p+1, q+1

[
az−σ

∣∣∣∣∣ (a1, A1, x), (aj , Aj)2,p , (1− k, σ)
(1, σ), (bj , Bj)1,q

]
. (23)

Theorem 2.3. Let λ ≥ 1, σ > 0, k ∈ N, m ∈ N and m − 1 ≤ <(µ) ≤ m, then the
following result holds:

γm, n+1
p+1, q+1

[
azσ

∣∣∣∣∣ (a1, A1, x), (1− λ, σ), (aj , Aj)2,p

(bj , Bj)1,q , (1− λ+ µ, σ)

]

=

∞∑
k=0

(
µ

k

)
Γ(λ)

Γ(λ− µ+ k)
γm, n+1
p+1, q+1

[
azσ

∣∣∣∣∣ (a1, A1, x), (0, σ), (aj , Aj)2,p

(bj , Bj)1,q , (k, σ)

]
. (24)

Theorem 2.4. Let λ ≥ 1, σ > 0, k ∈ N, m ∈ N and m − 1 ≤ <(µ) ≤ m, then the
following result holds:

γm+1, n
p+1, q+1

[
az−σ

∣∣∣∣∣ (a1, A1, x), (aj , Aj)2,p , (λ− µ, σ)
(λ, σ), (bj , Bj)1,q

]

=
∞∑
k=0

(
µ

k

)
Γ(λ)

Γ(λ− µ+ k)
γm+1, n
p+1, q+1

[
az−σ

∣∣∣∣∣ (a1, A1, x), (aj , Aj)2,p , (1− k, σ)
(1, σ), (bj , Bj)1,q

]
. (25)

3. Special Cases

In this part, we derive the expansion formulae of the incomplete Meijer’s (Γ)G-function,

incomplete Fox-Wright pΨ
(Γ)
q -function and incomplete generalized hypergeometric pΓq

function, as special cases of Theorem 2.1 and Theorem 2.2. For the definitions of classical;
Meijer’s G-function, Fox-Wright Ψ-function and generalized hypergeometric pFq function
one could see Mathai et al. [8]. To illustrate the applications of main results, if we take
particular values to the parameters, such as Aj = 1 (j = 1, · · · , p), Bj = 1 (j = 1, · · · , q),
σ = 1, and using the relation, namely

Γm, np, q

[
z

∣∣∣∣∣ (a1, 1, x), (aj , 1)2,p

(bj , 1)1,q

]
= (Γ)Gm, np, q

[
z

∣∣∣∣∣ (a1, x), (aj)2,p

(bj)1,q

]
, (26)

in (19) and (23), respectively, then we obtain the following corollaries:

Corollary 3.1. Let λ ≥ 1, k ∈ N, m ∈ N and m − 1 ≤ <(µ) ≤ m, then the following
result holds:

(Γ)Gm, n+1
p+1, q+1

[
az

∣∣∣∣∣ (a1, x), 1− λ, a2, · · · , ap
b1, · · · , bq , 1− λ+ µ

]

=

∞∑
k=0

(
µ

k

)
Γ(λ)

Γ(λ− µ+ k)
(Γ)Gm, n+1

p+1, q+1

[
az

∣∣∣∣∣ (a1, x), 0, a2, · · · , ap
b1, · · · , bq , k

]
. (27)
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Corollary 3.2. Let λ ≥ 1, k ∈ N, m ∈ N and m − 1 ≤ <(µ) ≤ m, then the following
result holds:

(Γ)Gm+1, n
p+1, q+1

[
az−1

∣∣∣∣∣ (a1, x), a2, · · · , ap , λ− µ
λ, b1, · · · , bq

]

=

∞∑
k=0

(
µ

k

)
Γ(λ)

Γ(λ− µ+ k)
(Γ)Gm+1, n

p+1, q+1

[
az−1

∣∣∣∣∣ (a1, x), a2, · · · , ap , 1− k
1, b1, · · · , bq

]
. (28)

Further, if we take the substitution a = −a, m = 1, n = p, q = q+ 1, aj → (1−aj) (j =
1, ..., p) and bj → (1 − bj) (j = 1, ..., q) in (19) and (23), and making use of the following
functional relation (see [16])

Γ1, p
p, q+1

[
−z

∣∣∣∣∣ (1− a1, A1, x), (1− aj , Aj)2,p

(0, 1), (1− bj , Bj)1,q

]
= pΨ

(Γ)
q

[
(a1, A1, x), (aj , Aj)2,p ;

z
(bj , Bj)1,q ;

]
,

(29)

we get the subsequent corollaries:

Corollary 3.3. Let λ ≥ 1, σ > 0, k ∈ N, m ∈ N and m − 1 ≤ <(µ) ≤ m, then the
following result holds:

p+1Ψ
(Γ)
q+1

[
(a1, A1, x), (1− λ, σ), (aj , Aj)2,p ;

azσ
(bj , Bj)1,q , (1− λ+ µ, σ) ;

]
=
∞∑
k=0

(
µ

k

)
Γ(λ)

Γ(λ− µ+ k)
p+1Ψ

(Γ)
q+1

[
(a1, A1, x), (0, σ), (aj , Aj)2,p ;

azσ
(bj , Bj)1,q , (k, σ) ;

]
. (30)

Corollary 3.4. Let λ ≥ 1, σ > 0, k ∈ N, m ∈ N and m − 1 ≤ <(µ) ≤ m, then the
following result holds:

p+1Ψ
(Γ)
q+1

[
(a1, A1, x), (λ− µ, σ), (aj , Aj)2,p ;

azσ
(bj , Bj)1,q , (λ, σ);

]
=
∞∑
k=0

(
µ

k

)
Γ(λ)

Γ(λ− µ+ k)
p+1Ψ

(Γ)
q+1

[
(a1, A1, x), (1− k, σ), (aj , Aj)2,p ;

azσ
(bj , Bj)1,q , (1, σ);

]
.

(31)

Again, if we take the following substitution σ = 1, Aj = 1 (j = 1, ..., p) and Bj = 1 (1 =
2, ..., q) in (30) and (31), and making use of the relations (29) and (see [16])

Γ1, p
p, q+1

[
−z

∣∣∣∣∣ (1− a1, 1, x), (1− aj , 1)2,p

(0, 1), (1− bj , 1)1,q

]
= Cpq pΓq

[
(a1, x), a2, · · · , ap;

z
b1, · · · , bq;

]
, (32)

where, Cpq =
∏p

j=1 Γ(aj)∏q
j=1 Γ(bj)

, then we get the following corollaries:

Corollary 3.5. Let λ ≥ 1, k ∈ N, m ∈ N and m − 1 ≤ <(µ) ≤ m, then the following
result holds:

Γ(1− λ)

Γ(1− λ+ µ)
p+1Γq+1

[
(a1, x), 1− λ, a2, · · · , ap;

az
b1, · · · , bq, 1− λ+ µ;

]
=

∞∑
k=0

(
µ

k

)
Γ(λ)

Γ(λ− µ+ k)Γ(k)
p+1Γq+1

[
(a1, x), 0, a2, · · · , ap;

az
b1, · · · , bq, k;

]
(33)
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Corollary 3.6. Let λ ≥ 1, k ∈ N, m ∈ N and m − 1 ≤ <(µ) ≤ m, then the following
result holds:

Γ(λ− µ)

Γ(λ)
p+1Γq+1

[
(a1, x), λ− µ, a2, · · · , ap;

az
b1, · · · , bq, λ;

]
=
∞∑
k=0

(
µ

k

)
Γ(λ)Γ(1− k)

Γ(λ− µ+ k)
p+1Γq+1

[
(a1, x), 1− k, a2, · · · , ap;

az
b1, · · · , bq, 1;

]
. (34)

Particularly, if we take the following substitution p = 2, q = 1 and p = q = 1 in
(33) and (34), we get the subsequent results for the incomplete Gauss’s and Kummer’s
hypergeometric functions:

Corollary 3.7. Let λ ≥ 1, k ∈ N, m ∈ N and m − 1 ≤ <(µ) ≤ m, then the following
result holds:

Γ(1− λ)

Γ(1− λ+ µ)
3Γ2

[
(a1, x), 1− λ, a2;

az
b1, 1− λ+ µ;

]
=

∞∑
k=0

(
µ

k

)
Γ(λ)

Γ(λ− µ+ k)Γ(k)
3Γ2

[
(a1, x), 0, a2;

az
b1, k;

]
. (35)

Corollary 3.8. Let λ ≥ 1, k ∈ N, m ∈ N and m − 1 ≤ <(µ) ≤ m, then the following
result holds:

Γ(λ− µ)

Γ(λ)
3Γ2

[
(a1, x), λ− µ, a2;

az
b1, λ;

]
=

∞∑
k=0

(
µ

k

)
Γ(λ)Γ(1− k)

Γ(λ− µ+ k)
3Γ2

[
(a1, x), 1− k, a2;

az
b1, 1;

]
. (36)

Corollary 3.9. Let λ ≥ 1, k ∈ N, m ∈ N and m − 1 ≤ <(µ) ≤ m, then the following
result holds:

Γ(1− λ)

Γ(1− λ+ µ)
2Γ2

[
(a1, x), 1− λ;

az
b1, 1− λ+ µ;

]
=

∞∑
k=0

(
µ

k

)
Γ(λ)

Γ(λ− µ+ k)Γ(k)
2Γ2

[
(a1, x), 0;

az
b1, k;

]
. (37)

Corollary 3.10. Let λ ≥ 1, k ∈ N, m ∈ N and m − 1 ≤ <(µ) ≤ m, then the following
result holds:

Γ(λ− µ)

Γ(λ)
2Γ2

[
(a1, x), λ− µ;

az
b1, λ;

]
=

∞∑
k=0

(
µ

k

)
Γ(λ)Γ(1− k)

Γ(λ− µ+ k)
2Γ2

[
(a1, x), 1− k;

az
b1, 1;

]
.

(38)

Remark: Similarly, special cases for the Theorem 2.3 and Theorem 2.4 may be derived.

4. Conclusions

We have derived some expansion formulae for the incomplete H-functions by the use
of the Leibniz rule for the Riemann-Liouville type fractional derivatives in this paper.
Special cases of our main results are derived in the Section 3. It is important to note
that the particular cases of our results for x = 0 (or using the decomposition formula
(14)) would give the corresponding new or known expansion formulas involving classical
Fox’s H-functions, G-functions, Fox-Wright functions, hypergeometric functions including
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Gauss’s and Kummer’s hypergeometric functions. Therefore, we summarize with the
remark that the findings discussed here seem to be of general nature and can give rise
to various expansions formulas for a certain type of special functions, which we left for
interested readers.
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