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TOTAL GLOBAL DOMINATOR CHROMATIC NUMBER OF GRAPHS
S. ASKARI', D. A. MOJDEH?, E. NAZARI', §

ABSTRACT. Let G = (V, E) be k-colorable (k-vertex colorable) graph and V; C V be the
class of vertices with color i. Then we assume that f = (Vi,Va, -+, V%) is a coloring of
G. A vertex v € V(G) is a dominator of f if v dominates all the vertices of at least one
color class such as V; ( V; is called a dom-color class respected to v) and v is said to
be an anti dominator of f if v dominates none of the vertices of at least one color class
such as V; ( V; is called a anti dom-color class respected to v). A vertex v € V(G) is a
total dominator of f, if v dominates all the vertices of at least one color class such as
V; not including v (V; is called a total dom-color class respected to v). A total global
dominator coloring of a graph G is a proper coloring f of G in which each vertex of
the graph has a total dom-color class and an anti dom-color class in f. The minimum
number of colors required for a total global dominator coloring of G is called the total
global dominator chromatic number and is denoted by X’;d(G). In this paper we initiates
a study on this notion of total global dominator coloring. The complexity of total global
dominator coloring is studied. Some basic results and some bounds in terms of order,
chromatic number, domination parameters are investigated. Finally we classify the total
global dominator coloring of trees.

Keywords: Total global domination, coloring, dominator coloring, total global dominator
coloring.

AMS Subject Classification: 05C69, 05C15.

1. INTRODUCTION

Let G = (V, E) be a simple, connected, finite, and undirected graph with vertex set
V = V(G) and edge set E = E(G). For graph theoretic terminology, we refer to the
references [3, 17]. Graph coloring and domination are two major fields in graph theory
that have been well studied by many authors. An excellent treatment of domination is
given in the scientific book by Haynes et al. [11], although after that and in the present,
several papers on the domination parameters have been published. Several variations of
graph coloring have been introduced and studied by many researchers. One of them is
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the book authored by Chartrand and Zhang [4] that gives an extensive survey of various
graph coloring.

For each vertex v € V(G), the open neighborhood of v is the set Ng(v) = {u € V|uv € E}
, while its cardinality is the degree of v, and the closed neighborhood of v is the set
N¢glv] = Ng(v) U {v}. The minimum degree of G is denoted by § = §(G) and the mazi-
mum degree is denoted by A = A(G). A vertex of degree zero in G is an isolated vertex
and a vertex of degree one is a pendant vertex or a leaf. Any vertex which is adjacent to a
pendant vertex is called a support vertex. The complement of a graph G is denoted by G
and is a graph with the vertex set V(G) and for every two vertices v and w, vw € E(G)
if and only if vw ¢ E(G). The clique number w(G) of a graph G is the maximum order
among the complete subgraphs of G. A graph G is called a split graph if its vertex set can
be partitioned into a clique and an independent set. The join of simple graphs G and H,
written G V H, is the graph obtained from the disjoint union of two graphs G and H, by
adding the edges {zy : v € V(G),y € V(H)}. For two graphs G and H, the corona G o H
is the graph arising from the disjoint union of G with |V (G)| copies of H, by adding edges
between the ith vertex of G' and all vertices of ith copy of H.

A set S C V is a dominating set of G if Ng[S] = V. The domination number of G,
denoted v(G), is the minimum cardinality of a dominating set in G. In a graph G with
free isolated vertices, a set S C V(G) is a total dominating set of G if every vertex of V(G)
is adjacent to at least one vertex of S, in the other words Ng(S) = V. The cardinality
of a total dominating set of G with minimum size, denoted by v(G), is called the total
domination number of G. Total domination is now well studied in graph theory [16]. The
literature on the subject on total domination in graphs has been surveyed and recently
detailed in the book [12]. A set S C V is a global dominating set of G if S is a dominating
set of G and G. The minimum cardinality of a global dominating set of G, denoted by
v4(G), is called the global domination number of G. Global domination is also studied
2, 7, 14].

A total dominating set T of G is a total global dominating set if T is also a total dom-
inating set of G. The total global domination number ~;4(G) is the minimum cardinality
of a total global dominating set. We note that ;4(G) is only defined for G with §(G) > 1

and 0(G) > 1 [1].

A proper coloring of a graph G is an assignment of colors to the vertices of GG in such a
way, no two adjacent vertices receive the same color. The chromatic number x(G) is the
minimum number of colors required for a proper coloring of G. A color class is the set of
all vertices, having the same color. The color class corresponding to the color ¢ is denoted
by V;. If f is a proper coloring of G with the color classes Vi, Vs, ..., Vi, we write simply
f = (‘/Ylv ‘/27 ceey Vk:)

A dominator coloring of a graph G is a proper coloring of GG such that every vertex in
V(G) dominates all vertices of at least one color class. The dominator chromatic number
Xd(G) of G is the minimum number of color classes in a dominator coloring of G. The
concept of dominator coloring was introduced and studied by Gera et al. [9] and studied
further, for example, by Gera [8] and Chellali et al. [5] and Mojdeh et al. [15].

Recently, some authors studied the notion of dominated coloring which is defined as
follows: A dominated coloring of a graph G is a proper coloring of the graph in a way
that, each color class of it is dominated by at least one vertex. The dominated chromatic
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number Xdom(G) of G is the minimum number of colors needed for a dominated coloring
of G [6].

In this paper, this invariant (dominated coloring) is not studied and we only study the
dominator coloring and verify some properties of total global dominator coloring.

Recently, the concept of total dominator coloring in a graph were studied by Kazemi,

in [13] as follows.
A total dominator coloring of a graph GG with no isolated vertex is a proper coloring of G
in which every vertex v of the graph G is adjacent to every vertex of some color class not
including v. The total dominator chromatic number X! of G is the minimum number of
color classes in a total dominator coloring of G. A x%-coloring of G is a total dominator
coloring with x%(G) colors.

Let G be a k-colorable graph with color classes f = (Vi,Va, -+, Vi) of G. A vertex
v € V(G) is a dominator of f, if v dominates all the vertices of at least one color class like
V; and the color class V; is called a dom-color class respected to v. A vertex v is said to
be an anti dominator of f, if v dominates none of the vertices of at least one color class
like V; and the color class Vj is called an anti dom-color class respected to v. A vertex
v € V(G) is a total dominator of f, if v dominates all the vertices of at least one color class
like Vi, not including v and the color class V}, is called a total dom-color class respected to
.
Recently Sahul Hamid et al. [10] have introduced global dominator coloring of G as follows.
The coloring f is called a global dominator coloring of G if every vertex of G has a dom-
color class and an anti dom-color class in f. The minimum number of colors required for
a global dominator coloring of G is called the global dominator chromatic number and is
denoted by x4a(G).

Now we define a variant of total and global dominator coloring namely, total global
dominator coloring, that is a generalization of total dominator coloring and global dom-
inator coloring that have already been mentioned. The concept total global dominator
coloring will be given in the next section.

2. PRELIMINARY RESULTS

In this section, we first define the total global dominator coloring of a graph and show
that this notion is different from the notion of total dominator coloring of a graph. Then
the total global dominator coloring of some graphs are investigated.

Definition 2.1. Let G be a graph with no isolated vertices and G be a k-colorable graph.
A total global dominator coloring of the graph G is a proper coloring f = (Vi,Va, -+, Vi)
of G in which, each vertex of G has a total dom-color class and an anti dom-color class
in f. The minimum number of colors required for a total global dominator coloring of G
is called the total global dominator chromatic number and is denoted by de(G).

A graph G does not admit a total global dominator coloring when A(G) = n —1 or
0(G) < 1. When A(G) < n —1, and 6(G) > 1, the trivial coloring (that assigns distinct
colors to distinct vertices) would serve as a total global dominator coloring. Thus, a graph
G admits a total global dominator coloring if and only if A(G) < n — 1, and §(G) > 1.
So throughout this paper, all the graphs G for which XZ 4(G) is discussed are assumed to
have maximum degree at most |V (G)| — 2 and §(G) > 1.

In Figure 1, the total dominator coloring and the total global dominator coloring of the
graph G are shown.
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Figure 1

Our aim is to study the total global dominator chromatic number of some graphs and
trees, as well as finding general bounds and characterization. In particular the complexity
of total global dominator coloring is studied. Some basic results and some bounds in terms
of order, chromatic number, domination parameters are investigated. Finally we classify
the total global dominator coloring of trees.

Now we determine the value of th 4(G) for some common classes of graphs such as paths,
cycles, complete multipartite graphs. The following theorem from [13] is useful.

Theorem 2.1. ([13] Theorems 4.2, 4.3 ) Let C,, be a cycle of order n > 3 and P, be a
path of order n > 2. Then

2 if n=4
(i) X5(Crn) = S 4| 2] +7 if n#4andn=r ( mod6), re{0,1,2,4}
4 5] +r—=1 if n=r ( mod6), r=3,5.

| =1 i n=1 ( mod3)

w otherwise.

Note that a total global dominator coloring of a graph G is obviously a total dominator
coloring of G therefore x(G) < ng(G). The following theorem is useful for determining
the value of de(G) of graphs.

Theorem 2.2. If G is a connected graph such that neither G nor G have an isolated
verter with x;(G) > A(G) +2, then x,4(G) = x4(G).

Proof. Let (V1, V3, ..., ng ) be a Xfl—coloring of G. If u is an arbitrary vertex of GG, then it
has a total dom-color class in this coloring. Since x%(G) > A(G)+2, and deg(u) < A(G),
there is at least one color class such that vertex u has no neighbor in it. This class would
serve as an anti dom-color class of u. Hence this Xg—coloring is also a ng(G). Thus

Xga(G) = X4(G). -

From Theorem 2.2 we will have the following.
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Theorem 2.3. Let C), and P, be a cycle and a path of order n > 4, respectively. Then
we have:

4l
4l

|+ if n=7r ( mod 6), r € {0,1,2,4},
|+r—1 if n=7r ( mod6), r=3,5.

oIS o3

(1) Xga(Cn) = {

| -1 if n#4andn=1 ( mod 3)

] otherwise.

() Xg(Po) = {; {

n
3
n
3

Proof. For n =4, if qu 4(G) < 4 then there exists at least one vertex that has no anti-dom
color class, that is a contradiction, thus we have de(G) = 4. Further, if G is either a
cycle or a path on n > 5 vertices, then Theorem 2.1 follows that x%(G) > A(G) + 2 and
Theorem 2.2 completes the proof. O

Theorem 2.4. The total global dominator chromatic number of a complete k-partite graph
is 2k.

Proof. Let G be a complete k-partite graph with partition (X7, Xo, ..., Xx). By our conven-
tion, A(G) < |V(G)—1]; that is, | X;| > 2, foreach ¢ = 1,2, ..., k. For each i with 1 <i <k,
choose a vertex in X;, say x;. Let f = ({z1}, {2}, ..., {zr}, Vi\{z1}, Va\{=z2}, ..., Vi \{zr })
be a coloring of G. Since every vertex z; in G has at least one total dom-color class in
jth partite set with j # 7 and one anti dom-color class in the itself partite set in V; \ {z;}
and every vertex y; € V;\ {x;} has also at least one total dom-color class in jth partite set
with j # ¢ and one anti dom-color class in the itself partite set in {z;}. thus the coloring
fisa ng—coloring of G with 2k colors. Therefore ng(G) < 2k.

Since each vertex in one partite set is adjacent to all vertices of other partite sets, and
every partite set cannot be an anti dom-color class of a vertex lying in a different partite
set, therefore at least two colors are needed to color the vertices of any partite set and
de(G) > 2k. Thus the proof ends. O

3. COMPLEXITY

In this section, we establish the complexity of the total global dominator chromatic
number of an arbitrary graph. First, we define some relevant decision problems.

TOTAL GLOBAL DOMINATOR CHROMATIC NUMBER (TGDCN)

INSTANCE: A graph G = (V, E) and a positive integer k.
QUESTION: Does G have a TGDCN of cardinality at most k7

To show that TGDCN problem is N P-complete for arbitrary graphs, we use the N P-
completeness result for total dominator chromatic number which is investigated by Kazemi
[13].

Theorem 3.1. ([13] Theorem 2.1) TOTAL DOMINATOR CHROMATIC NUMBER (TDCN)
is N P-complete.

Theorem 3.2. TGDCN is N P-complete for general graphs.
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Proof. TGDCN belongs to N'P since we can check in polynomial time that an assignment
of colors to the vertices of a graph G is both a proper coloring and that every vertex v has
a total dom-color class and anti dom-color class. Now we show that, how to transform any
instance of TDC'N in to an instance G of TGDCN so that the solution one of them is
equivalent to the solution of the other one. Let (G, k) be an arbitrary instance of TDCN.
We construct an instance (H, k') of TGDCN as follows. Suppose that H = Py o G where
V(Py) = {v1,v9,v3,v4} and set k' = k + 4.

Suppose G has a proper total dominator coloring using k£ colors. Then H has a total
dominator coloring if the vertices v;, (1 < ¢ < 4) are assigned with 4 distinct colors and
further these colors must be different from the k colors of G. Therefore each vertex v;,
(1 <14 <4) and each vertex u € G has an anti dom-color class and a total dom-color class
in the color classes V; = {v;} for 1 <+i < 4. Thus H is a graph with TGDCN k + 4.

Now let H be a graph with TGDCN k’. Since every total global dominator coloring of
a graph is a total dominator coloring. So existing a total global dominator coloring of G
guarantees the total dominator coloring G. g

4. SOME BASIC RESULTS
In this section, we determine the value of thd(G) of some general graphs.

Theorem 4.1. Let G be a disconnected graph such that neither G nor G have an isolated
vertex. Then, thd(G) = x4(G).

Proof. Under any x!-coloring of a disconnected graph G, for each component of G, there
exists a color class that intersects only the vertex set of this component. On the other
hand, for a vertex v of G belonging to a component G;, there will be a color class V; which
does not intersect V(G;) (of other component) so that V; is an anti dom-color class of v.
As a result, every Xé—coloring of G is a total global dominator coloring as well. Hence

XZd(G) = X4(G). O
Theorem 4.2. For every connected graph G, we have.
V(G o H) = {I V(G) | + x(H) if V(G)| = 4 and A(G) <[ V(G) | -2,

V(G | +x(H)+1  if [V(G)]=2and A(G) =[V(G)| —1

Proof. Case 1. Let A(G) <| V(G) | —2 and V = {v1,v2, - ,v,} be the set of vertices
of G. If we color any copy of H with x(H) colors and the vertices of G with | V/(G) |

distinct colors, then every vertex of the i copy of H has {v;} as a total dom-color class
and has {v;} (j # i) as an anti dom-color class. Also every vertex v; of G has {v;} as a
total dom-color class for a neighbor v; of v; and has an anti dom-color class {v;} for a non
adjacent vertex v of v;. Therefore x,(G o H) <| V(G) | + x(H).

For equality, in any thd—coloring of G o H, we need at least x(H) colors for any copy of
H. Since the color of vertex v; must be different from the color of every vertex of H,
so at least x(G) colors need for coloring of G. On the other hand, if k vertices of G
like v;,,vi,, -+ ,v;, have same color, then the vertices of the ijth—copy for (1 < j < k)
of H have no total dom-color class. Thus ng(G oH) >| V(G) | + x(H). Therefore

Xoa(G o H) =| V(G) | +x(H) if AG) <[ V(G) | —2.

Case 2. Let A(G) =| V(G) | —1 and V = {v1,va,--- ,v,} be the set of vertices
of G. Then we color every copy of H with x(H) colors with same color classes, except
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one of them, and for this copy we use x(H) colors but one color class of this copy is
different from others, for this order every vertex of G has an anti dom-color class. We
also color the vertices of G with n distinct colors and different from colors used in H.
This coloring is a Xj,- coloring of G'o H. Therefore x},(G o H) <| V(G) | + x(H) + 1.
On the other hand, using the method of proof of the second part of Case 1 we can show
that x!;(G o H) >| V(G) | + x(H) + 1. Therefore x,(G o H) =[ V(G) | + x(H) +1 if

AG) = V(G) | -1 O
As a consequence of Theorem 4.2 we have.
_ 3 < —
Corollary 4.1. x' ,(Go K,) = V(G| +1 Z,f AlG) <[ VG | =2,
I V& +2  if AG)=IV(G)] -1
Theorem 4.3. Let G and H be two connected graphs, with 6(G),6(H) > 1 and A(G), A(H)

n — 2, then
Xga(GV H) < X50a(G) + XGa(H).
The bound is sharp.

Proof. For the total global dominator coloring of GV H, the colors of vertices of G cannot be
used for the coloring of vertices of H, and the colors of the vertices of H cannot be used for
the coloring of vertices G. Now we color all vertices of graph G with colors {1,2, ..., th 4(G)}
and all vertices of graph H with colors {x;(G) + 1, x}4(G) + 2,...,x\4(G) + X, 4(H)}.
Therefore, we have the result. The bound is sharp as it can be seen for Py V Py or
Cy Vv Cy. O

5. SOME BOUNDS

In this section, we will present some sharp lower and upper bounds for the total global
dominator chromatic number of a graph.

Theorem 5.1. ([1] Lemma 8 ) For any graph G, vi4(G) > 4.

Theorem 5.2. Let G be a graph such that neither G nor G have an isolated vertex. Then
Ytg(G) < X;d(G)'

The equality holds for mCg UnPs where m +mn > 1 and 7P, U sPy where v+ s > 2 and
union of at least two stars.

Proof. Let {V1,Va,...,Vi} be a thd—coloring of G. Choose exactly one vertex u; from each
Vi for 1 < i < k. Let S be the set of these vertices. Now, it is enough to prove that S
is a total global dominating set of G. Every vertex v € V(G) has both a total dom-color
class like V; and an anti dom-color class like Vj}, therefore v is adjacent to v; € S and is
not adjacent to v; € S. This means that S is a total dominating set of G and is global
dominating set of G. That is, S is a total global dominating set of G.

For equality, it is well known that v:4(Cs) = v14(Ps) = 4 and by Theorem 2.3, X; 4(Ce6) =
ng(PG) = 4. Therefore v;5(mCs U nPs) = 71g(mCs) + Yig(nFs) = 4(m + n) and it is
easy to see that ng(mCG Unbs) = de(mCﬁ) + de(nP(;) =4(m+n). If r+ s> 2, then
Yeg(rPo U sP3) = 2(r + s). Because of every P» or P3 must be colored with two different
colors till the graph are total global dominator colored, so de(rPg UsPs) =2(r+s). This
reason is satisfied for the union of at least two stars. 0

Observation 5.1. Let G be a graph such that neither G nor G have an isolated vertex.
Then,
maz{yy(G),X(G) + 1} < xga(G) < n.

IN
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Theorem 5.3. Let G be a connected graph of order n such that neither G nor G have an
isolated verter. Then, 4 < thd(G) < n.

The equality in lower bound holds if and only if G is a 4-partite graph with this property,
every vertex x, has at least one partite set as a total dom-color class and has one partite
set as an anti dom-color class.

The equality in upper bound holds if and only if for every vertex x, at least one of the
following holds:
1. © € V,_a, where V,,_o = {v € V(G)|deg(v) = n — 2}.
2. Vpo € N(x).

3. The set of vertices with the none of two properties 1 and 2, form a clique in G.

Proof. Theorem 5.2 implies that v;4(G) < de(G), and since by Theorem 5.1 the total
global domination number of graph G is at least 4, we obtain 4 < X; J4(G) < n.

For seeing the equality of lower bound, let G be satisfied in the condition. Now we assign
color ¢ to the ith partite set for 1 < ¢ < 4. Since every vertex has a partite set as total
dom-color class and a partite set as an anti dom-color class, therefore de(G) <4 and we
deduce de(G) =4.

Conversely, let G be a graph with thd(G) = 4. Then G is a 4-partite graph. Since every
vertex has a total dom-color class, this total dom-color class is a partite set. Since every
vertex has an anti dom-color class, this class is also a partite set. Therefore the condition

holds.

For seeing the equality upper bound, let G be a graph for which the given conditions
hold. let « be an arbitrary vertex of G. If x satisfies in properties 1 or 2, then in any de—
coloring of G the color of x is different from the color of all vertices and since graphs G
and G have no isolated vertex, it is obvious that, = has a total dom-color class and anti
dom-color class. Let z; (1 < i < k) be the vertices for which deg(x;) < n — 3 and satisfy
in the property 3. Then it is clear that the colors of all z; are distinct and different from
the color of the the vertices satisfy in the properties 1, or 2. Therefore thd(G) =n.
Conversely, let ng(G) = n. Let x be an arbitrary vertex which does not satisfy in the
properties of 1, and 2. So V;,_o C N(z) and « ¢ V,,_o. If x is an only vertex with this
property, then the proof is complete, otherwise suppose x1, 2, -,z (kK > 2) are the
vertices such that do not satisfy the properties of 1, and 2. Let two vertices, without
loss of generality, z1 and xo are not adjacent. We assign same color to z; and x2 and
n — 2 distinct colors to the rest vertices, different with the color x1 and xo. For each ¢,
Vi—2 € N(z;), thus every z; has total dom-color class. Since every z; has degree at most
n — 3, so x; is not adjacent to a vertex with the property 2, or is not adjacent with two
vertices like x, or xs. By the way, the vertex x; has an anti dom-color class. Since each
vertex with property 1, 2 has a total dom-color class and an anti dom color class, we have
a contradiction. Therefore the two vertices x1 and x5 are adjacent and we deduce the set
of vertices with the none of two properties 1 and 2, form a clique. Thus the proof ends. [

Theorem 5.4. Let G be a connected graph of order n such that neither G' nor G have an
isolated vertez. Then, 8 < x\;(G) + x}4(G) < 2n, and these bounds are sharp.

Proof. Since y14(G) = y4(G), therefore 4 < ng(é) < n and the inequalities are trivial. If
G = P4, then thd(G) + thd(@) = 8. For the sharpness of the upper bound, consider the
graph mKy for m > 2. O
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Theorem 5.5. Let G be a split graph with split partition (K, I), and |K|=w > 3 such
that neither G nor G have an isolated vertex. Then ng(G) =w+2.

Proof. Since neither G nor G have an isolated vertex hence the clique have at least two
support vertices. Let v1,vy € V(K) be two support vertices and U be all vertices of
V(G) \ V(K) that are adjacent to v1. The coloring of G given by f = ({{v} : v €
K}U{U}U{I\U}) is a xj -coloring of G, and hence x’; < w + 2.

On the other hand, in any qud-coloring of G we assign an unique color to each vertex of
K, a new color to all vertices of V/(G)\ V(K) that are adjacent to one support vertex and
one color to the rest vertices of I. Therefore X; JG) =w+2. O

6. TREES

In this section, we discuss on the total global dominator chromatic number of a tree.
First, we present some needed definitions. In a connected graph G the distance between
two vertices u and v, written dg(u,v) or simply d(u,v), is the least length of a w,v-
path, and the diameter of G, written diam(G), is maz, ey (q)d(u,v). The eccentricity
of a vertex u, written €(u), is maz,cy (gyd(u,v), while the radius of G, written rad(G),
is min,cy(@)€(u). The center G is the subgraph induced by the vertices of minimum
eccentricity. The following classic theorem describes the center of trees.

Theorem 6.1. [17] The center of a tree is a vertex or two adjacent vertices.

The set of leaves in a tree T is denoted by L, and the set of its support vertices is denoted
by S, while their cardinalities are denoted by [ and s, respectively. Set S = {v; : 1< j <
s}, and L = {u; : 1 < i <[}. Let o be a function from {1,2,---,1} to {1,2,---,s} in
which o (i) = j if u; is adjacent to v;. Then Uy(;) denotes the support vertex corresponding
to the leaf u;. We start our discussion for trees with maximum degree at most | V(T") | —2
with the following theorem.

Observation 6.1. Let T be a tree with the set of support vertices S and the set of leaves
L. If tree T is of order n > 4, then X;d(T) > s+ 1.

Proof. Let |S| = s and |L| = [. In any total global dominator coloring of T, every support
vertex of T must be contained in a color class of cardinality one, because every leaf has
its corresponding support vertex as a total dom-color class and at least one different color
needs to color the leaves of T', therefore Xéd(T) >s+ 1. O

Theorem 6.2. Let T be a tree with the set of support vertices S of size |S| = s and the
set of leaves L of size |L| = 1.

1. If diam(T) = 3 or diam(T) = 4, then ng(T) =s5+2.

2. de(T) = s+ 1 if and only if T has diameter at least 5 and every vertex of T is a
support vertez, a leaf or a vertex v € V(T)\ SUL in which N(v) C S and moreover every
vertex w € N (v) has a neighbor in S.

Proof. 1. By Observation 6.1 we have de(T) > s+1. Let diam(T') = 3. Then T is a bistar
Sm.n With support vertices v1,v2 and m,n leaves corresponding to v1, vo respectively. It
is clear that de(T) =4=s+2.

Let diam(T") = 4. Then the center C of T' is a vertex set like C' = {w}. If w is a support
vertex, then N (w) is consisted of all other support vertices and some leaves, and if w is
not a support vertex, then N(w) is consisted of all support vertices. Let S be the set of
support vertices and L be the set of leaves. If w € S, then for having anti dom-color class
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for w we need at least two different colors for vertices in L. If w ¢ S, then the color of
w is different from all colors of support vertices and the color of leaves. Therefore, in any
case ng(T) > s+ 2. On the other hands, we have a total global dominator coloring of
T with s + 2 colors as follows. If w € S, we assign color 1 to N[w] — S, color 2 to the
rest of leaves and s distinct colors to all support vertices, and if w ¢ S, we assign color 1
to the center vertex w, color 2 to all leaves and s distinct colors to s vertices in S, then
ng(T) < s+ 2. Therefore de(T) =s5+2.

2. For seeing the equality, let T be a tree such that the given conditions hold. Then the
color classes ({v1},{va}, -+ ,{vs},V(T)\ S) can be a ng—coloring of T. Thus de(T) =
s+ 1.

Conversely, let the equality holds. Then diameter of T is at least 5 by part 1. Let v be a
vertex which is neither leaf nor support vertex in T'. Since X; 4(T) = s+1, and v cannot be
in any support vertex-color class, so v must be in L-color class. Now let w € N(v) and on
the contrary, let N(w) NS = (. Then w has no total dom-color class, a contradiction. [

It is shown in [13] that every tree T admits a Xfl—coloring in which every support vertex
of T must be contained in a color class of cardinality one as a singleton color class and
one new color is required to color all the pendant vertices of T

Theorem 6.3. If T is a tree, then xj(T) < x\4(T) < x4(T) +1. These bounds are sharp.

Proof. Let f be a x%-coloring of T in which every support vertex appears as a singleton
color class and all leaves of T" have the same color. Let v be any support vertex of T. If
we recolor all the pendant neighbors of v with the new color x% + 1 and keep the colors of
remaining vertices unchanged. Let f’ be the resultant coloring. we claim that f’ is a total
global dominator coloring of T'. Clearly, ev ery vertex of T" has a total dom-color class in
f’. Also, for every vertex of T other than v has the x} + 1-color class as an anti dom-color
class. For the vertex v, if there exists a support vertex u that is not adjacent to v, then
{u} is an anti dom-color class of v in f’. On the other hand, if every support vertex of T is
adjacent to v, then every non-neighbor of v is a pendant vertex in 7. This shows the color
classes of f’ which contains the pendant vertices of T' other than the pendant neighbors
of v can be an anti dom-color class for v. Therefore f’ is a total global dominator coloring
of T and so x{,(T) < xy(T) + 1.

For seeing the sharpness of lower bound, let T be a tree with at least four support vertices
in which V(T) = SU L. Then x}(T) = x,4(T). For upper bound, let 7" be a bistar S,
or a tree with diameter 3 named T3. Then x},(Sap) = 4 = 3 +1 = x(Sap) + 1, and
Xf]d(Tg) =4=3+1=x4T3)+1. O

Theorem 6.4. Let T be a tree with the center C. If diam(T) > 5, then thd(T) = x4(T).

Proof. In any tree with diam(T') > 5 exist at least two support vertices with the property
that the distance between the support vertices is at least three. Let u and v be two support
vertices in 7" such that d(u,v) > 3. Then there is no vertex in 7" which is adjacent to both
u and v. Consider a x%-coloring f of T in which u and v have distinct colors. Then f is a
total global dominator coloring of T'. If a vertex = of T does not lie on N[u], then {u} is
an anti dom-color class of x and if = does lie on N[v], then {v} is an anti dom-color class
of z. Therefore the result follows. g
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7. CONCLUSIONS AND DISCUSSIONS

The relation between total global dominator coloring and total dominator coloring of
trees were investigated in Theorems 6.3 and 6.4. May we have such discussions on the
arbitrary graphs?

In Theorem 5.2, we showed that, G and G have no isolated vertex. Then 7;(G) <
X;d(G) and the equality holds for mCs U nPs where m +n > 1 and rP, U sP3 where
r + s > 2 and union of at least two stars.

One can find a necessary and sufficient conditions for family of graphs G for which v44(G) =

XZd(G)'

Acknowledgement. The authors would like to extend their gratitude to the anonymous
reviewer(s) for the careful reading of our manuscript, and for all the valuable suggestions.

REFERENCES

[1] Akhbari, M. H., Eslahchi, Ch., Jafari Rad, N. and Hasni, R., (2015), Some Remarks On Global Total
Domination In Graphs. Applied Mathematics ENotes, 15, pp. 22-28.

[2] Alishahi, M. and Mojdeh, D. A., (2018), Global outer connected domination number of a graph, Algebra
and Discrete Mathematics, 25, pp. 18-26.

[3] Chartrand, G., Lesniak-Foster, L. and Zhang, P., (2005), Graphs and Digraphs. Boca Raton, Florida,
London: CRC Press Taylor & Francis Group 6th edition.

[4] Chartrand, G. and Zhang, P., (2009), Chromatic Graph Theory. Chapman & Hall, CRC press, Tailor
and Francis Group, LLC.

[5] Chellali, M. and Maffray, F., (2012), Dominator Colorings in Some Classes of Graphs, Graphs Combin.
28, pp. 97-107.

[6] Choopani, F., Jafarzadeh, A., Erfanian, A. and Mojdeh, D. A., (2018), On dominated coloring of graphs
and some Nardhaus-Gaddum-type relations, Turkish Journal of Mathematics 42, pp. 2148-2156.

[7] Dutton, R. D. and Brigham, R. C., (2009), On global domination critical graphs. Discrete Math. 309,
pp. 5894-5897.

[8] Gera, R., (2007), On dominator colorings in graphs. Graph Theory Notes of New York LIT 52, pp.
25-30.

[9] Gera, R., Horton, S. and Rasmussen, C., (2006), Dominator colorings and safe clique partitions. Pro-
ceedings of the Thirty-Seventh Southeastern International Conference on Combinatorics, Graph Theory
and Computing, Congr Numer 181, pp. 19-32.

[10] Hamid, I. S. and Rajeswari, M., (2019), Global dominator coloring of graphs, Discussiones Math. 39,
pp. 325-339.

[11] Haynes, T. W., Hedetniemi, S. T. and Slater, P. J., (1998), Fundamentals of Domination in Graphs.
New York, USA: Marcel Dekker Inc.

[12] Henning, M. A. and Yeo, A., (2013), Total domination in graphs (Springer Monographs in Mathe-
matics), ISBN: 978-1-4614-6524-9 (Print) 978-1-4614-6525-6 (Online).

[13] Kazemi, A. P., (2015), Total dominator chromatic number in graphs, Transactions on Combinatorics,
4 (2), pp. 57-68.

[14] Mojdeh, D. A. and Alishahi, M., (2019), Outer independent global dominating set of trees and unicyclic
graphs, Electronic Journal of Graph Theory and Applications, 7 (1), pp. 121-145.

[15] Mojdeh, D. A., Askari, S. and Nazari, E., (2019), Approach to the central graphs and trees via strong
dominator coloring, to appear in Ars Combinatoria.

[16] Mojdeh D. A. and Hasni, R., (2010), On questions on the total domination vertex critical graphs, Ars
Combinatoria, 96, pp. 405-419.

[17] West, D. B., (2001), Introduction to Graph Theory. Second Edition, Prentice-Hall, Upper Saddle
River, NJ.



S. ASKARI, D. A. MOJDEH, E. NAZARI: TOTAL GLOBAL DOMINATOR CHROMATIC... 661

' ‘: "\"--.1’\_ Saeid Askari is a lecturer in the Department of Mathematics, University of Tafresh.
| His area of research is in graph theory and its applications in analysis.

Doost Ali Mojdeh received his Ph.D. degree in mathematics from Sharif University
of Technology, Tehran, Iran in 1996. He is currently a full professor of mathematics
in the Department of Mathematics, University of Mazandaran, Babolsar, Iran. His
current research interest include Graph Theory (domination in graphs, packing sets in
graphs, dominator coloring in graphs, vertex coloring of graphs) and Combinatorics.

Esmaeil Nazari received his PhD degree in mathematics at Amirkabir University
of Technology (Tehran Polytechnic) of Iran. He is working as an assistant professor
in the Department of Mathematics Tafresh University.




	1. Introduction
	2. Preliminary results
	3. Complexity
	4. Some basic results
	5. Some bounds 
	6. Trees
	7. Conclusions and discussions
	Acknowledgement

	References

