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We introduce the notion of a bicocycle double cross product (sum) Lie group (algebra),
and a bicocycle double cross product bialgebra, generalizing the unified products. On
the level of Lie groups the construction yields a Lie group on the product space of
two pointed manifolds, none of which being necessarily a subgroup. On the level of Lie
algebras, a Lie algebra is obtained on the direct sum of two vector spaces, which are not
required to be subalgebras. Finally, on the quantum level a bialgebra is obtained on the
tensor product of two (co)algebras that are not necessarily sub-bialgebras.
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1. Introduction

Two main problems, concerning an algebraic (or geometric, or topological) object,
may be expressed as to classify its various extensions, and to seek its possible
factorizations.

∗Corresponding author.
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As was pointed out in [1, 4, 5] the extension problem (for groups) may be traced
back to [32], and has ever since attracted much research from a variety of points
of view. Each solution, then, gave rise to a novel cohomology theory classifying the
type of extension in question, [17, 30, 31, 54].

On the level of Lie groups the problem was first studied in [47, 48, 51, 52, 56],
and then reconsidered in [34, 36, 37, 54] (and many others) under different names.
As for the Lie algebra level, we refer the reader to [33, 41, 55], and for relatively
more recent work, to [9, 36].

In an effort to unify the quantum mechanics and gravity, Hopf algebras were
pointed out in [38] as the objects that can offer the correct framework. These self-
dual objects are widely considered as the quantum analogues of both Lie groups and
Lie algebras. On this level, we refer the reader to [35, 49, 50], as well as [13–16, 26]
for an incomplete list.

The origins of the factorization problem, on the other hand, may be found
in [45, 53]. For more recent work, we may refer the reader to [10, 39, 40]. The
importance of the factorization stems from its applications in many other problems.
Among such instances, we may count the role in the computations of the K-theory
invariants [29, 42, 43], and more recently the applications in geometric mechanics
(more precisely, Lagrangian and Hamiltonian dynamics) [19–25].

The extension problem and the factorization problem were recently unified and
studied extensively under the title of extending structures through [1–7]. In the
categorical language, given a forgetful functor F : C → D with two objects C ∈ C
and D ∈ D so that F (C) being a sub-object in D ∈ D, the extending structures
problem (ES problem for short) were spelled out in [1] as to describe all mathe-
matical structures on D such that D becomes an object of C, in such a way that C
becomes a sub-object of D ∈ C.

Accordingly, the content of [5] may be summarized as the study of the ES
problem corresponding to the forgetful functor F : Gr → Set from the category of
groups to the category of sets, while [4] considered the ES problem corresponding to
F : Lie → Vect from the category of Lie algebras to the category of vector spaces. In
the quantum level, on the other hand, [1] concerns the same problem associated to
the functor F : Hopf → CoAlg from the category of Hopf algebras to the category
of coalgebras.

Put in different words; the ES problem for groups is about the extensions
(respectively, factorizations) of a group by a pointed set, while for Lie algebras
it is the study of extensions (respectively, factorizations) of a Lie algebra by a vec-
tor space, and on the quantum level the ES problem is to determine the extensions
(respectively, factorizations) of a Hopf algebra by a coalgebra.

By a slight abuse of language, we shall hereby reconsider the ES problem along
with only a faithful functor. More precisely; in the case of groups, focusing on
Lie groups only, we shall address in Proposition 2.3 the extension of a pointed
manifold to a Lie group by another pointed manifold. From the point of view of the
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factorizations, our result Proposition 2.4 illustrates the factorization of a Lie group
into two pointed manifolds. As for the Lie algebras, we shall this time consider in
Proposition 2.1 the extension of a vector space to a Lie algebra by another vector
space. In other words, we shall present in Proposition 2.2 the decomposition of a Lie
algebra into two complementary vector spaces. Finally, in the quantum level we shall
consider bialgebras, and present in Proposition 3.5 the extension of a coalgebra to a
bialgebra by another coalgebra. Equivalently, we shall show in Proposition 3.6 the
decomposition of a bialgebra into two coalgebras. Also in this quantum level we shall
address the (dual) ES problem along with the functor F : Hopf → Alg. Namely, in
Proposition 3.3 (respectively, Proposition 3.4) we study the extension (respectively,
factorization) of a bialgebra by an algebra (respectively, into a bialgebra and an
algebra).

This paper may be outlined as follows.
In Sec. 2, we shall present the bicocycle double cross constructions on Lie alge-

bras and Lie groups. To be more precise, in Sec. 2.1 we establish a Lie algebra
out of two subspaces that are not necessarily Lie subalgebras. We then analyze the
construction from the decomposition point of view, namely from the point of view
of the decomposition of a Lie algebra into two subspaces. In Sec. 2.2, on the other
hand, we study the similar construction from the point of view of Lie groups, and
we present the construction of a Lie group based on two pointed submanifolds.

The quantum counterpart of both constructions are considered in Sec. 3. In
Sec. 3.1, we review the quantum extending structures, as well as their dual coun-
terparts in Sec. 3.2. The top level of the hierarchy, concerning the extensions of
quantum objects, belongs to bicocycle double cross products, which is presented in
Sec. 3.3.

Notation and Conventions

Unadorned morphisms are assumed to be the morphisms of the ambient category,
the category of vector spaces, groups, bialgebras, etc. and the additional properties
(such as algebra morphism, coalgebra morphism, etc.) will be noted on, or under
the arrows. On the level of Lie algebras we shall consider a Lie algebra g, with
a decomposition g ∼= m ⊕ h into vector spaces, the generic elements of which to
be denoted by ξ, ξ′, ξ′′, . . . ∈ m, Z,Z ′, Z ′′, . . . ∈ h, and (ξ, Z), (ξ′, Z ′) ∈ g. Sim-
ilarly, we shall consider a Lie group G, and a decomposition G ∼= M × H into
manifolds. We shall, in this case, refer the generic elements as x, x′, x′′, . . . ∈ M

and h, h′, h′′, . . . ∈ H , as well as (x, h), (x′, h′) ∈ G. On the level of bialgebras, we
shall make use of decompositions G ∼= M ⊗H into (co)algebras, and the notations
x, x′, x′′, . . . ,∈ M, h, h′, h′′, . . . ,∈ H, and x ⊗ h, x′ ⊗ h′, . . . ,∈ G for the generic
elements. Regarding the coalgebra structure maps, we shall use Δ for the comulti-
plication, and ε for the counit. We shall also employ the Sweedler notation for the
comultiplication; namely, Δ(x) = x(1) ⊗x(2) , Δ(h) = h(1) ⊗h(2) , etc. suppressing the
summations.
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2. Bicocycle Double Cross Constructions for Lie Algebras
and Lie Groups

In this section we shall introduce bicocycle double cross sum Lie algebras and
bicocycle double cross product Lie groups. Both constructions generalize the unified
products of [4] in the case of Lie algebras, and of [5] in the case of Lie groups.

2.1. Bicocycle double cross sum Lie algebras

In this section we shall introduce the construction of a Lie algebra out of two
subspaces. More precisely, given two linear spaces m and h we shall record the
necessary and sufficient conditions for g := m ⊕ h to be a Lie algebra.

Accordingly, let m and h be equipped with

φ : m ⊗ m → m, ξ ⊗ ξ′ �→ φ(ξ ⊗ ξ′) =: φ(ξ, ξ′), (2.1)

θ : m ⊗ m → h, ξ ⊗ ξ′ �→ θ(ξ ⊗ ξ′) =: θ(ξ, ξ′), (2.2)

and

μ : h ⊗ h → h, Z ⊗ Z ′ �→ μ(Z ⊗ Z ′) =: μ(Z,Z ′), (2.3)

γ : h ⊗ h → m, Z ⊗ Z ′ �→ γ(Z ⊗ Z ′) =: γ(Z,Z ′), (2.4)

as well as the cross-relations given by

ϕ : h ⊗ m → m, Z ⊗ ξ �→ ϕ(Z ⊗ ξ) =: ϕ(Z, ξ), (2.5)

ψ : h ⊗ m → h, Z ⊗ ξ �→ ψ(Z ⊗ ξ) =: ψ(Z, ξ). (2.6)

Proposition 2.1. Given a pair (m, h) of vector spaces, equipped with the linear
maps (2.1)–(2.5), the direct sum g := m ⊕ h is a Lie algebra via

[ξ + Z, ξ′ + Z ′] = (φ(ξ, ξ′) + ϕ(Z, ξ′) − ϕ(Z ′, ξ) + γ(Z,Z ′))

+ (μ(Z,Z ′) + ψ(Z, ξ′) − ψ(Z ′, ξ) + θ(ξ, ξ′)). (2.7)

If and only if

φ(ξ, ξ) = 0, θ(ξ, ξ) = 0, γ(Z,Z) = 0, μ(Z,Z) = 0, (2.8)

ϕ(Z, φ(ξ, ξ′)) = φ(ϕ(Z, ξ), ξ′) + φ(ξ, ϕ(Z, ξ′)) + ϕ(ψ(Z, ξ), ξ′)

− ϕ(ψ(Z, ξ′), ξ) + γ(θ(ξ, ξ′), Z), (2.9)

μ(Z, θ(ξ, ξ′)) = θ(ϕ(Z, ξ), ξ′) + θ(ξ, ϕ(Z, ξ′)) + ψ(ψ(Z, ξ), ξ′)

− ψ(ψ(Z, ξ′), ξ) − ψ(Z, φ(ξ, ξ′)), (2.10)
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ϕ(μ(Z,Z ′), ξ) = ϕ(Z,ϕ(Z ′, ξ)) − ϕ(Z,ϕ(Z ′, ξ)) + γ(ψ(Z, ξ), Z ′)

+ γ(Z,ψ(Z ′, ξ)) − φ(γ(Z,Z ′), ξ), (2.11)

ψ(μ(Z,Z ′), ξ) = μ(Z,ψ(Z ′, ξ)) + μ(ψ(Z, ξ), Z ′) + ψ(Z,ϕ(Z ′, ξ))

− ψ(Z ′, ϕ(Z, ξ)) − θ(γ(Z,Z ′), ξ), (2.12)∑
(ξ,ξ′,ξ′′)

φ(φ(ξ, ξ′), ξ′′) +
∑

(ξ,ξ′,ξ′′)

ϕ(θ(ξ, ξ′), ξ′′) = 0, (2.13)

∑
(ξ,ξ′,ξ′′)

ψ(θ(ξ, ξ′), ξ′′) +
∑

(ξ,ξ′,ξ′′)

θ(φ(ξ, ξ′), ξ′′) = 0, (2.14)

∑
(Z,Z′,Z′′)

γ(μ(Z,Z ′), Z ′′) −
∑

(Z,Z′,Z′′)

ϕ(Z, γ(Z ′, Z ′′)) = 0, (2.15)

∑
(Z,Z′,Z′′)

μ(μ(Z,Z ′), Z ′′) −
∑

(Z,Z′,Z′′)

ψ(Z, γ(Z ′, Z ′′)) = 0, (2.16)

where the summations are over the cyclic permutations of the indicated elements.

Proof. Let us begin with the anti-symmetry of the bracket (2.7). We have

[ξ, ξ] = 0

if and only if

φ(ξ, ξ) = 0, θ(ξ, ξ) = 0.

Similarly we obtain

[Z,Z] = 0

if and only if

γ(Z,Z) = 0, μ(Z,Z) = 0.

As such, the bracket (2.7) is anti-symmetric if and only if (2.8) holds.
As for the mixed Jacobi identities, let us first consider

[[ξ, ξ′], Z] + [[ξ′, Z], ξ] + [[Z, ξ], ξ′] = 0, (2.17)

where

[[ξ, ξ′], Z] = [φ(ξ, ξ′) + θ(ξ, ξ′), Z] = [φ(ξ, ξ′), Z] + [θ(ξ, ξ′), Z]

= (−ϕ(Z, φ(ξ, ξ′)) + γ(θ(ξ, ξ′), Z)) + (μ(θ(ξ, ξ′), Z) − ψ(Z, φ(ξ, ξ′))).

Similarly,

[[ξ′, Z], ξ] = [−ϕ(Z, ξ′) − ψ(Z, ξ′), ξ] = −[ϕ(Z, ξ′), ξ] − [ψ(Z, ξ′), ξ]

= (−φ(ϕ(Z, ξ′), ξ) − ϕ(ψ(Z, ξ′), ξ)) + (−ψ(ψ(Z, ξ′), ξ) − θ(ϕ(Z, ξ′), ξ)),
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and finally

[[Z, ξ], ξ′] = [ϕ(Z, ξ) + ψ(Z, ξ), ξ′] = [ϕ(Z, ξ), ξ′] + [ψ(Z, ξ), ξ′]

= (φ(ϕ(Z, ξ), ξ′) + ϕ(ψ(Z, ξ), ξ′)) + (ψ(ψ(Z, ξ), ξ′) + θ(ϕ(Z, ξ), ξ′)).

Hence, (2.17) is satisfied if and only if (2.9) and (2.10) hold.
Let us next consider

[[Z,Z ′], ξ] + [[Z ′, ξ], Z] + [[ξ, Z], Z ′] = 0. (2.18)

This time we have

[[Z,Z ′], ξ] = [γ(Z,Z ′) + μ(Z,Z ′), ξ] = [γ(Z,Z ′), ξ] + [μ(Z,Z ′), ξ]

= (φ(γ(Z,Z ′), ξ) + ϕ(μ(Z,Z ′), ξ)) + (ψ(μ(Z,Z ′), ξ) + θ(γ(Z,Z ′), ξ))

while,

[[Z ′, ξ], Z] = [ϕ(Z ′, ξ) + ψ(Z ′, ξ), Z] = [ϕ(Z ′, ξ), Z] + [ψ(Z ′, ξ), Z]

= (−ϕ(Z,ϕ(Z ′, ξ)) + γ(ψ(Z ′, ξ), Z)) + (μ(ψ(Z ′, ξ), Z) − ψ(Z,ϕ(Z ′, ξ))),

and

[[ξ, Z], Z ′] = [−ϕ(Z, ξ) − ψ(Z, ξ), Z ′] = −[ϕ(Z, ξ), Z ′] − [ψ(Z, ξ), Z ′]

= (ϕ(Z ′, ϕ(Z, ξ)) − γ(ψ(Z, ξ), Z ′)) + (−μ(ψ(Z, ξ), Z ′) + ψ(Z ′, ϕ(Z, ξ))).

As such, (2.18) is satisfied if and only if (2.11) and (2.12) hold.
We next proceed to the Jacobi identity

[[ξ, ξ′], ξ′′] + [[ξ′, ξ′′], ξ] + [[ξ′′, ξ], ξ′] = 0. (2.19)

For the first summand we have,

[[ξ, ξ′], ξ′′] = [φ(ξ, ξ′) + θ(ξ, ξ′), ξ′′] = [φ(ξ, ξ′), ξ′′] + [θ(ξ, ξ′), ξ′′]

= (φ(φ(ξ, ξ′), ξ′′) + ϕ(θ(ξ, ξ′), ξ′′)) + (ψ(θ(ξ, ξ′), ξ′′) + θ(φ(ξ, ξ′), ξ′′)).

Similarly, we observe that

[[ξ′, ξ′′], ξ] = [φ(ξ′, ξ′′) + θ(ξ′, ξ′′), ξ] = [φ(ξ′, ξ′′), ξ] + [θ(ξ′, ξ′′), ξ]

= (φ(φ(ξ′, ξ′′), ξ) + ϕ(θ(ξ′, ξ′′), ξ)) + (ψ(θ(ξ′, ξ′′), ξ) + θ(φ(ξ′, ξ′′), ξ)).

Finally,

[[ξ′′, ξ], ξ′] = [φ(ξ′′, ξ) + θ(ξ′′, ξ), ξ′] = [φ(ξ′′, ξ), ξ′] + [θ(ξ′′, ξ), ξ′]

= (φ(φ(ξ′′, ξ), ξ′) + ϕ(θ(ξ′′, ξ), ξ′)) + (ψ(θ(ξ′′, ξ), ξ′)

+ θ(φ(ξ′′, ξ), ξ′)).

Accordingly, (2.19) is satisfied if and only if (2.13) and (2.14) hold.

2350254-6



2nd Reading

September 12, 2022 15:49 WSPC/S0219-4988 171-JAA 2350254

Bicocycle double cross constructions

We are finally left with the Jacobi identity

[[Z,Z ′], Z ′′] + [[Z ′, Z ′′], Z] + [[Z ′′, Z], Z ′] = 0. (2.20)

Just as above, we have

[[Z,Z ′], Z ′′] = [γ(Z,Z ′) + μ(Z,Z ′), Z ′′] = [γ(Z,Z ′), Z ′′] + [μ(Z,Z ′), Z ′′]

= (−ϕ(Z ′′, γ(Z,Z ′)) + γ(μ(Z,Z ′), Z ′′)) + (−ψ(Z ′′, γ(Z,Z ′))

+μ(μ(Z,Z ′), Z ′′)),

where similarly

[[Z ′, Z ′′], Z] = [γ(Z ′, Z ′′) + μ(Z ′, Z ′′), Z] = [γ(Z ′, Z ′′), Z] + [μ(Z ′, Z ′′), Z]

= (−ϕ(Z, γ(Z ′, Z ′′)) + γ(μ(Z ′, Z ′′), Z)) + (−ψ(Z, γ(Z ′, Z ′′))

+μ(μ(Z ′, Z ′′), Z)),

and

[[Z ′′, Z], Z ′] = [γ(Z ′′, Z) + μ(Z ′′, Z), Z ′] = [γ(Z ′′, Z), Z ′] + [μ(Z ′′, Z), Z ′]

= (−ϕ(Z ′, γ(Z ′′, Z)) + γ(μ(Z ′′, Z), Z ′)) + (−ψ(Z ′, γ(Z ′′, Z))

+μ(μ(Z ′′, Z), Z ′)).

Accordingly, (2.20) is satisfied if and only if (2.15) and (2.16) hold.

We shall call the pair (m, h) of vector spaces satisfying (2.8) –(2.16) a bicocycle
matched pair, and we shall employ the notation m γ	
θ h := m⊕ h for the bicocycle
double cross sum Lie algebra of Proposition 2.1.

From the decomposition point of view, we have the following generalization
of [38, Proposition 8.3.2] and [4, Theorem 3.4].

Proposition 2.2. Any Lie algebra g with two complementary subspaces m, h ⊆ g

is isomorphic, as Lie algebras, to the bicocycle double cross sum of these subspaces;
that is, g ∼= m γ	
θ h, where the linear maps (2.1)–(2.6), may be recovered from

[ξ, ξ′] = φ(ξ, ξ′) + θ(ξ, ξ′), [Z, ξ] = ϕ(Z, ξ) + ψ(Z, ξ),

[Z,Z ′] = γ(Z,Z ′) + μ(Z,Z ′).

A few comments are in order.

Remark. This time both m and h are subspaces. Accordingly, neither (2.6)
is expected to be a (right) action, nor (2.5) is a priori (left) action. In view
of (2.10), (2.6) being a right action is equivalent to the (left) adjoint action of
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h on Im θ being given by derivations ; namely

μ(Z, θ(ξ, ξ′)) = θ(ϕ(Z, ξ), ξ′) + θ(ξ, ϕ(Z, ξ′)).

Similarly, in view of (2.11), (2.5) being a left action is equivalent to the (right)
adjoint action of m on Im γ being given by derivations; that is

φ(γ(Z,Z ′), ξ) = γ(ψ(Z, ξ), Z ′) + γ(Z,ψ(Z ′, ξ)).

On the other hand, neither (2.1), nor (2.3) is a priori a Lie bracket. Indeed, (2.13)
reveals that (2.1) satisfying the Jacobi identity is equivalent to∑

(ξ,ξ′,ξ′′)

ϕ(θ(ξ, ξ′), ξ′′) = 0.

For instance, if (2.2) or (2.5) is trivial, then (2.1) determines a Lie bracket on m.
Quite similarly, it follows from (2.16) that (2.3) satisfying the Jacobi identity is
equivalent to ∑

(Z,Z′,Z′′)

ψ(Z, γ(Z ′, Z ′′)) = 0.

As such, if (2.4) or (2.6) is trivial, then (2.3) defines a Lie algebra bracket on h. We
do note also that if (2.1) is a Lie bracket and (2.6) is a right action of m on h, the
condition (2.14) can simply be expressed as

θ ∈ H2(m, h),

that is, (2.2) is a 2-cocycle in the Lie algebra cohomology of m, with coefficients in h;
with the right m-module structure on h being given by (2.6). If, furthermore, (2.3)–
(2.5), are all trivial, then the bicocycle double cross sum m γ	
θ h becomes m �θ h;
the abelian extension of m by h. Symmetrically, if (2.3) is a Lie bracket and (2.5)
determines a left action of h on m, then the condition (2.15) turns out to

γ ∈ H2(h,m),

that is, (2.4) is a 2-cocycle in the Lie algebra cohomology of h, with coefficients
in m; with the left h-module structure on m being the one given by (2.5). If, fur-
thermore, (2.6), (2.2), and (2.1) are all trivial, then the bicocycle double cross sum
m γ	
θ h becomes m γ� h; the abelian extension of h by m.

Finally, the bicocycle double cross sum m γ	
θ h encompasses two types of unified
products under one roof; in case (2.2) is trivial, then m γ	
θ h = m γ	
 h is precisely
the (left-handed) unified product of [4, Theorem 3.2], while if (2.4) is trivial, then
m γ	
θ h = m 	
θ h is its right-handed counterpart.

We shall conclude with an illustration.
The Lie algebra of formal vector fields on the line.

2350254-8
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Let W1 be the Lie algebra of formal vector fields on the line, [27, 28], which is
an infinite dimensional Lie algebra with a basis zi := xi+1∂/∂x, for i ≥ −1, and
the Jacobi–Lie bracket of vector fields that corresponds to

[zi, zj] = (j − i)zi+j , i, j ≥ −1. (2.21)

Let also

m := 〈z� | � = 4k, or � = 4k + 1, k ≥ 0〉,
h := 〈z� | � = 4k − 1, or � = 4k + 2, k ≥ 0〉.

It is then evident that neither m, nor h is a subalgebra of W1. Nevertheless, they
are both subspaces, and m ⊕ h ∼= W1. As such,

W1
∼= m γ 	
θ h,

where the structure maps are given by

φ : m ⊗ m → m, φ(z4k, z4t) = 4(t− k)z4(k+t),

φ(z4k, z4t+1) = (4(t− k) + 1)z4(k+t)+1,

μ : h ⊗ h → h, μ(z4k−1, z4t−1) =

{
4(t− k)z4(k+t−1)+2 if t+ k ≥ 1,

0 if t = k = 0,

θ : m ⊗ m → h, θ(z4k+1, z4t+1) = 4(t− k)z4(k+t)+2,

γ : h ⊗ h → m, γ(z4k−1, z4t+2) = (4(t− k) + 3)z4(k+t)+1,

γ(z4k+2, z4t+2) = 4(t− k)z4(k+t+1),

ϕ : h ⊗ m → m, z4k−1 	 z4t+1 = (4(t− k) + 2)z4(t+k),

ψ : h ⊗ m → h, ψ(z4k−1, z4t) = (4(t− k) + 1)z4(t+k)−1,

ψ(z4k+2, z4t) = (4(t− k) − 2)z4(t+k)+2,

ψ(z4k+2, z4t+1) = (4(t− k) − 1)z4(t+k+1)−1.

2.2. Bicocycle double cross product Lie groups

In this section we shall develop a theory for the Lie groups of bicocycle double cross
sum Lie algebras. In other words, we shall now introduce a construction that allows
to construct a Lie group over two manifolds that are not necessarily subgroups.
From the decomposition point of view, we shall present a theory that allows to
decompose a Lie group into two submanifolds, none of which being necessarily a
subgroup. The construction we present here generalizes a double cross product by
two (twisted) 2-cocycles, and a unified product by one (twisted) 2-cocycle.
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Proposition 2.3. Let (M,H) be a pair of two (pointed) manifolds; namely (M, e)
and (H, 1), equipped with the (smooth) maps

ϕ : H ×M →M, (h, x) �→ ϕ(h, x), (2.22)

ψ : H ×M → H, (h, x) �→ ψ(h, x), (2.23)

φ : M ×M →M, (x, x′) �→ φ(x, x′) =: x · x′, (2.24)

θ : M ×M → H, (x, x′) �→ θ(x, x′), (2.25)

μ : H ×H → H, (h, h′) �→ μ(h, h′) =: h ∗ h′, (2.26)

γ : H ×H →M, (h, h′) �→ γ(h, h′) (2.27)

that satisfy

ϕ(1, x) = x, ϕ(h, e) = e,

ψ(h, e) = h, ψ(1, x) = 1,

e · e = e, 1 ∗ 1 = 1,

θ(e, e) = 1, γ(1, 1) = e.

(2.28)

Then, M ×H is a Lie group with the multiplication

(x, h)(x′, h′) = (x · [ϕ(h, x′) · γ(ψ(h, x′), h′)], [θ(x, ϕ(h, x′)) ∗ ψ(h, x′)] ∗ h′),
(2.29)

and the unit (e, 1) ∈M ×H if and only if

e · x = x = x · e, 1 ∗ h = h = h ∗ 1, (2.30)

θ(x, e) = 1 = θ(e, x), γ(h, 1) = e = γ(1, h), (2.31)

ϕ(h, x′ · x′′) · γ(ψ(h, x′ · x′′), θ(x′, x′′) ∗ h′′)
= ϕ(h, x′) · [ϕ(ψ(h, x′), x′′) · γ(ψ(ψ(h, x′), x′′), h′′)], (2.32)

ψ(h, x′ · x′′) ∗ [θ(x′, x′′) ∗ h′′]
= [θ(ϕ(h, x′), ϕ(ψ(h, x′), x′′)) ∗ ψ(ψ(h, x′), x′′)] ∗ h′′, (2.33)

θ(x · γ(h, h′), ϕ(h ∗ h′, x′′)) ∗ ψ(h ∗ h′, x′′) (2.34)

= [θ(x, ϕ(h, ϕ(h′, x′′))) ∗ ψ(h, ϕ(h′, x′′))] ∗ ψ(h′, x′′), (2.35)

[x · γ(h, h′)] · ϕ(h ∗ h′, x′′)
= x · [ϕ(h, ϕ(h′, x′′)) · γ(ψ(h, ϕ(h′, x′′)), ψ(h′, x′′))], (2.36)

x · (x′ · x′′) = (x · x′) · [ϕ(θ(x, x′), x′′) · γ(ψ(θ(x, x′), x′′), h′′)], (2.37)
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θ(x, x′ · x′′) ∗ [θ(x′, x′′) ∗ h′′]
= [θ(x · x′, ϕ(θ(x, x′), x′′)) ∗ ψ(θ(x, x′), x′′)] ∗ h′′, (2.38)

[x · γ(h, h′)] · γ(h ∗ h′, h′′)
= x · [ϕ(h, γ(h′, h′′)) · γ(ψ(h, γ(h′, h′′)), h′ ∗ h′′)], (2.39)

(h ∗ h′) ∗ h′′ = [θ(x, ϕ(h, γ(h′, h′′))) ∗ ψ(h, γ(h′, h′′))] ∗ (h′ ∗ h′′), (2.40)

for any x, x′, x′′ ∈M, and any h, h′, h′′ ∈ H, and furthermore

for any (x, h) ∈ M × H there is (xr, hr) ∈ M × H such that x · xr = e,

and h ∗ hr = 1, (2.41)

for any (x, h) ∈ M × H there is (x�, h�) ∈ M × H such that x� · x = e,

and h� ∗ h = 1. (2.42)

Proof. Let us begin with the identity element. On one hand we have

(e, 1)(x, 1) = (e · [x · e], [θ(e, x) ∗ 1] ∗ 1),

while on the other hand

(x, 1)(e, 1) = (x · e2, [θ(x, e) ∗ 1] ∗ 1).

Accordingly,

(e, 1)(x, 1) = (x, 1) = (x, 1)(e, 1),

for any x ∈M if and only if

e · (x · e) = x = x · e2,

and

[θ(e, x) ∗ 1] ∗ 1 = 1 = [θ(x, e) ∗ 1] ∗ 1.

On the other hand,

(e, h)(e, 1) = (e · (e · γ(h, 1)), (1 ∗ h) ∗ 1),

while

(e, 1)(e, h) = (e · (e · γ(1, h)), 12 ∗ h).

Thus,

(e, h)(e, 1) = (e, h) = (e, 1)(e, h),
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for any h ∈ H , if and only if

12 ∗ h = h = (1 ∗ h) ∗ 1,

and

e · (e · γ(h, 1)) = e = e · (e · γ(1, h)).

As a result, in view of the last line of (2.28), (e, 1) ∈M ×H is the identity element
of the multiplication (2.29) if and only if (2.30) and (2.31) hold.

Let us next consider the (mixed) associativity conditions for (2.29).
As for (x, 1), (x′, 1), (x′′, h′′) ∈M ×H , we have on one hand

(x, 1)[(x′, 1)(x′′, h′′)] = (x, 1)(x′ · x′′, θ(x′, x′′) ∗ h′′)
= (x · [x′ · x′′], θ(x, x′ · x′′) ∗ [θ(x′, x′′) ∗ h′′]),

while on the other hand,

[(x, 1)(x′, 1)](x′′, h′′) = (x · x′, θ(x, x′))(x′′, h′′)
= ([x · x′] · [ϕ(θ(x, x′), x′′) · γ(ψ(θ(x, x′), x′′), h′′)],

[θ(x · x′, ϕ(θ(x, x′), x′′)) ∗ ψ(θ(x, x′), x′′)] ∗ h′′).

Accordingly,

(x, 1)[(x′, 1)(x′′, h′′)] = [(x, 1)(x′, 1)](x′′, h′′),

if and only if (2.37) and (2.38) are satisfied.
We, then, proceed onto the mixed associativity condition for (x, h), (e, h′),

(e, h′′) ∈M ×H . To this end, we have

[(x, h)(e, h′)](e, h′′) = (x · γ(h, h′), h ∗ h′)(e, h′′)
= ([x · γ(h, h′)] · γ(h ∗ h′, h′′), [h ∗ h′] ∗ h′′),

and

(x, h)[(e, h′)(e, h′′)] = (x, h)(γ(h′, h′′), h′ ∗ h′′)
= (x · [ϕ(h, γ(h′, h′′)) · γ(ψ(h, γ(h′, h′′)), h′ ∗ h′′)],

[θ(x, ϕ(h, γ(h′, h′′))) ∗ ψ(h, γ(h′, h′′))] ∗ [h′ ∗ h′′]).

Hence,

[(x, h)(e, h′)](e, h′′) = (x, h)[(e, h′)(e, h′′)]

if and only if (2.39) and (2.40) hold.
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Next, we observe for (x, h), (e, h′), (x′′, 1) ∈M ×H that

[(x, h)(e, h′)](x′′, 1) = (x · γ(h, h′), h ∗ h′)(x′′, 1)

= ([x · γ(h, h′)] · ϕ(h ∗ h′, x′′), θ(x · γ(h, h′),

ϕ(h ∗ h′, x′′)) ∗ ψ(h ∗ h′, x′′)),
and that

(x, h)[(e, h′)(x′′, 1)] = (x, h)(ϕ(h′, x′′), ψ(h′, x′′))

= (x · [ϕ(h, ϕ(h′, x′′)) · γ(ψ(h, ϕ(h′, x′′)), ψ(h′, x′′))],

[θ(x, ϕ(h, ϕ(h′, x′′))) ∗ ψ(h, ϕ(h′, x′′))] ∗ ψ(h′, x′′)).

Therefore, we conclude that

[(x, h)(e, h′)](x′′, 1) = (x, h)[(e, h′)(x′′, 1)]

if and only if (2.35) and (2.36) are satisfied.
Last, for (e, h), (x′, 1), (x′′, h′′) ∈M ×H we consider the associativity through

(e, h)[(x′, 1)(x′′, h′′)] = (e, h)(x′ · x′′, θ(x′, x′′) ∗ h′′)
= (ϕ(h, x′ · x′′) · γ(ψ(h, x′ · x′′), θ(x′, x′′) ∗ h′′),
ψ(h, x′ · x′′) ∗ [θ(x′, x′′) ∗ h′′])

and

[(e, h)(x′, 1)](x′′, h′′) = (ϕ(h, x′), ψ(h, x′))(x′′, h′′)

= (ϕ(h, x′) · [ϕ(ψ(h, x′), x′′) · γ(ψ(ψ(h, x′), x′′), h′′)],

[θ(ϕ(h, x′), ϕ(ψ(h, x′), x′′)) ∗ ψ(ψ(h, x′), x′′)] ∗ h′′),
and we conclude that

(e, h)[(x′, 1)(x′′, h′′)] = [(e, h)(x′, 1)](x′′, h′′)

if and only if (2.32) and (2.33) hold.
We have come to the inverses now. Given any (x, 1) ∈ M×H, there is (x′, h′) ∈

M ×H such that

(x, 1)(x′, h′) = (e, 1) (2.43)

if and only if (2.41) holds. We note, in this case, that

x′ = xr, h′ = θ(x, xr)r.

Similarly, given (e, h) ∈M ×H , there is (x′′, h′′) ∈M ×H such that

(x′′, h′′)(e, h) = (e, 1) (2.44)
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if and only if (2.42) holds. In this case,

x′′ = γ(h�, h)�, h′′ = h�.

We shall denote the Lie group of Proposition 2.3 by M γ	
θ H := M ×H , and
we shall call it the bicocycle double cross product of the manifolds M and H .

A series of remarks are in order.

Remark. Given (x, 1) ∈ M × H,

(x, 1)[(xr , hr)(x, 1)] = (x, 1){(xr, 1)[(e, hr)(x, 1)]} = [(x, 1)(xr , 1)][(e, hr)(x, 1)]

= {[(x, 1)(xr, 1)](e, hr)}(x, 1) = [(x, 1)(xr , hr)](x, 1) = (x, 1),

where the first and the third equalities follow from (2.35) and (2.36), while the
second and the forth equalities are results of (2.37) and (2.38). Therefore, we have

(x, 1)−1 = (xr , θ(x, xr)r).

Similarly,

[(e, h)(x�, h�)](e, h) = {[(e, h)(x�, 1)](e, h�)}(e, h) = [(e, h)(x�, 1)][(e, h�)(e, h)]

= (e, h){(x�, 1)[(e, h�)(e, h)]} = (e, h)[(x�, h�)(e, h)] = (e, h),

where the first and the third equalities follow from (2.32) and (2.33), while the
second and the fourth equalities are results of (2.39) and (2.40). Accordingly,

(e, h)−1 = (γ(h�, h)�, h�).

As such, the inversion is given as

(x, h)−1 = [(x, 1)(e, h)]−1 = (e, h)−1(x, 1)−1 = (xr , θ(x, xr)r)(γ(h�, h)�, h�)

= (xr · [ϕ(θ(x, xr)r, γ(h�, h)�) · γ(ψ(θ(x, xr)r, γ(h�, h)�), h�)],

[θ(xr , ϕ(θ(x, xr)r, γ(h�, h)�)) ∗ ψ(θ(x, xr)r, γ(h�, h)�)] ∗ h�).

Remark. If the map (2.25) is trivial, and (2.23) is a trivial right action, then
the group M γ	
θ H = M γ 	
 H in Proposition 2.3 coincides with the one in [38,
Example 6.3.3]. If, on the other hand, the map (2.27) is trivial, and (2.22) is a trivial
left action, then the algebraM γ	
θ H = M 	
θ H becomes the right-handed version
of the group in [38, Example 6.3.3]. If, furthermore, H is commutative, then (2.23)
is a right action. In this case, (2.38) indicates that (2.25) is a 2-cocycle in the group
cohomology of M with coefficients in H , that is,

θ ∈ H2(M,H).

Finally, if (2.23) and (2.25) are trivial, and M is commutative, then (2.22) turns
out to be a left action. In this case, (2.39) implies that (2.27) is a 2-cocycle in the
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group cohomology of H with coefficients in M , that is,

γ ∈ H2(H,M).

We note also that if (2.25) is trivial, then M γ 	
θ H = M γ 	
 H is precisely the
unified product in [5, Theorem 3.5], whereas if (2.27) is trivial, then M γ	
θ H =
M 	
θ H is its right-handed analogue.

As in the preceding subsection, from the decomposition point of view we have
the following generalization of [38, Theorem 7.2.3] and [5, Theorem 3.1], compare
with [12, Proposition 2.3].

Proposition 2.4. Given two manifolds M and H, a Lie group G, and the (smooth)
maps

M
� �

i
�� G H,� �

j
��

if m ◦ (i × j) : M × H → G is a diffeomorphism, where m : G × G → G denotes
the multiplication in G, then G ∼= M γ	
θ H as Lie groups, where the maps (2.22)–
(2.27) may be obtained from

hx = ϕ(h, x)ψ(h, x), xx′ = (x · x′)θ(x, x′), hh′ = γ(h, h′)(h ∗ h′),

for any x, x′ ∈M, and any h, h′ ∈ H.

Proof. Let us first consider the maps

f : H ×M →M ×H (2.45)

given by

j(h)i(x) = (m ◦ (i× j) ◦ f)(h, x),

and

g : M ×M →M ×H (2.46)

given by

i(x)i(x′) = (m ◦ (i× j) ◦ g)(x, x′),

together with

r : H ×H →M ×H (2.47)

given by

j(h)j(h′) = (m ◦ (i× j) ◦ r)(h × h′).
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Accordingly, we define

ϕ : H ×M →M, ϕ := π1 ◦ f,
ψ : H ×M → H, ψ := π2 ◦ f,
φ : M ×M →M ×M, φ := π1 ◦ g,
θ : M ×M → H, θ := π2 ◦ g,
μ : H ×H → H, μ := π2 ◦ r,
γ : H ×H → M, γ := π1 ◦ r.

(2.48)

More explicitly,

f(h⊗ x) = ϕ(h, x) ⊗ ψ(h, x),

g(x⊗ x′) = φ(x, x′) ⊗ θ(x, x′),

r(h⊗ h′) = γ(h, h′) ⊗ μ(h, h′).

Therefore, the multiplication on M ×H which is borrowed from G is given by

hx := ϕ(h, x)ψ(h, x),

xx′ := φ(x, x′)θ(x, x′),

hh′ := γ(h, h′)μ(h, h′),

for any x, x′ ∈M , and any h, h′ ∈ H , with the unit being (e, 1) ∈M ×H .
To conclude, we impose the associativity and the unitality of the group struc-

ture on M × H to derive (2.28), while (2.30)–(2.40) are all satisfied by the maps
of (2.48).

Aside from the Lie groups of bicocycle double cross sum Lie algebras, local
triviality of fibrations offer a suitable avenue for the bicocycle double cross product
(local) Lie groups. Accordingly, we shall conclude this section with a brief discussion
on the local Lie groups.

Local Lie groups

Let us first recall from [44, Definition 2], see also [46, Sec. 3], that a manifold M ,
with a distinguished element e ∈ M , is said to be a local Lie group if there are
smooth maps

μ : U → M, i : V →M,

where U ⊆ M × M is an open subset such that ({e} × M) ∪ (M × {e}) ⊆ U ,
and V ⊆ M is also an open subset with e ∈ V , so that V × i(V ) ⊆ U , and that
i(V ) × V ⊆ U , satisfying

(i) μ(e, x) = x = μ(x, e), for any x ∈M ,
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(ii) μ(i(y), y) = e = μ(y, i(y)), for any y ∈ V , and
(iii) μ(x, μ(y, z)) = μ(μ(x, y), z) for any (x, y), (y, z), (x, μ(y, z)), (μ(x, y), z) ∈ U .

As was pointed out in [44, Example 3], an immediate example od a local Lie
group is that of a neighborhood of the identity in a (global) Lie group. To be more
precise, let G be a Lie group with the identity element e ∈ G, and M ⊆ G to be
any neighborhood of the identity. Then, M defines a local Lie group by restricting
the group multiplication m : G×G→ G to any open subset U ⊆M ×M satisfying
({e} ×M) ∪ (M × {e}) ⊆ U ⊆ (M ×M) ∩ μ−1(M), and the inversion i : G → G

to any open subset V ⊆ M subject to e ∈ V ⊆ M ∩ i−1(M) and (V × i(V )) ∪
(i(V ) × V ) ⊆ U .

Accordingly, given a fibration

F �� G
π �� B

so that the total space G has the structure of a Lie group (such as the Hopf fibra-
tions), the local triviality allows to decompose a neighborhood M ⊆ G of the
identity e ∈ G, say into M ∼= M1 × M2, along with e → (e1, e2). As such, any
U ⊆M ×M decomposes as U ∼= U1×U2, where U1 ⊆M1×M1 and U2 ⊆M2×M2.
The conditions (2.30)–(2.40) of Proposition 2.3 then allow to characterize (the asso-
ciativity of) the multiplication

(x, h)(x′, h′) = (x · [ϕ(h, x′) · γ(ψ(h, x′), h′)], [θ(x, ϕ(h, x′)) ∗ ψ(h, x′)] ∗ h′),
via

ϕ : p1(U2) × p2(U1) → p1(m−1(p2(U1))) ∩ p2(U1), (h, x) �→ ϕ(h, x), (2.49)

ψ : p1(U2) × p2(U1) → p1(U2) ∩ p2(m−1(p1(U2))), (h, x) �→ ψ(h, x), (2.50)

φ : U1 →M1, (x, x′) �→ φ(x, x′) =: x · x′, (2.51)

θ : U1 → p1(m−1(p1(U2))), (x, x′) �→ θ(x, x′), (2.52)

μ : U2 →M2, (h, h′) �→ μ(h, h′) =: h ∗ h′, (2.53)

γ : U2 → p2(m−1(p2(U1))), (h, h′) �→ γ(h, h′) (2.54)

satisfying

ϕ(e2, x) = x, ϕ(h, e1) = e1,

ψ(h, e1) = h, ψ(e2, x) = e2,

e1 · e1 = e1, e2 ∗ e2 = e2,

θ(e1, e1) = e2, γ(e2, e2) = e1,

(2.55)

for any (x, x′) ∈ U1 and any (h, h′) ∈ U2, where given i, j ∈ {1, 2}, pi(Uj) ∈ Mi

refers to the projection of Uj onto the ith component. Then, the decompositionM ∼=
M1×M2 and Proposition 2.4 ensures the multiplication on G coincides with the one
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above when restricted to U ⊆ M ×M . Last, in order to ensure (2.41) and (2.42),
we take a V ∼= V1 × V2 ∈ M ∩ i−1(M) such that (V1 × i(V1)) ∪ (i(V1) × V1) ⊆ U1,
and that (V2 × i(V2)) ∪ (i(V2) × V2) ⊆ U2.

Finally, we do note in this case that M1 (respectively, M2) becomes a local Lie
group via U1 ⊆M1 ×M1 (respectively, U2 ⊆M2 ×M2) and V1 ⊆M1 (respectively,
V2 ⊆ M2). As a result, we may say (with a slight abuse of language) that M is a
bicocycle double cross product of the local Lie groups M1 and M2.

3. Quantum (Bi)Cocycle Double Cross Constructions

Motivated by the fact that Hopf algebras are the quantum counterparts of both Lie
groups and Lie algebras, we shall upgrade in this section the bicocycle double cross
constructions of both Secs. 2.1 and 2.2 to the level of bialgebras. Furthermore, we
shall also discuss the semidualization of such a bicocycle double cross product bialge-
bra, which happens to be a unified product as an algebra, and a unified coproduct as
a coalgebra. The latter will be constructed below in detail, under the name of cocy-
cle double cross coproduct bialgebra, while the former is precisely the construction
in [1], and hence will only be reviewed for the readers’ convenience.

3.1. Cocycle double cross product bialgebras

In this subsection we shall recall from [1], see also [8], a bialgebra construction
which accounts for the quantum analogue of both the unified products g := m 	
θ h

of [4], and G 	
θ M of [5]. Namely, we shall review the construction of a bialgebra
G := M⊗H, in which M is merely a subcoalgebra, while H is a sub-bialgebra. The
construction may then be pictured as

M
� �

i
�� G H,� �

j

alg��

in the category of coalgebras, and provides a natural cocycle generalization of
the double cross product construction in [38, Theorem 7.2.2], and the cocycle
bicrossproduct construction in [38, Proposition 6.3.7].

Let H be a bialgebra, and let (M, e) be a coalgebra equipped with a distinguished
grouplike e ∈ M. Let the mutual interaction of the pair (M,H) be given by

ϕ : H⊗ M → M, h⊗ x �→ ϕ(h, x) =: h 	 x, (3.1)

that satisfies

1 	 x = x, (3.2)

and

ψ : H⊗ M → H, h⊗ x �→ ψ(h, x), (3.3)

that satisfies

ψ(h, e) = h. (3.4)

2350254-18



2nd Reading

September 12, 2022 15:49 WSPC/S0219-4988 171-JAA 2350254

Bicocycle double cross constructions

Let us emphasize that (3.1) and (3.3) are morphisms of coalgebras (as we work
in the category of coalgebras); that is,

Δ(h 	 x) = h(1) 	 x(1) ⊗ h(2) 	 x(2) , ε(h 	 x) = ε(h)ε(x),

as such, M is a left H-module algebra, and

Δ(ψ(h, x)) = ψ(h(1) , x(1)) ⊗ ψ(h(2) , x(2)), ε(ψ(h, x)) = ε(h)ε(x).

Furthermore, just like it is in [38, Definition 7.2.1], we shall assume

h 	 e = ε(h)e, ψ(1, x) = ε(x)1. (3.5)

Let us further assume that the coalgebra M is endowed with a binary operation

φ : M ⊗ M → M, x⊗ x′ �→ φ(x, x′) =: x · x′, (3.6)

as well as a mapping

θ : M ⊗ M → H, x⊗ x′ �→ θ(x, x′), (3.7)

which satisfies

θ(e, e) = 1 (3.8)

in order to be able to realize H ↪→ M ⊗ H as a subalgebra. Let us underline also
that these too are coalgebra morphisms; that is,

Δ(x · x′) = x(1) · x′(1) ⊗ x(2) · x′(2) , ε(x · x′) = ε(x)ε(x′),

and

Δ(θ(x, x′)) = θ(x(1) , x′(1)) ⊗ θ(x(2) , x′(2)), ε(θ(x, x′)) = ε(x)ε(x′).

Definition 3.1. Let M be a coalgebra with a distinguished group-like e ∈
M, and let H be a bialgebra. Then the pair (M,H), equipped with coalgebra
maps (3.1), (3.3), (3.6), and (3.7), that satisfy (3.2), (3.4), (3.5), (3.8) is called a
(right) cocycle double cross product pair.

We refer the reader to [11, Definition 2.5] for a comparison with the Hopf datum.

Proposition 3.1. Let (M,H) be a (right) cocycle double cross product pair. Then,
G := M ⊗H is a bialgebra through

(x⊗ h)(x′ ⊗ h′) := x(1) · (h(1) 	 x′(1)) ⊗ θ(x(2) , h(2) 	 x′(2))ψ(h(3) , x′(3))h′, (3.9)

and

Δ(x⊗ h) := (x(1) ⊗ h(1)) ⊗ (x(2) ⊗ h(2)), (3.10)
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with the unit e⊗ 1 ∈ M ⊗H, and the counit given by ε(x ⊗ h) := ε(x)ε(h), if and
only if (3.1), (3.3), (3.6), and (3.7) are subject to

e · x = x = x · e, (3.11)

θ(x, e) = ε(x)1 = θ(e, x), (3.12)

h 	 (x · x′) = (h(1) 	 x(1) ) · (ψ(h(2) , x(2) ) 	 x′), (3.13)

ψ(h, x(1) · x′(1))θ(x(2) , x′(2)) = θ(h(1) 	 x(1) , ψ(h(2) , x(2)) 	 x′(1))

×ψ(ψ(h(3) , x(3)), x′(2)), (3.14)

ψ(hh′, x) = ψ(h, h′(1) 	 x(1) )ψ(h′(2) , x(2)), (3.15)

M is a left H-module, (3.16)

x · (x′ · x′′) = (x(1) · x′(1)) · (θ(x(2) , x′(2)) 	 x′′), (3.17)

θ(x, x′(1) · x′′(1))θ(x′(2) , x′′(2)) = θ(x(1) · x′(1) , θ(x(2) , x′(2)) 	 x′′(1))

×ψ(θ(x(3) , x′(3)), x′′(2)), (3.18)

ψ(h(2) , x(2) ) ⊗ h(1) 	 x(1) = ψ(h(1) , x(1)) ⊗ h(2) 	 x(2) , (3.19)

θ(x(2) , x′(2)) ⊗ x(1) · x′(1) = θ(x(1) , x′(1)) ⊗ x(2) · x′(2) . (3.20)

The bialgebra M �H := M⊗H of Proposition 3.1 is in fact the (right handed)
unified product of M and H, in [1, Theorem 2.4], and Ω(H) := (M, 	, ψ, θ) an
extending datum of the bialgebra H in [1, Definition 2.1]. We shall, on the other
hand, use the notation M 	
θ H to emphasize the twisted cocycle, and call it
(right) cocycle double cross product in order to highlight its intermediate place in
a hierarchy of constructions. The precise unified product in [1, Theorem 2.4] is
denoted by M γ 	
 H in the present terminology, and may be referred as a (left)
cocycle double cross product.

A series of remarks are in order.

Remark. Let us note that the left action (3.1) being a map of coalgebras is equiv-
alent to M being a (left) H-module coalgebra. Similarly, if in particular (3.3) is a
right action, that its being a coalgebra map will mean H being a (right) M-module
coalgebra. In this case, (3.13), (3.15), and (3.19) are nothing but (7.7), (7.8) and
(7.9) of [38, Definition 7.2.1]. If, furthermore, (3.7) is trivial, then Proposition 3.1
above coincides with [38, Theorem 7.2.2].

Remark. If the left action (3.1) is trivial (given by the counit), then the algebra
M 	
θ H given in Proposition 3.1 is nothing but M �θ H of [38, Proposition 6.3.7],
since in this case the condition (6.27) of [38, Proposition 6.3.7] follows from (3.15),
(6.28) from (3.14), and (6.29) from (3.18). If, furthermore, (3.3) is a right action
and the multiplication on H is trivial; that is, given by the addition (in other words
H is regarded only as a vector space), then (3.18) indicates that (3.7) is a 2-cocycle
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in the algebra Hochschild cohomology of M with coefficients in H. In short,

θ ∈ H2(M,H).

Remark. Finally, let us mention that the cocycle cross product construction does
fit into more general constructions such as the weak crossed product of [26], and the
Brzezinski cross product construction (cross product with a vector space) of [13,
Proposition 2.1]. The former has been shown in detail in [26, Sec. 3]. As such, here
we shall note only that the cocycle cross product construction falls into the realm
of [13, Proposition 2.2]; cross product by a coalgebra construction, associated to
the entwining data (H,M, ρ, e, ρM) given by

ρ : H⊗ M → M ⊗H, ρ(h⊗ x) := h(1) 	 x⊗ h(2) ,

and

ρM : M ⊗ M → M ⊗ M, ρM(x⊗ x′) := x(1) · x′ ⊗ x(2) .

An analogue of [38, Theorem 7.2.3] and [1, Theorem 2.7], compare with [12,
Proposition 2.3], is stated below. A more general statement will be proved below,
and hence the proof is omitted.

Proposition 3.2. Given a coalgebra M, and two bialgebras G and H that fit into

M
� �

i
�� G H,� �

j

alg��

in the category of coalgebras, if μ ◦ (i ⊗ j) : M ⊗ H → G is an isomorphism (of
coalgebras), where μ : G⊗G → G denotes the multiplication in G, then G ∼= M 	
θ H
as bialgebras. In this case, the maps (3.1), (3.3), (3.6), (3.7) are obtained by

hx = (h(1) 	 x(1))ψ(h(2) , x(2)), xx′ = φ(x(1) , x′(1))θ(x(2) , x′(2)), (3.21)

for any x, x′ ∈ M, and any h ∈ H.

Using now Proposition 3.2, we can express the universal enveloping algebra U(g)
of a cocycle double cross sum Lie algebra g := m 	
θ h as a cocycle double cross
product algebra.

Corollary 3.2. Given the cocycle double cross sum Lie algebra g := m 	
θ h, let
Ũ(m) := U(g)/U(g)U(h)+, where U(h)+ := ker ε|U(h) for ε : U(g) → k. Then,
U(m 	
θ h) ∼= Ũ(m) 	
θ U(h) as bialgebras.

Proof. A vector space basis for Ũ(m) may be given by

{ξr1
1 . . . ξrm

m | r1, . . . , rm ≥ 0},
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where {ξ1, . . . , ξm} ⊆ g is a basis for the complement of h ⊆ g, see also [18, Propo-
sition 2.2.7]. Similarly, a vector space basis for U(h) may be given by

{ξrm+1
m+1 . . . ξ

rn
n | rm+1, . . . , rn ≥ 0},

where {ξm+1, . . . , ξn} ⊆ g is a basis for h. On the other hand, both Ũ(m) and U(h)
are subcoalgebras of U(g), with respect to the trivial (vector space basis elements
of g being primitive) vector space structure. Accordingly, we have

Ũ(m) � �

i
�� U(g) U(h).� �

j

alg��

The claim then follows from Proposition 3.2.

Remark. The cocycle for the cocycle double cross product bialgebra is determined
as in (3.21), though with a slight abuse of notation we used the same symbol as the
one in the Lie algebra level.

3.2. Cocycle double cross coproduct bialgebras

In this section we shall present a (categorical) dual construction to that of the
above subsection. More precisely, given a bialgebra H, and an algebra M with a
distinguished character η : M → k, we shall consider a bialgebra structure on
M ��σ H := M ⊗H, that fits into the picture

M Lq���� p

coalg
�� �� H

in the category of algebras (and algebra homomorphisms).
To this end, let

∇ : M → H⊗ M, x �→ ∇(x) := x〈−1〉 ⊗ x〈0〉, (3.22)

satisfy

ε(x〈−1〉)x〈0〉 = x, (3.23)

for any x ∈ M, and let there also be a linear map (not a priori coaction)

� : H → H⊗ M, h �→ �(h) := h[0] ⊗ h[1] (3.24)

that satisfies

h[0]η(h[1]) = h, (3.25)

for any h ∈ H. Analogue to (3.5); we shall assume that (3.22) and (3.24) interacts
with the counits via

x〈−1〉η(x〈0〉) = η(x)1, ε(h[0])h[1] = ε(h)1. (3.26)

Furthermore, let there be the linear maps

δ : M → M ⊗ M, x �→ δ(x) := x{1} ⊗ x{2} (3.27)
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and

σ : H → M ⊗ M, h �→ σ(h) := h{1} ⊗ h{2}, (3.28)

the latter of which satisfying

η(h{1} )η(h{2} ) = ε(h), (3.29)

for any h ∈ H, to be able to realize the projection M ⊗ H → H as a coalgebra
homomorphism.

Just as we work in the category of coalgebras in Sec. 3.1, this time we
shall work in the category of algebras; that is, we shall assume that the
maps (3.22), (3.24), (3.27), and (3.28) are algebra homomorphisms (assuming the
tensor product algebra structure on M ⊗H). More explicitly,

∇(xx′) = x〈−1〉x
′
〈−1〉 ⊗ x〈0〉x

′
〈0〉 , ∇(1) = 1 ⊗ 1,

�(hh′) = h[0]h′[0] ⊗ h[1]h′[1] , �(1) = 1 ⊗ 1,

δ(xx′) = x{1}x′{1} ⊗ x{2}x′{2} , δ(1) = 1 ⊗ 1,

σ(hh′) = h{1}h′{1} ⊗ h{2}h′{2} , σ(1) = 1 ⊗ 1,

(3.30)

for all x, x′ ∈ M, and any h, h′ ∈ H.

Definition 3.3. Let M be an algebra with a distinguished character η : M →
k, and let H be a bialgebra. Then the pair (M,H), equipped with algebra
maps (3.22), (3.24), (3.27), and (3.28), that satisfy (3.23), (3.25), (3.26), (3.29)
is called a “(right) cocycle double cross coproduct pair”.

Once again, we refer the reader to [11, Definition 2.5] for a comparison with the
“Hopf datum”. Now, analogue to Proposition 3.1, we have the following.

Proposition 3.3. Let (M,H) be a (right) cocycle double cross coproduct pair.
Then, the tensor product G := H⊗ M is a bialgebra through

(x ⊗ h)(x′ ⊗ h′) := xx′ ⊗ hh′ (3.31)

and

Δ��(x⊗ h) := (x{1}h(1)
{1} ⊗ x{2}〈−1〉h(1)

{2}
〈−1〉h(2)[0])

⊗ (x{2}〈0〉h(1)
{2}

〈0〉h(2)[1] ⊗ h(3)), (3.32)

with the unit 1 ⊗ 1 ∈ M ⊗ H and the counit ε��(x ⊗ h) := η(x)ε(h), if and only
if (3.22), (3.24), (3.27), and (3.28) are subject to

η(x{1})x{2} = x = x{1}η(x{2}), (3.33)
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η(h{1} )h{2} = ε(h)1 = h{1} η(h{2} ), (3.34)

M is a left H-comodule, (3.35)

x{1} ⊗ x{2}{1} ⊗ x{2}{2} = x{1}{1}x{2}〈−1〉
{1}

⊗ x{1}{2}x{2}〈−1〉
{2} ⊗ x{2}〈0〉 , (3.36)

x〈−1〉 ⊗ x〈0〉{1} ⊗ x〈0〉{2} = x{1}〈−1〉x{2}〈−1〉[0] ⊗ x{1}〈0〉x{2}〈−1〉 [1]

⊗ x{2}〈0〉 , (3.37)

h(1)
{1} ⊗ h(1)

{2}{1}h(2)
{1} ⊗ h(1)

{2}{2}h(2)
{2}

= h(1)
{1}{1}h(1)

{2}
〈−1〉

{1}h(2)[0]
{1} ⊗ h(1)

{1} {2}h(1)
{2}

〈−1〉
{2}h(2) [0]

{2}

⊗ h(1)
{2}

〈0〉h(2)[1] , (3.38)

h(1) [0] ⊗ h(1)[1]{1}h(2)
{1} ⊗ h(1)[1]{2}h(2)

{2}

= h(1)
{1}

〈−1〉h(1)
{2}

〈−1〉 [0]h(2)[0][0] ⊗ h(1)
{1}

〈0〉h(1)
{2}

〈−1〉 [1]h(2)[0][1]

⊗ h(1)
{2}

〈0〉h(2)[1] , (3.39)

h(1) [0] ⊗ h(1)[1]〈−1〉h(2)[0] ⊗ h(1)[1]〈0〉h(2)[1] = h[0](1) ⊗ h[0](2) ⊗ h[1] , (3.40)

x〈−1〉h[0] ⊗ x〈0〉h[1] = h[0]x〈−1〉 ⊗ h[1]x〈0〉 , (3.41)

h{1}x{1} ⊗ h{2}x{2} = x{1}h{1} ⊗ x{2}h{2} (3.42)

for any x ∈ M, and any h ∈ H.

Proof. The claim follows at once by dualizing the proof of [1, Theorem 2.4].

We shall use the notation M ��σ H for the (right) cocycle double cross coproduct
bialgebra of Proposition 3.3. A (left) cocycle double cross coproduct construction
M λ�� H may be pursued similarly.

Once again, a few remarks are in order; before we proceed into the decomposition
point of view.

Remark. If the left coaction (3.22) is trivial, then the coalgebra M ��σ H in
Proposition 3.3 is nothing but M �<σ H, that is, the right-handed version of
M λ>� H in [38, Proposition 6.3.8]. If, moreover, (3.24) is a right coaction, and
the comultiplication on H is trivial, then (3.38) indicates that (3.28) determines
a 2-cocycle in the coalgebra Hochschild cohomology of M with coefficients in the
M-bicomodule H. In short,

σ(h) ∈ H2(M,H),

for any h ∈ H.

Remark. The cocycle double cross coproduct construction does fit into (the right-
handed version of) the one given in [13, Appendix]; cross product by an algebra,
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associated to the dual entwining data (H,M, ρ, η, ρM) given by

ρ : M ⊗H → H⊗ M, ρ(x⊗ h) := x〈−1〉h⊗ x〈0〉

and

ρM : M ⊗ M → M ⊗ M, ρM(x ⊗ x′) := x{1}x′ ⊗ x{2} .

Along the line of thought in Proposition 3.3, dualizing the proof of Proposi-
tion 3.2 we obtain the following.

Proposition 3.4. Given an algebra M and two bialgebras L,H that fit into

M Lq���� p

coalg
�� �� H

in the category of algebras, if

(q ⊗ p) ◦ ΔL : L → M ⊗H (3.43)

is an isomorphism (of algebras), where ΔL : L → L ⊗ L stands for the comultipli-
cation in L, then L ∼= M ��σ H as bialgebras. In this case, the maps (3.22), (3.24),
(3.27), (3.28) are obtained by

ΔL(x) = x{1}x{2}〈−1〉 ⊗ x{2}〈0〉 ,

ΔL(h) = h(1)
{1}h(1)

{2}
〈−1〉h(2) [0] ⊗ h(1)

{2}
〈0〉h(2)[1]h(3) .

3.3. Bicocycle double cross product bialgebras

Given two coalgebras (M, e) and (H, 1), with distinguished group-likes e ∈ M and
1 ∈ H, in this section we shall present the construction of a bialgebra M γ	
θ H :=
M ⊗H that fits into the picture

M
� �

i
�� M γ	
θ H H,� �

j
��

in the category of coalgebras. In other words, both M and H are accommodated
merely as subcoalgebras in M γ	
θ H.

Accordingly, in addition to

ϕ : H⊗ M → M, h⊗ x �→ ϕ(h, x), (3.44)

ψ : H⊗ M → H, h⊗ x �→ ψ(h, x), (3.45)

φ : M ⊗ M → M, x⊗ x′ �→ φ(x, x′) =: x · x′, (3.46)

θ : M ⊗ M → H, x⊗ x′ �→ θ(x, x′). (3.47)

We shall need two more (coalgebra) maps

μ : H⊗H → H, h⊗ h′ �→ μ(h, h′) =: h ∗ h′ (3.48)
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and

γ : H⊗H → M, h⊗ h′ �→ γ(h, h′) =: γ(h⊗ h′). (3.49)

More precisely, we shall begin with the following data.

Definition 3.4. Let (M, e) and (H, 1) be two coalgebras with distinguished group-
likes e ∈ M, and 1 ∈ H. Then the pair (M,H), equipped with the coalgebra
maps (3.44), (3.45), (3.46), (3.47), (3.48), and (3.49) that satisfy

ϕ(1, x) = x, ψ(h, e) = h, ϕ(h, e) = ε(h)e, ψ(1, x) = ε(x)1,

θ(e, e) = 1, μ(1, 1) = 1, φ(e, e) = e, γ(1, 1) = e
(3.50)

is called a bicocycle double cross product pair.

Proposition 3.5. Let (M,H) be a bicocycle double cross product pair. Then, G :=
M ⊗H is a bialgebra through

(x⊗ h)(x′ ⊗ h′) := x(1) · [ϕ(h(1) , x′(1)) · γ(ψ(h(2) , x′(2)), h′(1))]

⊗ [θ(x(2) , ϕ(h(3) , x′(3))) ∗ ψ(h(4) , x′(4))] ∗ h′(2) (3.51)

and

Δ(x⊗ h) := (x(1) ⊗ h(1)) ⊗ (x(2) ⊗ h(2)), (3.52)

with the unit e⊗ 1 ∈ M ⊗H, and the counit given by ε(x ⊗ h) := ε(x)ε(h), if and
only if (3.1), (3.3), (3.6), (3.7), (3.48), (3.49) are subject to

e · x = x = x · e, 1 ∗ h = h = h ∗ 1, (3.53)

θ(x, e) = ε(x)1 = θ(e, x), γ(h, 1) = ε(h)e = γ(1, h), (3.54)

ϕ(h(1) , x′(1) · x′′(1)) · γ(ψ(h(2) , x′(2) · x′′(2)), θ(x(3) , x′′(3)) ∗ h′′) = ϕ(h(1) , x′(1)) ·
× [ϕ(ψ(h(2) , x′(2)), x′′(1)) · γ(ψ(ψ(h(3) , x′(3)), x′′(2)), h′′)], (3.55)

ψ(h, x′(1) · x′′(1)) ∗ [θ(x′(2) , x′′(2)) ∗ h′′] = [θ(ϕ(h(1) , x′(1)),

ϕ(ψ(h(2) , x′(2)), x′′(1))) ∗ ψ(ψ(h(3) , x′(3)), x′′(2))] ∗ h′′, (3.56)

θ(x · γ(h(1) , h′(1)), ϕ(h(2) ∗ h′(2) , x′′(1))) ∗ ψ(h(3) ∗ h′(3) , x′′(2))
= [θ(x, ϕ(h(1) , ϕ(h′(1) , x′′(1)))) ∗ ψ(h(2) , ϕ(h′(2) , x′′(2)))]

∗ψ(h′(3) , x′′(3)), (3.57)

[x · γ(h(1) , h′(1))] · ϕ(h(2) ∗ h′(2) , x′′) = x · [ϕ(h(1) , ϕ(h′(1) , x′′(1))) ·
× γ(ψ(h(2) , ϕ(h′(2) , x′′(2))), ψ(h′(3) , x′′(3)))], (3.58)
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x · (x′ · x′′) = (x(1) · x′(1)) · [ϕ(θ(x(2) , x′(2)), x′′(1)) ·
× γ(ψ(θ(x(3) , x′(3)), x′′(2)), h′′)], (3.59)

θ(x, x′(1) · x′′(1)) ∗ [θ(x′(2) , x′′(2)) ∗ h′′]
= [θ(x(1) · x′(1) , ϕ(θ(x(2) , x′(2)), x′′(1))) ∗ ψ(θ(x(3) , x′(3)), x′′(2))] ∗ h′′, (3.60)

[x · γ(h(1) , h′(1))] · γ(h(2) ∗ h′(2) , h′′)
= x · [ϕ(h(1) , γ(h′(1) , h′′(1))) · γ(ψ(h(2) , γ(h′(2) , h′′(2))), h′(3) ∗ h′′(3))], (3.61)

(h ∗ h′) ∗ h′′ = [θ(x, ϕ(h(1) , γ(h′(1) , h′′(1)))) ∗ ψ(h(2) , γ(h′(2) , h′′(2)))]

∗ (h′(3) ∗ h′′(3)), (3.62)

ψ(h(2) , x(2) ) ⊗ ϕ(h(1) , x(1)) = ψ(h(1) , x(1) ) ⊗ ϕ(h(2) , x(2)), (3.63)

θ(x(2) , x′(2)) ⊗ x(1) · x′(1) = θ(x(1) , x′(1)) ⊗ x(2) · x′(2) , (3.64)

h(2) ∗ h′(2) ⊗ γ(h(1) , h′(1)) = h(1) ∗ h′(1) ⊗ γ(h(2) , h′(2)), (3.65)

for any x, x′, x′′ ∈ M, and any h, h′, h′′ ∈ H.

Proof. We shall begin with the unitality, that is, e⊗ 1 ∈ M⊗H being the unit of
the multiplication (3.51), and then we shall proceed to the associativity. We observe
at once that

(e⊗ 1)(x⊗ 1) = e · (x(1) · e) ⊗ (θ(e, x(2) ) ∗ 1) ∗ 1,

and that

(x⊗ 1)(e⊗ 1) = x(1) · e2 ⊗ (θ(x(2) , e) ∗ 1) ∗ 1.

Accordingly,

(e⊗ 1)(x⊗ 1) = (x⊗ 1) = (x ⊗ 1)(e⊗ 1)

if and only if

e · (x · e) = x = x · e2

and

(θ(x, e) ∗ 1) ∗ 1 = ε(x)1 = (θ(e, x) ∗ 1) ∗ 1.

On the other hand,

(e⊗ h)(e⊗ 1) = e · (e · γ(h(1) , 1)) ⊗ (1 ∗ h(2)) ∗ 1

while

(e⊗ 1)(e⊗ h) = e · (e · γ(1, h(1))) ⊗ 12 ∗ h(2) .

Thus,

(e⊗ h)(e⊗ 1) = e⊗ h = (e⊗ 1)(e⊗ h)
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if and only if

12 ∗ h = h = (1 ∗ h) ∗ 1,

and

e · (e · γ(1, h)) = ε(h)e = e · (e · γ(h, 1)).

As a result, in view of (3.50), e⊗ 1 ∈ M ⊗H is the identity element of the multi-
plication (3.51) if and only if (3.53) and (3.54) hold.

We now come to the (mixed) associativity conditions for (3.51). As for x⊗1, x′⊗
1, x′′ ⊗ h′′ ∈ M ⊗H, we have on one hand

(x⊗ 1)[(x′ ⊗ 1)(x′′ ⊗ h′′)] = (x⊗ 1)(x′(1) · x′′(1) ⊗ θ(x′(2) , x′′(2)) ∗ h′′)
= x(1) · [x′(1) · x′(1) ] ⊗ θ(x(2) , x′(2) · x′′(2))

∗ [θ(x′(3) , x′′(3)) ∗ h′′],

while on the other hand,

[(x ⊗ 1)(x′ ⊗ 1)](x′′ ⊗ h′′) = (x(1) · x′(1) ⊗ θ(x(2) , x′(2)))(x′′ ⊗ h′′)

= [x(1) · x′(1) ] · [ϕ(θ(x(3) , x′(3)), x′′(1)) · γ(ψ(θ(x(4) , x′(4)), x′′(2)), h′′(1))]

⊗ [θ(x(2) · x′(2) , ϕ(θ(x(5) , x′(5)), x′′(3))) ∗ ψ(θ(x(6) , x′(6)), x′′(4))] ∗ h′′(2) .

Accordingly,

(x⊗ 1)[(x′ ⊗ 1)(x′′ ⊗ h′′)] = [(x⊗ 1)(x′ ⊗ 1)](x′′ ⊗ h′′)

yields (3.59) and (3.60).
We, then, proceed onto the mixed associativity condition for x⊗h, e⊗h′, e⊗h′′ ∈

M ⊗H. To this end, we have

[(x⊗ h)(e⊗ h′)](e⊗ h′′) = (x · γ(h(1) , h′(1)) ⊗ h(2) ∗ h′(2))(e⊗ h′′)

= [x · γ(h(1) , h′(1))] · γ(h(2) ∗ h′(2) , h′′(1))
⊗ [h(3) ∗ h′(3) ] ∗ h′′(2)

and

(x ⊗ h)[(e⊗ h′)(e⊗ h′′)] = (x⊗ h)(γ(h′(1) , h′′(1)) ⊗ h′(2) ∗ h′′(2))
= x(1) · [ϕ(h(1) , γ(h′(1) , h′′(1))) · γ(ψ(h(2) , γ(h′(2) , h′′(2))),

h′(5) ∗ h′′(5))] ⊗ [θ(x(2) , ϕ(h(3) , γ(h′(3) , h′′(3))))

∗ψ(h(4) , γ(h′(4) , h′′(4)))] ∗ [h′(6) ∗ h′′(6) ].
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Hence,

[(x⊗ h)(e⊗ h′)](e⊗ h′′) = (x⊗ h)[(e⊗ h′)(e⊗ h′′)]

implies (3.61) and (3.62).
Next, we observe for x⊗ h, e⊗ h′, x′′ ⊗ 1 ∈ M ⊗H that

[(x⊗ h)(e⊗ h′)](x′′ ⊗ 1) = (x · γ(h(1) , h′(1)) ⊗ h(2) ∗ h′(2))(x′′ ⊗ 1)

= [x(1) · γ(h(1) , h′(1))] · ϕ(h(3) ∗ h′(3) , x′′(1))
⊗ θ(x(2) · γ(h(2) , h′(2)), ϕ(h(4) ∗ h′(4) , x′′(2)))
∗ψ(h(5) ∗ h′(5) , x′′(3))

and that

(x⊗ h)[(e⊗ h′)(x′′ ⊗ 1)] = (x ⊗ h)(ϕ(h′(1) , x′′(1)) ⊗ ψ(h′(2) , x′′(2)))

= x(1) · [ϕ(h(1) , ϕ(h′(1) , x′′(1))) · γ(ψ(h(2) , ϕ(h′(2) , x′′(2))),

ψ(h′(5) , x′′(5)))] ⊗ [θ(x(2) , ϕ(h(3) , ϕ(h′(3) , x′′(3))))

∗ψ(h(4) , ϕ(h′(4) , x′′(4)))] ∗ ψ(h′(6) , x′′(6)).

Therefore, we conclude (3.57) and (3.58) from

[(x⊗ h)(e⊗ h′)](x′′ ⊗ 1) = (x⊗ h)[(e⊗ h′)(x′′ ⊗ 1)].

Last, for e⊗ h, x′ ⊗ 1, x′′ ⊗ h′′ ∈ M ⊗H we consider the associativity through

(e⊗ h)[(x′ ⊗ 1)(x′′ ⊗ h′′)] = (e⊗ h)(x′(1) · x′′(1) ⊗ θ(x′(2) , x′′(2)) ∗ h′′)
= ϕ(h(1) , x′(1) · x′′(1)) · γ(ψ(h(2) , x′(2) · x′′(2)),
θ(x′(4) , x′′(4)) ∗ h′′(1)) ⊗ ψ(h(3) , x′(3) · x′′(3))
∗ [θ(x′(5) , x′′(5)) ∗ h′′(2) ],

and

[(e⊗ h)(x′ ⊗ 1)](x′′ ⊗ h′′) = (ϕ(h(1) , x′(1)) ⊗ ψ(h(2) , x′(2)))(x′′ ⊗ h′′)

= ϕ(h(1) , x′(1)) · [ϕ(ψ(h(3) , x′(3)), x′′(1)) · γ(ψ(ψ(h(4) , x′(4)), x′′(2)), h′′(1))]

⊗ [θ(ϕ(h(2) , x′(2)), ϕ(ψ(h(5) , x′(5)), x′′(3))) ∗ ψ(ψ(h(6) , x′(6)), x′′(4))] ∗ h′′(2) ,

and we conclude that

(e⊗ h)[(x′ ⊗ 1)(x′′ ⊗ h′′)] = [(e⊗ h)(x′ ⊗ 1)](x′′ ⊗ h′′)

gives (3.55) and (3.56).
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Finally, we check the multiplicativity of the comultiplication Δ : G → G ⊗ G.
On one hand we have

Δ((x ⊗ h)(x′ ⊗ h′)) = Δ(x(1) · ϕ(h(1) , x′(1)) · γ(ψ(h(2) , x′(2)), h′(1))

⊗ θ(x(2) , ϕ(h(3) , x′(3))) ∗ ψ(h(4) , x′(4)) ∗ h′(2))
= (x(1) · ϕ(h(1) , x′(1)) · γ(ψ(h(3) , x′(3)), h′(1))

⊗ θ(x(3) , ϕ(h(5) , x′(5))) ∗ ψ(h(7) , x′(7)) ∗ h′(3))
⊗ (x(2) · ϕ(h(2) , x′(2)) · γ(ψ(h(4) , x′(4)), h′(2))

⊗ θ(x(4) , ϕ(h(6) , x′(6))) ∗ ψ(h(8) , x′(8)) ∗ h′(4)),
and on the other hand

Δ(x⊗ h)Δ(x′ ⊗ h′) = ((x(1) ⊗ h(1)) ⊗ (x(2) ⊗ h(2)))((x′(1) ⊗ h′(1)) ⊗ (x′(2) ⊗ h′(2)))

= (x(1) ⊗ h(1))(x′(1) ⊗ h′(1)) ⊗ (x(2) ⊗ h(2))(x′(2) ⊗ h′(2))

= (x(1)ϕ(h(1) , x′(1))γ(ψ(h(2) , x′(2)), h′(1)) ⊗ θ(x(2) , ϕ(h(3) , x′(3)))

×ψ(h(4) , x′(4))h′(2)) ⊗ (x(3)ϕ(h(5) , x′(5))γ(ψ(h(6) , x′(6)), h′(3))

⊗ θ(x(4) , ϕ(h(7) , x′(7)))ψ(h(8) , x′(8))h′(4)).

Thus, we see at once that

Δ((x ⊗ 1)(e⊗ h′)) = Δ(x ⊗ 1)Δ(e⊗ h′).

Accordingly, (3.52) is multiplicative if and only if

Δ((e⊗ h)(e⊗ h′)) = Δ(e⊗ h)Δ(e⊗ h′), (3.66)

as well as

Δ((e⊗ h)(x′ ⊗ 1)) = Δ(e⊗ h)Δ(x′ ⊗ 1) (3.67)

and

Δ((x⊗ 1)(x′ ⊗ 1)) = Δ(x ⊗ 1)Δ(x′ ⊗ 1). (3.68)

Applying the counits on the left-most and the right-most components of (3.67)
yields (3.63), while its application to (3.68) gives (3.64). Finally, we obtain (3.65)
applying the counits on the left-most and the right-most components of (3.66).
Conversely, (3.63)–(3.65) together imply the multiplicativity of (3.52).

We shall denote the bialgebra of Proposition 3.5 by M γ	
θ H := M ⊗H, and
call it the bicocycle double cross product bialgebra of the coalgebras M and H.

Remark. The dual construction M λ��σ H of a bicocycle double cross coproduct
bialgebra, generalizing M ��σ H of the previous subsection, may be built similarly.

We now record here a comparison with the earlier constructions.
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Remark. Let us note that if (3.44) is a (left) action, then its being a map of coal-
gebras is equivalent to M being a (left) H-module coalgebra. Similarly, if (3.45)
happens to be a (right) action, then H becomes a (right) M-module coalgebra. In
this case, (3.55), (3.57), and (3.63) are nothing but (7.7), (7.8) and (7.9) of [38, Defi-
nition 7.2.1]. If, furthermore, both (3.47) and (3.49) are trivial, then Proposition 3.5
above coincides with [38, Theorem 7.2.2].

Remark. If (3.44) and (3.49) are trivial, then the algebra M γ 	
θ H given in
Proposition 3.5 is nothing but M �θ H of [38, Proposition 6.3.7], since in this case
(6.27) follows from (3.57), (6.28) from (3.56), and (6.29) from (3.60). If, further-
more, (3.45) is a right action and the multiplication (3.48) on H is trivial; that
is, given by the addition (in other words, H is regarded only as a vector space),
then (3.60) indicates that (3.47) is a 2-cocycle in the algebra Hochschild cohomology
of M with coefficients in H. In short,

θ ∈ H2(M,H).

Similarly, if (3.45) and (3.47) are trivial, then the bicocycle double cross product
algebra M γ	
θ H of Proposition 3.5 becomes M γ�H of [38, Proposition 6.3.2]. If,
moreover, (3.44) is trivial, and the multiplication (3.46) on M is trivial, then (3.61)
yields

γ ∈ H2(H,M).

Remark. If (3.47) is trivial, then M γ 	
θ H = M γ 	
 H is precisely the unified
product in [1, Theorem 2.4]. If, on the other hand, (3.49) is trivial, then M γ 	
θ

H = M 	
θ H of Proposition 3.1, which is the right-handed counterpart of the one
in [1, Theorem 2.4]. In other words, the bicocycle double cross product construction
collects, under a single roof, the right-handed and the left-handed unified products.

We shall conclude the present section with an upgrade of Corollary 3.2 to the
level of bicocycle double cross sum Lie algebras. However, to this end we shall need
the following analogue of Proposition 3.2.

Proposition 3.6. Given two coalgebras M and H, a bialgebra G, and the maps

M
� �

i
�� G H,� �

j
��

in the category of coalgebras, if μ ◦ (i ⊗ j) : M ⊗ H → G is an isomorphism (of
coalgebras), where μ : G⊗G → G denotes the multiplication in G, then G ∼= M γ	
θ H
as bialgebras. In this case, the maps (3.44)–(3.49) are obtained by

hx = ϕ(h(1) , x(1) )ψ(h(2) , x(2)), xx′ = (x(1) · x′(1))θ(x(2) , x′(2)),

hh′ = γ(h(1) , h′(1))(h(2) ∗ h′(2)).

Proof. Along the lines of [38, Theorem 7.2.3], there are three (coalgebra) mor-
phisms

f : H⊗ M → M ⊗H (3.69)
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given by

j(h)i(x) = (μ ◦ (i⊗ j) ◦ f)(h⊗ x)

and

g : M ⊗ M → M ⊗H (3.70)

given by

i(x)i(x′) = (μ ◦ (i⊗ j) ◦ g)(x⊗ x′),

together with

r : H⊗H → M ⊗H (3.71)

given by

j(h)j(h′) = (μ ◦ (i⊗ j) ◦ r)(h ⊗ h′).

Accordingly, we define

ϕ : H⊗ M → M, ϕ := (Id ⊗ ε) ◦ f,
ψ : H⊗ M → H, ψ := (ε⊗ Id) ◦ f,
φ : M ⊗ M → M, φ := (Id ⊗ ε) ◦ g,
θ : M ⊗ M → H, θ := (ε⊗ Id) ◦ g,
μ : H⊗H → H, μ := (ε⊗ Id) ◦ r,
γ : H⊗H → M, γ := (Id ⊗ ε) ◦ r.

(3.72)

The explicit expressions of the maps (3.72) are obtained from the fact that (3.69)–
(3.71) are coalgebra morphisms. More precisely, the application of Id ⊗ ε ⊗ ε Id :
M ⊗H⊗ M ⊗H → M ⊗H to

ΔM⊗H ◦ f = (f ⊗ f) ◦ ΔH⊗M,

yields

f(h⊗ x) = ϕ(h(1) , x(1) ) ⊗ ψ(h(2) , x(2)),

while its application to

ΔM⊗H ◦ g = (g ⊗ g) ◦ ΔM⊗M

gives

g(x⊗ x′) = φ(x(1) , x′(1)) ⊗ θ(x(2) , x′(2)).

Finally, the application of Id ⊗ ε⊗ ε Id : M ⊗H ⊗ M ⊗H → M ⊗H to

ΔM⊗H ◦ r = (r ⊗ r) ◦ ΔM⊗M
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implies

r(h⊗ h′) = γ(h(1) , h′(1)) ⊗ μ(h(2) , h′(2)).

Therefore, the multiplication on M ⊗H which is borrowed from G is given by

(e⊗ h)(x⊗ 1) := ϕ(h(1) , x(1)) ⊗ ψ(h(2) , x(2)),

(x⊗ 1)(x′ ⊗ 1) := φ(x(1) , x′(1)) ⊗ θ(x(2) , x′(2)),

(e⊗ h)(e⊗ h′) := γ(h(1) , h′(1)) ⊗ μ(h(2) , h′(2)),

with the unit being e ⊗ 1 ∈ M ⊗ H, while the coalgebra structure on M ⊗ H is
defined to be the tensor product coalgebra structure.

To conclude; we impose the associativity and the unitality of the algebra struc-
ture on M ⊗H, as well as the multiplicativity of the coalgebra structure maps, to
derive (3.50), while (3.53)–(3.65) are all satisfied by the maps of (3.72).

We are now ready to discuss the universal enveloping algebra U(g) of a bicocycle
double cross sum Lie algebra g := m γ	
θ h.

Corollary 3.5. Given the cocycle double cross sum Lie algebra g := m γ 	
θ h,
let {ξ1, . . . , ξn} be a basis for g, so that; {ξ1, . . . , ξm} is a basis for m, and
{ξm+1, . . . , ξn} is a basis for h. Let also

Ũ(m) =

⎧⎨⎩ ∑
r1,...,rm≥0

αr1,...,rm ξr1
1 . . . ξrm

m |αr1,...,rm ∈ k

⎫⎬⎭
and

Ũ(h) =

⎧⎨⎩ ∑
rm+1,...,rn≥0

αrm+1,...,rn ξ
rm+1
m+1 . . . ξ

rn
n |αrm+1,...,rn ∈ k

⎫⎬⎭.
Then,

U(m γ	
θ h) ∼= Ũ(m) γ	
θ Ũ(h)

as bialgebras.

Proof. It follows at once that both Ũ(m) and Ũ(h) are subcoalgebras of U(g).
That is, we have

Ũ(m) � �

i
�� U(g) Ũ(h).� �

j

alg��

The claim then follows from Proposition 3.6.
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[19] O. Esen, M. Grmela, H. Gümral and M. Pavelka, Lifts of symmetric tensors: Fluids,
plasma, and Grad hierarchy, Entropy 21(9) (2019) 907, doi:10.3390/e21090907.

2350254-34



2nd Reading

September 12, 2022 15:49 WSPC/S0219-4988 171-JAA 2350254

Bicocycle double cross constructions
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[28] L. V. Gončarova, Cohomology of Lie algebras of formal vector fields on the line,
Funkc. Anal. i Priložen 7(3) (1973) 33–44.
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