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FUZZY α-ψ∗-HOMOTOPY AND FUZZY α-ψ∗-COVERING SPACES
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Abstract. In this paper, the concepts of fuzzy α-ψ∗-homotopies and fuzzy α-ψ∗-path
homotopies are introduced. The intend of this article is to study the concepts of α-ψ∗-
fundamental group in a fuzzy topological space and fuzzy α-ψ∗-covering spaces. Many
properties concerning these concepts are provided.
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1. Introduction

Salleh and Tap [8] defined fuzzy topology on the unit interval. The homotopy
theory in topology and its fundamental group were introduced and developed by Massey
[5]. The concept of fuzzy homotopy theory in fuzzy topological spaces was introduced by
Culvacioglu and Citil [2]. Salleh and Tap [8] introduced the concept of the fundamental
group in fuzzy topological spaces based on the definition of fuzzy topology introduced by
Chang [1]. Homotopy has many applications in engineering, image segmentation in medical
field, Medical data structure and advanced sciences etc. Motivated by the application
of alpha-open sets in medical field the concepts of fuzzy α-ψ∗-homotopy, fuzzy α-ψ∗-
path homotopy, α-ψ∗-fundamental group in a fuzzy topological spaces are introduced and
their properties are investigated. Defined that the set of all fuzzy α-ψ∗-path homotopy
equivalence classes on the collection of fuzzy α-ψ∗-loops forms a α-ψ∗-fundamental group
and it is shown that there exists a isomorphism between two α-ψ∗-fundamental groups.
At last, the notion of fuzzy α-ψ∗-covering spaces is introduced and some of its properties
are established via α-ψ∗-fundamental group.

Throughout this paper, FαO(X, τ), FαC(X, τ) and FP(X) denote the set of all
fuzzy α-open sets in (X, τ), the set of all fuzzy α-closed sets in (X, τ) and the set of all
fuzzy points xt where 0 < t ≤ 1 over X respectively.
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2. Preliminaries

In this section, some basic concepts necessary for this paper are recalled.

Definition 2.1. [9] A function D from X to the unit interval [0, 1] is called a fuzzy set
on X. The set {x ∈ X|D(x) > 0} is called the support of D and is denoted by D0.

Definition 2.2. [9] Let (X,T ) be a (usual) topological space. The collection

T̃ = {G | G is a fuzzy set on X and G0 ∈ T}
is a fuzzy topology on X, called the fuzzy topology on X introduced by T . (X, T̃ ) is called
the fuzzy topological space introduced by (X,T ).

Definition 2.3. [3] Let f, g : (X, τ)→ (Y, σ) be two fuzzy continuous mappings. If there
exists a fuzzy continuous mapping

F : (X, τ)× (J, ε̃J)→ (Y, σ)

such that F (xλ, 0) = f(xλ) and F (xλ, 1) = g(xλ) for every fuzzy point xλ in (X, τ), then
we say that f is fuzzy homotopic to g.

The mapping F is called a fuzzy homotopy between f and g, and write f ' g.

Definition 2.4. [4] Let (X,T ), (Y,V ) be two fts’s. The mapping f : (X,T ) → (Y,V )
is fuzzy continuous at a point x ∈ X iff for each open fuzzy set V in V containing the
fuzzy point yδ = (f(x))δ, 0 < δ ≤ 1, the inverse image f−1[V ] is an open fuzzy set in T
containing xλ, 0 < λ ≤ δ.

Definition 2.5. [6] Two paths f and f ′, mapping the interval I = [0, 1] into X, are said
to be path homotopic if they have the same initial point x0 and the same final point x1,
and if there is a continuous map F : I × I → X such that

F (s, 0) = f(s) and F (s, 1) = f ′(s),

F (0, t) = x0 and F (1, t) = x1,

for each s ∈ I and each t ∈ I. We call F a path homotopy between f and f ′.

Definition 2.6. [3] Let 1X : (X, τ) → (X, τ) be an identity mapping. If 1X is fuzzy
homotopic to a constant, then (X, τ) is called a fuzzy contractible space.

Definition 2.7. [7] Let (X, τ) be a fuzzy topological space. A function

ψ∗ : FαO(X, τ)→ IX

is called a fuzzy operator on FαO(X, τ), if for each µ ∈ FαO(X, τ) with µ 6= 0X ,
Fint(µ) ≤ ψ∗(µ) and ψ∗(0X) = 0X .

Remark 2.1. [7] It is easy to check that some examples of fuzzy operators on FαO(X, τ)
are the well known fuzzy operators viz. Fint, F int(Fcl), F cl(Fint),
F int(Fcl(Fint)) and Fcl(Fint(Fcl)).

Definition 2.8. [7] Let (X, τ) be a fuzzy topological space and ψ∗ be a fuzzy operator on
FαO(X, τ). Then any fuzzy α-open set µ ∈ IX is called fuzzy α-ψ∗-open if µ ≤ ψ∗(µ).
The complement of a fuzzy α-ψ∗-open set is said to be a fuzzy α-ψ∗-closed set.

Definition 2.9. [7] Let (X1, τ1) and (X2, τ2) be any two fuzzy topological spaces. Let ψ∗

be a fuzzy operator on both FαO(X1, τ1) and FαO(X2, τ2). Any function f : (X1, τ1) →
(X2, τ2) is said to be a fuzzy α-ψ∗-continuous function if for every µ ∈ Fα-ψ∗-O(X2, τ2), f

−1(µ) ∈
Fα-ψ∗-O(X1, τ1).
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3. FUZZY α-ψ∗-HOMOTOPY

In this section, the concept of fuzzy α-ψ∗-homotopies is introduced. Then proved
that the fuzzy α-ψ∗-homotopy is an equivalence relation. Some interesting properties of
fuzzy α-ψ∗-homotopies are studied.

Definition 3.1. Let (X, τ) be a topological space. Let V ⊆ X and χV be the characteristic
function of V . Then the fuzzy topology introduced by V is Vτ = {χV : V ∈ τ} and the pair
(X,Vτ ) is said to be a fuzzy topological space introduced by (X, τ).

Notation 3.1. Let I be the unit interval. Let ς be an Euclidean topology on I and (I, ς∗)
be a fuzzy topological space introduced by the Euclidean space (I, ς).

Proposition 3.1. Let (X1, τ1) and (X2, τ2) be any two fuzzy topological spaces. Let ψ∗

be a fuzzy operator on both FαO(X1, τ1) and FαO(X2, τ2). Let Y, Z ⊆ X1 and (Y, τY ),
(Z, τZ ) be two fuzzy topological subspaces of (X1, τ1), where τY and τZ are fuzzy subspace
topologies in (Y, τY ) and (Z, τZ ) respectively. Let 1X1 = (χY ∨χZ ), where χY and χZ are
fuzzy α-ψ∗closed sets in (X1, τ1). Let φ1 : (Y, τY )→ (X2, τ2) and φ2 : (Z, τZ )→ (X2, τ2)
be any two fuzzy α-ψ∗-continuous functions. If φ1|Y ∩Z = φ2|Y ∩Z , then ϕ : (X1, τ1) →
(X2, τ2) defined by

ϕ(x) =

 φ1(x), x ∈ Y,

φ2(x), x ∈ Z
is a fuzzy α-ψ∗-continuous function.

Definition 3.2. Let (X1, τ1) and (X2, τ2) be any two fuzzy topological spaces. Let (I, ς∗) be
a fuzzy topological space introduced by (I, ς) and ψ∗ be a fuzzy operator on FαO(X1, τ1),
FαO(X2, τ2) and FαO(I, ς∗). Let φ, ϕ : (X1, τ1) → (X2, τ2) be any two fuzzy α-ψ∗-
continuous functions. Then φ is said to be fuzzy α-ψ∗-homotopic to ϕ, if there exists a
fuzzy α-ψ∗-continuous function H : (X1, τ1)× (I, ς∗)→ (X2, τ2) such that H(xt, 0) = φ(xt)
and H(xt, 1) = ϕ(xt) for each fuzzy point xt ∈ FP(X1). Moreover the function H is said
to be a fuzzy α-ψ∗-homotopy between φ and ϕ, denoted by φ 'Fα-ψ∗H ϕ.

Example 3.1. Let f, g : (X1, τ1)→ (X2, τ2) be any two fuzzy α-ψ∗-continuous functions.
Let H : (X1, τ1) × (I, ς∗) → (X2, τ2) be defined as H(xt, t) = (1 − t)f(xt) + tg(xt) for
all xt ∈ FP(X). Then H(xt, 0) = f(xt) and H(xt, 1) = g(xt). Thus f is fuzzy α-ψ∗-
homotopic to g.

Proposition 3.2. Let (X1, τ1) and (X2, τ2) be any two fuzzy topological spaces. Let
ψ∗ be a fuzzy operator on both FαO(X1, τ1) and FαO(X2, τ2). Let H : (X1, τ1)× (I, ς∗)→
(X2, τ2) be a fuzzy α-ψ∗-continuous function and φ1 'Fα-ψ∗H φ2. Then “'Fα-ψ∗H ”

is an equivalence relation.

Proof. Let (X1, τ1) and (X2, τ2) be any two fuzzy topological spaces. Let (I, ς∗) be a fuzzy
topological space introduced by (I, ς) and ψ∗ be a fuzzy operator on FαO(I, ς∗).
(i) Reflexive : Let ϕ : (X1, τ1) → (X2, τ2) be any fuzzy α-ψ∗-continuous function. As-
sume H : (X1, τ1)× (I, ς∗)→ (X2, τ2) be such that H(xt, r) = ϕ(xt), for each fuzzy point
xt ∈ FP(X1) and r ∈ I. Then H is a fuzzy α-ψ∗-continuous function. Also, H(xt, 0) =
ϕ(xt) and H(xt, 1) = ϕ(xt). Therefore, ϕ 'Fα-ψ∗H ϕ.

(ii) Symmetric : Suppose that ϕ, ρ : (X1, τ1)→ (X2, τ2) are two fuzzy α-ψ∗-continuous func-
tions. Let ϕ 'Fα-ψ∗H ρ. Then there exists a fuzzy α-ψ∗-continuous function

H : (X1, τ1) × (I, ς∗) → (X2, τ2) such that H(xt, 0) = ϕ(xt) and H(xt, 1) = ρ(xt) for
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each fuzzy point xt ∈ FP(X1). Let G : (X1, τ1) × (I, ς∗) → (X2, τ2) be such that
G(xt, r) = H(xt, 1− r), for all r ∈ I. Since H is fuzzy α-ψ∗-continuous, G is a fuzzy α-ψ∗-
continuous function. Also, G(xt, 0) = H(xt, 1) = ρ(xt) and G(xt, 1) = H(xt, 0) = ϕ(xt),
for each fuzzy point xt ∈ FP(X1). Therefore, ρ 'Fα-ψ∗H ϕ.

(iii) Transitive : Suppose that ϕ, ρ, φ : (X1, τ1)→ (X2, τ2) are any three
fuzzy α-ψ∗-continuous functions. Let ϕ 'Fα-ψ∗H ρ and ρ 'Fα-ψ∗H φ. Since ϕ 'Fα-ψ∗H

ρ, there exists a fuzzy α-ψ∗-continuous function H : (X1, τ1)×(I, ς∗)→ (X2, τ2) such that
H(xt, 0) = ϕ(xt) and H(xt, 1) = ρ(xt), for each fuzzy point xt ∈ FP(X1). Similarly, since
ρ 'Fα-ψ∗H φ, there exists a fuzzy α-ψ∗-continuous function G : (X1, τ1)×(I, ς∗)→ (X2, τ2)

such that G(xt, 0) = ρ(xt) and G(xt, 1) = φ(xt), for each fuzzy point xt ∈ FP(X1).
Let P : (X1, τ1)× (I, ς∗)→ (X2, τ2) be defined by

P(xt, r) =


H(xt, 2r), if 0 ≤ r ≤ 1

2

G(xt, 2r − 1), if 1
2 ≤ r ≤ 1

for each fuzzy point xt ∈ FP(X1) and r ∈ I. Since H and G are fuzzy α-ψ∗-continuous func-
tions and by Proposition 3.1, P is a fuzzy α-ψ∗-continuous function. Fur-
ther P(xt, 0) = H(xt, 0) = ϕ(xt) and P(xt, 1) = G(xt, 1) = φ(xt). Therefore, ϕ 'Fα-ψ∗H φ.

Hence “'Fα-ψ∗H ” is an equivalence relation. �

Proposition 3.3. Let (X1, τ1), (X2, τ2) and (X3, τ3) be any three fuzzy topological spaces.
Let ψ∗ be a fuzzy operator on FαO(X1, τ1), FαO(X2, τ2) and
FαO(X3, τ3). If ϕ : (X1, τ1) → (X2, τ2) and φ : (X2, τ2) → (X3, τ3) are fuzzy α-ψ∗-
continuous functions, then φ ◦ ϕ : (X1, τ1) → (X3, τ3) is also a fuzzy α-ψ∗-continuous
function.

Proof. Let λ ∈ Fα-ψ∗-O(X3, τ3). As φ is a fuzzy α-ψ∗-continuous function,
φ−1(λ) ∈ Fα-ψ∗-O(X2, τ2). Since ϕ is a fuzzy α-ψ∗-continuous function and φ−1(λ) ∈
Fα-ψ∗-O(X2, τ2), ϕ

−1(φ−1(λ)) ∈ Fα-ψ∗-O(X1, τ1). Thus

ϕ−1(φ−1(λ)) = (φ ◦ ϕ)−1(λ)

is a fuzzy α-ψ∗-open set in (X1, τ1). Hence φ ◦ ϕ is a fuzzy α-ψ∗-continuous function. �

Proposition 3.4. Let (X1, τ1), (X2, τ2) and (X3, τ3) be any three fuzzy topological
spaces. Let ψ∗ be a fuzzy operator on FαO(X1, τ1), FαO(X2, τ2) and FαO(X3, τ3). If φ1
and φ2 are the fuzzy α-ψ∗-continuous functions from (X1, τ1) to (X2, τ2) and that ϕ1 and
ϕ2 are the fuzzy α-ψ∗-continuous functions from (X2, τ2) to (X3, τ3), then, ϕ1◦φ1 'Fα-ψ∗H

ϕ2 ◦ φ2.

Proof. The proof is apparent from the following steps:
(i) ϕ1 ◦ φ1 'Fα-ψ∗H ϕ1 ◦ φ2.
(ii) ϕ1 ◦ φ2 'Fα-ψ∗H ϕ2 ◦ φ2.
(iii) Transitivity of (i) and (ii) implies that ϕ1 ◦ φ1 'Fα-ψ∗H ϕ2 ◦ φ2. �

Proposition 3.5. Let (X1, τ1), (X2, τ2) and (X3, τ3) be any three fuzzy topological
spaces. Let ψ∗ be a fuzzy operator on FαO(X1, τ1), FαO(X2, τ2) and
FαO(X3, τ3). Let φ, ϕ : (X1, τ1) → (X2, τ2) be any two fuzzy α-ψ∗-continuous
functions such that φ 'Fα-ψ∗H ϕ. If

σ : (X2, τ2)→ (X3, τ3) is a fuzzy α-ψ∗-continuous function, then σ◦φ, σ◦ϕ : (X1, τ1)→
(X3, τ3) are fuzzy α-ψ∗-continuous functions and σ ◦ φ 'Fα-ψ∗H σ ◦ ϕ.
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Proof. The proof is apparent. �

Proposition 3.6. Let (X1, τ1), (X2, τ2) and (X3, τ3) be any three fuzzy topological spaces.
Let ψ∗ be a fuzzy operator on FαO(X1, τ1), FαO(X2, τ2) and FαO(X3, τ3). Let φ, ϕ :
(X1, τ1)→ (X2, τ2) be any two fuzzy α-ψ∗-continuous functions such that φ 'Fα-ψ∗H ϕ.

Also let σ, ℘ : (X2, τ2)→ (X3, τ3) be any two fuzzy α-ψ∗-continuous functions such that
σ 'Fα-ψ∗H ℘. Then σ ◦ φ, ℘ ◦ ϕ : (X1, τ1)→ (X3, τ3) are fuzzy α-ψ∗-continuous function

and σ ◦ φ 'Fα-ψ∗H ℘ ◦ ϕ.

Proof. The proof is apparent. �

4. Fuzzy α-ψ∗-Path Homotopy

In this section, the concepts of fuzzy α-ψ∗-paths, fuzzy α-ψ∗-loops and fuzzy α-ψ∗-
path homotopy in fuzzy topological spaces are introduced and the properties related with
these concepts are discussed. Also, a characterization of fuzzy α-ψ∗-contractible space is
studied.

Definition 4.1. Let (X, τ) be any fuzzy topological space and (I, ς∗) be a fuzzy topological
space introduced by (I, ς). Let ψ∗ be a fuzzy operator on both FαO(X, τ) and FαO(I, ς∗).
Let xt1 , yt2 ∈ FP(X) be any two fuzzy points. A fuzzy α-ψ∗-path γ : (I, ς∗) → (X, τ)
from xt1 to yt2 is a fuzzy α-ψ∗-continuous function such that γ(0) = xt1 and γ(1) = yt2,
0 < ti ≤ 1, i = 1, 2. Then the fuzzy points xt1 and yt2 are called the initial and terminal
points of γ.

Figure 1. Fuzzy α-ψ∗-path

Definition 4.2. Let (X, τ) be any fuzzy topological space and (I, ς∗) be a fuzzy topological
space introduced by (I, ς). Let ψ∗ be a fuzzy operator on both FαO(X, τ) and FαO(I, ς∗).
Let γ be a fuzzy α-ψ∗-path in (X, τ) from xt1 to yt2, where xt1 , yt2 ∈ FP(X). The inverse
of γ is the fuzzy α-ψ∗-path in (X, τ) from yt2 to xt1 defined by γi(t) = γ(1 − t) for all
t ∈ I.

Proposition 4.1. Let (X, τ) be any fuzzy topological space and ψ∗ be a fuzzy operator on
FαO(X, τ). Let xt1 , yt2 ∈ FP(X) be any two fuzzy points and if there is a fuzzy α-ψ∗-
path in (X, τ) with initial point and terminal points xt1 , yt2 respectively, then there exists
a fuzzy α-ψ∗-path in (X, τ) with initial and terminal points yt2 , xt1 respectively.

Proof. Let (I, ς∗) be a fuzzy topological space introduced by (I, ς) and ψ∗ be a fuzzy
operator on FαO(I, ς∗). Let γ be a fuzzy α-ψ∗-path in (X, τ) with‘ initial and terminal
points xt1 , yt2 respectively where xt1 , yt2 ∈ FP(X). Then γ : (I, ς∗) → (X, τ) is a fuzzy
α-ψ∗-continuous function with γ(0) = xt1 and γ(1) = yt2 . Let β : (I, ς∗) → (X, τ) be
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such that β(t) = γ(1 − t) for every t ∈ I. Then β(0) = γ(1 − 0) = γ(1) = yt2 and
β(1) = γ(1 − 1) = γ(0) = xt1 . Since γ is a fuzzy α-ψ∗-continuous function, β is also a
fuzzy α-ψ∗-continuous function. Therefore β is a fuzzy α-ψ∗-path in (X, τ) with initial
and terminal points yt2 , xt1 respectively. �

Definition 4.3. Let (X, τ) be any fuzzy topological space and (I, ς∗) be a fuzzy topological
space introduced by (I, ς). Let ψ∗ be a fuzzy operator on both FαO(X, τ) and FαO(I, ς∗).
Let xt1 , yt2 , zt3 ∈ FP(X) and let γ and δ be any two fuzzy α-ψ∗-paths in (X, τ) from xt1
to yt2 and yt2 to zt3 respectively. Then the product of γ and δ is the fuzzy α-ψ∗-path γ ∗ δ
in (X, τ) from xt1 to zt3 which is defined by

(γ ∗ δ)(t) =

 γ(2t), if 0 ≤ t ≤ 1
2 ,

δ(2t− 1), if 1
2 ≤ t ≤ 1

for all t ∈ I.

Definition 4.4. Let (X, τ) be any fuzzy topological space and ψ∗ be a fuzzy operator
on FαO(X, τ). Let IX : (X, τ) → (X, τ) be any fuzzy α-ψ∗-continuous function with
IX(xt) = xt for all xt ∈ FP(X). Let yt ∈ FP(X). If IX is fuzzy α-ψ∗-homotopic
to a fuzzy α-ψ∗-continuous function CX : (X, τ) → (X, τ) with CX(xt) = yt for all
xt ∈ FP(X), then (X, τ) is said to be a fuzzy α-ψ∗-contractible space.

Example 4.1. Let (X, τ) be any fuzzy topological space, yt ∈ FP(X) and ψ∗ be a fuzzy
operator on FαO(X, τ). Define the functions IX : (X, τ) → (X, τ) and CX : (X, τ) →
(X, τ) as IX(xt) = xt and CX(xt) = yt for all xt ∈ FP(X). Clearly, IX and CX are
fuzzy α-ψ∗-continuous functions. Define the function H(xt, t) = (1 − t)IX(xt) + tCX(xt)
for all xt ∈ FP(X). Then H(xt, 0) = IX(xt) and H(xt, 1) = CX(xt). Thus IX is fuzzy
α-ψ∗-homotopic to CX . Hence (X, τ) is a fuzzy α-ψ∗-contractible space.

Definition 4.5. Let (X, τ) be a fuzzy topological space (I, ς∗) be a fuzzy topological space
introduced by (I, ς). Let ψ∗ be a fuzzy operator on both FαO(X, τ) and FαO(I, ς∗). Let
xt1 , yt2 ∈ FP(X). Then (X, τ) is said to be a fuzzy α-ψ∗-path connected space if for each
pair of fuzzy points xt1 , yt2 ∈ FP(X), there exists a fuzzy α-ψ∗-path γ : (I, ς∗) → (X, τ)
such that γ(0) = xt1 and γ(1) = yt2.

Proposition 4.2. Let (X, τ) and (Y, σ) be any two fuzzy topological spaces. Let ψ∗ be a
fuzzy operator on both FαO(X, τ) and FαO(Y, σ). Let xt1 ∈ FP(X). Then (X, τ) is fuzzy
α-ψ∗-contractible if and only if any fuzzy α-ψ∗-continuous function f : (Y, σ)→ (X, τ)
is fuzzy α-ψ∗-homotopic to a function CX : (X, τ) → (X, τ) such that CX(xt) = xt1 for
all xt ∈ FP(X).

Proof. Let (X, τ) be a fuzzy α-ψ∗-contractible space. Then there exists a fuzzy α-ψ∗-
homotopy H : (X, τ)×(I, ς∗)→ (X, τ) between the fuzzy α-ψ∗-continuous function IX :
(X, τ) → (X, τ) and the fuzzy α-ψ∗-continuous function CX : (X, τ) → (X, τ) such that
IX(xt) = xt and CX(xt) = xt1 for all xt ∈ FP(X). Let f : (Y, σ) → (X, τ) be a fuzzy
α-ψ∗-continuous function. By Proposition 3.5, IX ◦ f is fuzzy α-ψ∗-homotopic
to CX ◦ f . Also (IX ◦ f)(xt) = IX(f(xt)) = f(xt) and CX ◦ f : (Y, σ)→ (X, τ) is such
that (CX ◦ f)(xt) = CX(f(xt)) = xt1 = CX(xt) for all xt ∈ FP(X). Thus (IX ◦ f) = f
and (CX ◦ f) = CX . Hence f is fuzzy α-ψ∗-homotopic to a function CX .

Conversely, suppose that Y = X and σ = τ . Assume that f : (X, τ) → (X, τ) is such
that f(xt) = xt. Thus f = IX . Since f is fuzzy α-ψ∗-homotopic to CX , IX is fuzzy
α-ψ∗-homotopic to CX . Hence (X, τ) is fuzzy α-ψ∗-contractible. �



M. ROWTHRI, B. AMUDHAMBIGAI: FUZZY α-ψ∗-HOMOTOPY AND FUZZY α-ψ∗-COVERING ... 1129

Definition 4.6. Let (X, τ) be a fuzzy topological space. Let (I, ς∗1 ) and (I, ς∗2 ) be any two
fuzzy topological spaces introduced by (I, ς1) and (I, ς2) respectively. Let ψ∗ be a fuzzy op-
erator on FαO(X, τ), FαO(I, ς∗1 ) and FαO(I, ς∗2 ). Any two fuzzy α-ψ∗-paths γ1 and γ2
in (X, τ) from xt1 to yt2, where xt1 , yt2 ∈ FP(X) are said to be a fuzzy α-ψ∗-path ho-
motopy (denoted by, γ1 'Fα-ψ∗PH γ2 ) if there exists a fuzzy α-ψ∗-continuous func-

tion H : (I, ς∗1 )× (I, ς∗2 )→ (X, τ) such that

H(0, st) = xt1 and H(1, st) = yt2, for all st ∈ FP(I) in (I, ς∗2 ),
H(rt, 0) = γ1(rt) and H(rt, 1) = γ2(rt), for all rt ∈ FP(I) in (I, ς∗1 ).

Proposition 4.3. Let (X, τ) be a fuzzy topological space. Let (I, ς∗1 ) and (I, ς∗2 ) be any
two fuzzy topological spaces introduced by (I, ς1) and (I, ς2) respectively. Let ψ∗ be a fuzzy
operator on FαO(X, τ), FαO(I, ς∗1 ) and FαO(I, ς∗2 ). If γ1 and γ2 are any two fuzzy α-ψ∗-
paths having same initial point as well as the same terminal point and γ1 'Fα-ψ∗PH γ2,

then “ 'Fα-ψ∗PH ” is an equivalence relation.

Proof. Let xt1 , yt2 ∈ FP(X). Let rt ∈ FP(I) in (I, ς∗1 ) and st ∈ FP(I) in (I, ς∗2 ).
(i) Reflexive : Let γ : (I, ς∗) → (X, τ) be any fuzzy α-ψ∗-path with γ(0) = xt1 , γ(1) =
yt2 . Let H : (I, ς∗1 ) × (I, ς∗2 ) → (X, τ) be a fuzzy α-ψ∗-continuous function such that
H(rt, st) = γ(rt). Thus

H(0, st) = xt1 and H(1, st) = yt2 , for all st ∈ FP(I) in (I, ς∗2 ),
H(rt, 0) = γ(rt) and H(rt, 1) = γ(rt), for all rt ∈ FP(I) in (I, ς∗1 ).

Therefore H is a fuzzy α-ψ∗-path-homotopy from γ to itself. Hence the relation is reflexive.
(ii) Symmetric : Suppose that, γ1, γ2 : (I, ς∗) → (X, τ) are any two fuzzy α-ψ∗-paths
with γ1 'Fα-ψ∗PH γ2. Then there exists a fuzzy α-ψ∗-continuous function H : (I, ς∗1 ) ×
(I, ς∗2 )→ (X, τ) such that

H(0, st) = xt1 and H(1, st) = yt2 , for all st ∈ FP(I) in (I, ς∗2 ),
H(rt, 0) = γ1(rt) and H(rt, 1) = γ2(rt), for all rt ∈ FP(I) in (I, ς∗1 ).

Define a map H′ : (I, ς∗1 )× (I, ς∗2 )→ (X, τ) by H′(rt, st) = H(rt, 1− st).
Then H′ is a fuzzy α-ψ∗-continuous function and

H′(0, st) = xt1 and H′(1, st) = yt2 , for all st ∈ FP(I) in (I, ς∗2 ),
H′(rt, 0) = H(rt, 1) = γ2(rt) and H′(rt, 1) = H(rt, 0) = γ1(rt),

for all rt ∈ FP(I) in (I, ς∗1 ).

Thus γ2 'Fα-ψ∗PH γ1. Hence the relation is symmetric.

(iii) Transitive : Suppose γ1, γ2, γ3 : (I, ς∗)→ (X, τ) are any three fuzzy α-ψ∗-paths and
γ1 'Fα-ψ∗PH γ2 and γ2 'Fα-ψ∗PH γ3. Let

H1 : (I, ς∗1 )× (I, ς∗2 )→ (X, τ) and H2 : (I, ς∗1 )× (I, ς∗2 )→ (X, τ)

be two fuzzy α-ψ∗-homotopies such that

H1(0, st) = xt1 and H1(1, st) = yt2 , for all st ∈ FP(I) in (I, ς∗2 ),
H1(rt, 0) = γ1(rt) and H1(rt, 1) = γ2(rt), for all rt ∈ FP(I) in (I, ς∗1 ).

and

H2(0, st) = xt1 and H2(1, st) = yt2 , for all st ∈ FP(I) in (I, ς∗2 ),

H2(rt, 0) = γ2(rt) and H2(rt, 1) = γ3(rt), for all rt ∈ FP(I) in (I, ς∗1 ).
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Define a map H3 : (I, ς∗1 )× (I, ς∗2 )→ (X, τ) by

H3(rt, st) =


H1(rt, 2st), if 0 ≤ st ≤ 1

2

H2(rt, 2st − 1), if 1
2 ≤ st ≤ 1.

Now,

H3(0, st) = xt1 and H3(1, st) = yt2 , for all st ∈ FP(I) in (I, ς∗2 ),
H3(rt, 0) = H1(rt, 0) = γ1(rt) and H3(rt, 1) = H2(rt, 0) = γ3(rt),

for all rt ∈ FP(I) in (I, ς∗1 ).

Then H3 is fuzzy a α-ψ∗-continuous function by Proposition 3.1, Thus γ1 'Fα-ψ∗PH γ3.

Hence the relation is transitive.
Therefore “ 'Fα-ψ∗PH ” is an equivalence relation. �

Definition 4.7. Let (X, τ) be any fuzzy topological space and (I, ς∗) be a fuzzy topological
space introduced by (I, ς). Let ψ∗ be a fuzzy operator on both FαO(X, τ) and FαO(I, ς∗).
Let γ : (I, ς∗) → (X, τ) be a fuzzy α-ψ∗-path and xt ∈ FP(X). If the initial point and
the terminal point of γ are equal, that is γ(0) = xt = γ(1), then the fuzzy α-ψ∗-path γ is
called as the fuzzy α-ψ∗-loop based on xt. The collection of all fuzzy α-ψ∗-loops associated
with xt in (X, τ) is denoted by Υ((X, τ), xt).

Definition 4.8. Let (X, τ) be a fuzzy topological space. Let (I, ς∗1 ) and (I, ς∗2 ) be any
two fuzzy topological spaces introduced by (I, ς1) and (I, ς2) respectively. Let ψ∗ be a fuzzy
operator on FαO(X, τ), FαO(I, ς∗1 ) and FαO(I, ς∗2 ). Let xt ∈ FP(X). Any two fuzzy
α-ψ∗-loops l1 and l2 in (X, τ) at xt are said to be fuzzy α-ψ∗-loop homotopic at xt (denoted
by, l1 'Fα-ψ∗L H l2) if there exists a fuzzy α-ψ∗-continuous function G : (I, ς∗1 )× (I, ς∗2 )→
(X, τ) such that

G (0, pt′) = G (1, pt′) = xt, for all pt′ ∈ FP(I) in (I, ς∗2 ),
G (st, 0) = l1(st) and G (st, 1) = l2(st), for all st ∈ FP(I) in (I, ς∗1 ).

Proposition 4.4. Let (X, τ) be a fuzzy topological space. Let (I, ς∗1 ) and (I, ς∗2 ) be any
two fuzzy topological spaces introduced by (I, ς1) and (I, ς2). Let ψ∗ be a fuzzy oper-
ator on FαO(X, τ), FαO(I, ς∗1 ) and FαO(I, ς∗2 ). Let γ1, γ2 : (I, ς∗1 ) → (X, τ) be
any two fuzzy α-ψ∗-paths. If H : (I, ς∗1 ) × (I, ς∗2 ) → (X, τ) is fuzzy α-ψ∗-loop homotopy
between γ1 and γ2, that is γ1 'Fα-ψ∗L H γ2, then “'Fα-ψ∗L H ” is an equivalence relation

on Υ((X, τ), xt).

Proof. The proof is obvious by taking xt1 = yt2 in the Proposition 4.3. �

Notation 4.1. Let (X, τ) be any fuzzy topological space and (I, ς∗) be a fuzzy topological
space introduced by (I, ς). Let ψ∗ be a fuzzy operator on both FαO(X, τ) and FαO(I, ς∗).
If γ ∈ Υ((X, τ), xt), then [γ] denotes the fuzzy α-ψ∗-path homotopy equivalence class that
contains γ and π1((X, τ), xt) denotes the set of all fuzzy α-ψ∗-path homotopy equivalence
classes on
Υ((X, τ), xt), that is,

π1((X, τ), xt) = {[γ] : γ is a fuzzy α-ψ∗-loop in X based on xt}.

Definition 4.9. An operation “◦” is defined on π1((X, τ), xt) by

[γ1] ◦ [γ2] = [γ1 ∗ γ2]
where [γ1], [γ2] ∈ π1((X, τ), xt) and γ1 ∗ γ2 is defined as in Definition 4.3.
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Definition 4.10. Let (X, τ) be any fuzzy topological space and (I, ς∗) be a fuzzy topological
space introduced by (I, ς). Let ψ∗ be a fuzzy operator on both FαO(X, τ) and FαO(I, ς∗).
Let I : (I, ς∗)→ (X, τ) be the fuzzy α-ψ∗-loop defined by I (st) = xt for each st ∈ FP(I)
in (I, ς∗) and xt ∈ FP(X). Then π1((X, τ), xt) is said to be α-ψ∗-fundamental group of
(X, τ) at xt if the following conditions are satisfied:

(i) Identity : If [γ], [I ] ∈ π1((X, τ), xt), then [I ] ◦ [γ] = [γ] ◦ [I ] = [γ];
(ii) Inverse : If [γ], [γi] ∈ π1((X, τ), xt), then [γ] ◦ [γi] = [γi] ◦ [γ] = [I ];
(iii) Associative : If [γ1], [γ2], [γ3] ∈ π1((X, τ), xt), then

([γ1] ◦ [γ2]) ◦ [γ3] = [γ1] ◦ ([γ2] ◦ [γ3]).

Definition 4.11. Let (X1, τ1) and (X2, τ2) be any two fuzzy topological spaces. Let
ψ∗ be a fuzzy operator on both FαO(X1, τ1) and FαO(X2, τ2). Let xt1 ∈ FP(X1),
yt2 ∈ FP(X2). Let π1((X1, τ1), xt1) and π1((X2, τ2), yt2) be any two α-ψ∗-fundamental
groups of (X1, τ1) at xt1 and (X2, τ2) at yt2 respectively. Any function f : π1((X1, τ1), xt1)
→ π1((X2, τ2), yt2) is said to be a fuzzy α-ψ∗-homomorphism if f([γ1] ◦ [γ2]) = f([γ1]) ◦
f([γ2]), for all [γ1], [γ2] ∈ π1((X1, τ1), xt1).

Moreover, the fuzzy α-ψ∗-homomorphism is said to be a fuzzy α-ψ∗-isomorphism if it
is bijective.

Proposition 4.5. Let (X, τ) be a fuzzy α-ψ∗-path connected space where ψ∗ is a fuzzy
operator on FαO(X, τ). Let xt1 , yt2 ∈ FP(X) be any two fuzzy points and π1((X, τ), xt1)
and π1((X, τ), yt2) are two α-ψ∗-fundamental groups of (X, τ) at xt1 and yt2 respectively.
Then there exists a fuzzy α-ψ∗-isomorphism from π1((X, τ), xt1) onto π1((X, τ), yt2).

Proof. Let γ be a fuzzy α-ψ∗-path from xt1 to yt2 in (X, τ) and γi be the inverse fuzzy
α-ψ∗-path of γ such that γi(t) = γ(1 − t). Let γ� : π1((X, τ), xt1) → π1((X, τ), yt2)
be defined by γ�([σ]) = [γi] ◦ [σ] ◦ [γ] for each [σ] ∈ π1((X, τ), xt1). Now for all [σ], [ρ] ∈
π1((X, τ), xt1),

γ�([σ] ◦ [ρ]) = γ�[σ ∗ ρ], as in Definition 4.9

= [γi] ◦ [σ ∗ ρ] ◦ [γ]

= [γi ∗ σ ∗ ρ ∗ γ], as in Definition 4.9

= [γi ∗ σ ∗ ρ ∗ γ]

= [γi ∗ σ] ◦ [ρ ∗ γ], as in Definition 4.9

= [γi ∗ σ] ◦ [I ] ◦ [ρ ∗ γ], by (i) of Definition 4.10

= [γi ∗ σ] ◦ [I ∗ ρ ∗ γ]

= [γi ∗ σ] ◦ [γ ∗ γi ∗ ρ ∗ γ]

= [γi ∗ σ ∗ γ ∗ γi ∗ ρ ∗ γ], as in Definition 4.9

= [γi ∗ σ ∗ γ ∗ γi ∗ ρ ∗ γ]

= [γi ∗ σ ∗ γ] ◦ [γi ∗ ρ ∗ γ]

= γ�([σ]) ◦ γ�([ρ]).

Thus γ�([σ] ◦ [ρ]) = γ�([σ]) ◦ γ�([ρ]). Hence, γ� is a fuzzy α-ψ∗-homomorphism. Similarly,
if γi� : π1((X, τ), yt2) → π1((X, τ), xt1) is defined by γi�([σ]) = [γ] ◦ [σ] ◦ [γi] for each
[σ] ∈ π1((X, τ), xt1), then γi� : π1((X, τ), yt2) → π1((X, τ), xt1) is also a fuzzy α-ψ∗-
homomorphism.
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Now for each [σ] ∈ π1((X, τ), xt1),

(γi� ◦ γ�)([σ]) = γi�(γ�([σ]))

= γi�[γ
i ∗ σ ∗ γ]

= [γ ∗ (γi ∗ σ ∗ γ) ∗ γi]
= [(γ ∗ γi) ∗ σ ∗ (γ ∗ γi)], by (iii) of Definition 4.10

= [I ∗ σ ∗I ], by (i) of Definition 4.10

= [σ].

Thus (γi� ◦γ�)([σ]) = [σ]. Hence γi�◦γ� is an identity function on π1((X, τ), xt1). Similarly,
(γ� ◦ γi�)([σ]) = [σ]. Hence γ� ◦ γi� is also an identity function on π1((X, τ), xt1). There-
fore, γ� is a fuzzy α-ψ∗-isomorphism. Hence γ� is a fuzzy α-ψ∗-isomorphism between
π1((X, τ), xt1) and π1((X, τ), yt2). �

5. FUZZY α-ψ∗-COVERING SPACES

In this section, the concepts of fuzzy α-ψ∗-open functions, fuzzy α-ψ∗-homeomorphisms
and fuzzy α-ψ∗-covering spaces are introduced and some interesting properties are dis-
cussed.

Definition 5.1. Let (X, τ) and (Y, σ) be any two fuzzy topological spaces. Let ψ∗

be a fuzzy operator on both FαO(X, τ) and FαO(Y, σ). Any function f : (X, τ) →
(Y, σ) is said to be a fuzzy α-ψ∗-open function if for each λ ∈ Fα-ψ∗-O(X, τ) the image
f(λ) ∈ Fα-ψ∗-O(Y, σ).

Definition 5.2. Let (X, τ) and (Y, σ) be any two fuzzy topological spaces. Let ψ∗ be a fuzzy
operator on both FαO(X, τ) and FαO(Y, σ). If the bijective function f : (X, τ) → (Y, σ)
and its inverse function are fuzzy α-ψ∗-continuous functions, then the function f is said
to be a fuzzy α-ψ∗-homeomorphism. Moreover, (X, τ) and (Y, σ) are said to be fuzzy
α-ψ∗-homeomorphic spaces.

Definition 5.3. Let (X, τ) be a fuzzy topological space and ψ∗ be a fuzzy operator on
FαO(X, τ). A collection S = {λi ∈ Fα-ψ∗-O(X, τ), i ∈ J, J is an indexed set} is called
a fuzzy α-ψ∗-open cover of (X, τ) if ∨i∈Jλi = 1X .

Definition 5.4. Let (X, τ) and (X̃, τ̃) be any two fuzzy topological spaces. Let ψ∗ be a

fuzzy operator on both FαO(X, τ) and FαO(X̃, τ̃). Let Xi ⊆ X, i ∈ J , where J is an
indexed set and {χXi ∈ Fα-ψ∗-O(X, τ)} be a fuzzy α-ψ∗-open cover of (X, τ), where χXi
is a characteristic function of Xi, for each i ∈ J respectively. Let φ : (X̃, τ̃) → (X, τ) be
a fuzzy α-ψ∗-continuous function.

Then any fuzzy α-ψ∗-open subspace (Xi, τXi) of (X, τ) is said to be fuzzy α-ψ∗-evenly
covered by the function φ if

φ−1(χXi ) = ∨nj=1{χSj ∈ Fα-ψ∗-O(X̃, τ̃)},

where Sj ⊆ X̃, χSj is a characteristic function of Sj and {χSj }
n
j=1 is a non-overlapping

family and also each φ|Sj : (Sj , τ̃Sj ) → (Xi, τXi ) is an onto fuzzy α-ψ∗-homeomorphism.

Then φ is said to be a fuzzy α-ψ∗-covering function and (X̃, τ̃) is said to be a fuzzy
α-ψ∗covering space of (X, τ). Also for each j ∈ J , χSj is called a fuzzy α-ψ∗-path compo-

nent of φ−1(χXi ) and each member in {χXi} of a fuzzy α-ψ∗-open cover of (X, τ) is called

a fuzzy α-ψ∗-admissible open set in (X, τ).
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Proposition 5.1. Let (X, τ) and (X̃, τ̃) be any two fuzzy topological spaces. Let ψ∗ be a

fuzzy operator on both FαO(X, τ) and FαO(X̃, τ̃). Then the fuzzy α-ψ∗-covering function

φ : (X̃, τ̃)→ (X, τ) is always a fuzzy α-ψ∗-open function.

Proof. Let λ ∈ Fα-ψ∗-O(X̃, τ̃) and xt ≤ φ(λ) where xt ∈ FP(X). Assume that x̃t ≤ λ

where x̃t ∈ FP(X̃), such that φ(x̃t) = xt. Since φ is a fuzzy α-ψ∗-covering function,
there exists a fuzzy α-ψ∗-evenly covered subspace (X1, τX1

) of (X, τ) such that xt ≤ χX1

and φ−1(χX1
) = ∨nj=1{χSj ∈ Fα-ψ∗-O(X̃, τ̃)}, where Sj ⊆ X̃ and {χSj }

n
i=1 is a non-

overlapping family and φ|Sj : (Sj , τ̃Sj ) → (X1, τX1
) for each j ∈ J , J is an indexed set, is

an onto fuzzy α-ψ∗-homeomorphism.
Let x̃t ≤ χS1 . Since λ, χS1 ∈ Fα-ψ∗-O(X̃, τ̃), (λ ∧ χS1 ) ∈ Fα-ψ∗-O(X̃, τ̃). As φ|S1 :

(S1, τ̃S1)→ (X1, τX1
) is an onto fuzzy α-ψ∗-homeomorphism,

φ|S1(λ ∧ χS1 ) ∈ Fα-ψ∗-O(X1, τX1
).

Thus φ(λ∧χS1 ) ∈ Fα-ψ∗-O(X1, τX1
). Then φ(λ∧χS1 ) ∈ Fα-ψ∗-O(X, τ). Since x̃t ≤ λ

and x̃t ≤ χS1 , x̃t ≤ (λ ∧ χS1 ). Thus, φ(x̃t) ≤ φ(λ ∧ χS1 ). Clearly, xt ≤ φ(λ ∧ χS1 ).

Since φ(λ ∧ χS1 ) ≤ φ(λ) and xt ≤ φ(λ ∧ χS1 ) ≤ φ(λ), φ(λ) ∈ Fα-ψ∗-O(X, τ). Hence φ
is a fuzzy α-ψ∗-open function. �

Definition 5.5. Let (X, τ) be a fuzzy topological space and ψ∗ be a fuzzy operator on
FαO(X, τ). Then (X, τ) is said to be fuzzy α-ψ∗-locally path connected if for any xt ∈
FP(X) and for any λ ∈ Fα-ψ∗O(X, τ) with xt ≤ λ, there exist some fuzzy α-ψ∗-path con-
nected open subspace (Y, τY ) of (X, τ) such that xt ≤ χY ≤ λ, where χY is a characteristic
function of Y .

Proposition 5.2. Let (X, τ) and (X̃, τ̃) be any two fuzzy topological spaces. Let ψ∗ be a

fuzzy operator on both FαO(X, τ) and FαO(X̃, τ̃). Let A ⊆ X and φ : (X̃, τ̃) → (X, τ)
be a fuzzy α-ψ∗-covering function. Let (A, τA) be a fuzzy α-ψ∗-locally path connected and

fuzzy α-ψ∗-connected subspace of (X, τ). If Ã ⊆ X̃ and the characteristic function χÃ
of Ã is a fuzzy α-ψ∗-component of φ−1(χÃ), then φ|Ã : (Ã, τ̃Ã) → (A, τA) is a fuzzy
α-ψ∗-covering function.

Proof. Let xt ∈ FP(A) and choose a fuzzy α-ψ∗-admissible open set χU such that xt ≤ χU
where A,U ⊆ X and χU is a characteristic function of U is such that χU ∈ Fα-ψ∗1O(X, τ).

Let Ũi ⊆ X̃, i = 1, 2, ...n and {χ
Ũi
} be the collection of fuzzy α-ψ∗-path components

of φ−1(χU ). Since φ is a fuzzy α-ψ∗-covering function, φ|Ũi : (Ũi, τ̃Ũi) → (U, τU ) is an

onto fuzzy α-ψ∗-homeomorphism. Clearly, ((U ∩ A), τU∩A) is fuzzy α-ψ∗-evenly covered
by {χŨi ∧ φ

−1(χA)}ni=1. Since (A, τA) is fuzzy α-ψ∗-locally path connected, there exists

a fuzzy α-ψ∗-path connected open subspace (V, τAV ) of (A, τA) where V ⊆ A such that
xt ≤ χV and χV ≤ (χU ∧ χA). Then (V, τAV ) is fuzzy α-ψ∗-evenly covered by φ. Thus
any fuzzy α-ψ∗-component χ

Ṽi
of φ−1(χV ) is such that χ

Ṽi
qχ

Ã
, then χ

Ṽi
≤ χ

Ã
. Thus

φ|Ã : (Ã, τ̃Ã)→ (A, τA) is a fuzzy α-ψ∗-covering function. �

Definition 5.6. Let (X, τ) and (Y, σ) be any two fuzzy topological spaces. Let
ψ∗ be a fuzzy operator on both FαO(X, τ) and FαO(Y, σ). Let φ : (X, τ) → (Y, σ) be
a fuzzy α-ψ∗-continuous function and [γ] ∈ π1((X, τ), xt) where γ is a fuzzy α-ψ∗-
loop in X based at xt. Then the fuzzy α-ψ∗-induced homomorphism of p is denoted by
φ∗ : π1((X, τ), xt) → π1((Y, σ), γ(xt)) and it is defined by φ∗([γ]) = [φ ◦ γ] for all [γ] ∈
π1((X, τ), xt).
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Definition 5.7. Let (X, τ), (X̃, τ̃) and (Y, σ) be any three fuzzy topological spaces.

Let ψ∗ be a fuzzy operator on FαO(X, τ), FαO(X̃, τ̃) and FαO(Y, σ). Let φ : (X̃, τ̃)→
(X, τ) be a fuzzy α-ψ∗-covering function and f : (Y, σ)→ (X, τ) be any function. Then

a lift of f is a fuzzy α-ψ∗-continuous function f̃ : (Y, σ)→ (X̃, τ̃) such that φ◦ f̃ = f .

In otherwords, f̃ lifts f .

Proposition 5.3. Let (X, τ), (X̃, τ̃) and (Y, σ) be any three fuzzy topological spaces. Let

ψ∗ be a fuzzy operator on FαO(X, τ), FαO(X̃, τ̃) and FαO(Y, σ). Let φ : (X̃, τ̃)→ (X, τ)
be a fuzzy α-ψ∗-covering function and f : (Y, σ) → (X, τ) be a fuzzy α-ψ∗-continuous
function. If a lift of f exists, then

f∗(π1((Y, σ), yt)) ≤ φ∗(π1((X̃, τ̃), x̃t))

where x̃t ∈ FP(X̃) and yt ∈ FP(Y ).

Proof. Let f̃ : (Y, σ)→ (X̃, τ̃) be a lift of f . Then by Definition 5.7, f = φ ◦ f̃ .

This implies that f∗ = (φ ◦ f̃)∗.

Let us choose yt ∈ FP(Y ) such that f̃(yt) = x̃t where x̃t ∈ FP(X̃).
Then for [γ] ∈ π1((Y, σ), yt),

f∗([γ]) = (φ ◦ f̃)∗([γ])

= [φ ◦ f̃ ◦ γ], by Definition 5.6

= [φ ◦ (f̃ ◦ γ)]

= φ∗([f̃ ◦ γ]).

Since f̃ ◦ γ is a fuzzy α-ψ∗-loop at x̃t, f̃ ◦ γ ∈ π1((X̃, τ̃), x̃t). This implies that f∗([γ]) ∈
π1((X̃, τ̃), x̃t). Hence f∗(π1((Y, σ), yt)) ≤ φ∗(π1((X̃, τ̃), x̃t))

�
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7. CONCLUSION

In this paper, the concepts of fuzzy α-ψ∗-homotopies and fuzzy α-ψ∗-path homotopies
are introduced and some of their interesting properties are studied. Also, the concept of
α-ψ∗-fundamental group in a fuzzy topological space is established and its role on fuzzy
α-ψ∗-homotopy is also discussed. Finally, the notion of fuzzy α-ψ∗-covering spaces is
introduced and some of its properties are studied.
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