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HARMONIC MULTIVALENT FUNCTIONS ASSOCIATED WITH A
(P,Q)-ANALOGUE OF RUSCHEWEYH OPERATOR

P. SHARMA', O. MISHRA®, O. P. AHUJA%, A. CETINKAYA?, §

ABSTRACT. The aim of this paper is to introduce and investigate a new class of harmonic
multivalent functions defined by (p,q)-analogue of Ruscheweyh operator for multivalent
functions. For this new class, we obtain a (p,q)-coefficient inequality as a sufficient con-
dition. Using this coefficient inequality, we establish sharp bounds of the real parts of
the ratios of harmonic multivalent functions to its sequences of partial sums. We further
consider a subclass of our new class and for which we obtain (p,g)-analogue of coefficient
characterization which in fact helps us to determine its properties such as distortion
bounds, extreme points, convolutions and convexity conditions. In the last section on
conclusion, it is pointed out that the results obtained in this paper may also be extended
to some generalized classes.

Keywords: (p,q)-calculus; (p,q)-Ruscheweyh operator; multivalent harmonic functions;
a (p,q)-Ruscheweyh multivalent operator; partial sums.
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1. INTRODUCTION

Duren et al. in 1996 [6] introduced multivalent harmonic functions in the open unit
disc D := {z € C: |z| < 1} via the argument principle. For natural number m, let H(m)
denote the class of all multivalent functions f = h + g, where

h(z) =2"+ Z apz® and  g(z) = Z b2
k=m+1 k=m

Let Sz (m) be a subclass of H(m) of functions f = h + g that are sense-preserving in D
and S9(m) denotes a subclass of Sy(m) when g™ (0) = 0 for a given natural number m.
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Thus if f = h+g € S3(m), then

o0 o0
h(z) = 2™+ Z arz® and g(z) = Z bz~ (1)
k=m+1 k=m+1
We observe that if g = 0 for each f = h+g € S3,(m), then SY,(m) reduces to S(m), a well
known subclass of analytic multivalent and normalized functions in . Note that S9,(1) is
a subclass of Sy(1) of harmonic locally univalent and sense-preserving functions defined
in D that was studied by Clunie and Sheil-Small [5].

We next recall a few notations and definitions of (p, ¢)-calculus that are needed in this
paper. The theory of (p, q)-calculus (or post-quantum calculus) are used in various areas
of science and mathematics; see for example [12]. Let 0 < ¢ < p < 1. The (p, ¢)-derivative
operator of a function A is defined by

h(pz)—h(qz)
Op,gh(2) = (prg)z 7 270,
R'(0), z=0.
It is clear that if h; and hy are two functions, then

Opq(h1(2) + ha(2)) = Opq(h1(2)) + Ipq(h2(2))

and

apvq(zk) = [k’]p,qzk_la (2)
where
-
[k]nq = p—q = pkil +pk72q 4+ .. _+_qu*2 + qk—l7 keN
is a (p, q)-bracket or twin number. The (p, ¢)-number factorial is defined by
Klpa' = Wpal2lpalBlpa- - Elpgs  [0lpg! = 1.

The (p, q)-shifted factorial is defined as

(Elpglk + pglk +2)pq. - [E+n—1]p,, ifn>1
1, ifn=0.

([k]p,q)n =

Moreover, the (p, ¢)-gamma function is defined as
Lpg(k+1) = [klpqL'pqe(k) and [pq(l) =1.

Some applications of (p, g)-calculus may be found in [20].

Note that, if p = 1, the (p, ¢)-calculus reduces to the g-calculus and the (p, ¢)-derivative
Op,q reduces to the g-derivative. Using the g-derivative, in [22] authors introduced and
studied various families of g-starlike functions f € S(1). It is mentioned in [22] that the
results obtained may easily be extended into the corresponding results for (p, ¢)-analogue.
A g-analogue of Noor integral operator is also introduced and studied by Arif et al. [3]. For
more study of g-calculus, one may refer to [2, 7, 10, 11] and also some recent publications
[15, 16, 19, 23, 24].

The convolution of two analytic functions

(o9} oo
hi(z) = Zakzk and  ha(z) = Zﬁkzk

k=1 k=1
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is defined by

hi(z) % ha(z) = (h1 * he)( Zakﬂkz

A g-analogue of Ruscheweyh operator Ré‘ : S(1) — S(1) was introduced and studied by
Kanas and Raducanu [14]. Recently, Arif et al. in [4] defined a g-analogue of Ruscheweyh
operator for multivalent functions in the class S(m).

Define a (p, g)-analogue of Ruscheweyh operator for multivalent functions: Lgfg"“l :
S(m) — S(m) by

o+m—1 .
Ly h(2) = h(2) * dm(p, 4, 65 2), (3)
where the function ¢,,(p, ¢, 9; z) is defined by

(5+mqu; m k
[k —m]pq!

bm(p,q,0;2) = 2™ + Z

k=m+1

(4)

(60>-mmeN0O<g<p<1).

Note that the series in (4) converges absolutely in the unit disk D.
For the case if 6 + m € N, the (p, ¢)-operator 83;;7”_1 of order § +m — 1 is defined by

0+m—1
ap,qm = Opg--Opg
——
6+m—1 times
and hence, for this case, the operator L]‘;ng*1 defined by (3) may also be given by

Zmag’—&q-m—l (25—1h(z))
[0 +m — 1]p,q'

d+m—1 _
Ly h(z) =

Making use of (3) and (4), for the functions h and g given by (1), we get

Lot (h(2) + g(2)) = 2™ + Z Uy, (8) (ar + br)2", (5)
k=m+1
where
W (5) _ ([5 + m]p,q)k—m ) (6)

[k — m]p,q!

Taking p = 1, we denote the operator L‘SJ”"_1 by L(Hm_1 which was defined in [4, p.
1213]. Further, taking p =1, m = 1, and replacmg 1) by A, the operator L5+m ! reduces
to Ré which was considered in [14]. Some applications of the operator Rq)‘ may be found in
[1, 18]. Taking p =1, ¢ — 1~ and replacing m by p, § by n, the operator ngm_l reduces
to the operator D"*P~1 introduced by Goel and Sohi in [8, 9] for functions h € S(p), which
generalizes the well known Ruscheweyh operator D™ [21] for univalent analytic functions
h e S(1).

Clunie and Sheil-Small in [5] studied univalent harmonic functions through some geo-
metric properties of related analytic functions by introducing a shearing technique. Using
this concept of shearing and motivated with Karpuzogullari et al. [13] and Li and Liu [17],
involving the operator L5+m 1 we define a class S%(m, 0, p, q, ) as follows:
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Definition 1.1. A function f = h+7g € S9,(m) is said to be in the class S3,(m,d,p,q, )
if the function f satisfy the condition

" { Ona L3t (h(=) +9()

> 0<ax<xl1 7
[mlpqz™" } voEte "

where § > —mym e N0 <g<p<1.

Ifp=1,g— 17, m=1, § =0 and replacing « to (3, the class S%(m,é,p,q,a) reduces
to the class HP() which was studied in [13]. If we take p = 1,¢ — 17, g = 0 and
replacing m by p, § by n in the condition (7), it reduces to the class condition that was
studied by Goel and Sohi in [9] for analytic functions h € S(p).

In this paper, we obtain a sufficient coefficient condition in the form of a coefficient
inequality for the functions f = h + g to be in the class S% (m, d,p,q, ). Results related
to the partial sums are derived when the functions f = h +g € S9(m) that satisfy
the sufficient condition for the class S%(m, 0,p,q, ). We further consider a subclass of
the class S%(m,é, p,q,«) and then establish a (p,q)-coefficient characterization of the
functions in this subclass. We also obtain distortion bounds, extreme points, convolutions
and convexity for functions belonging to the subclass of S% (m,d,p,q,a).

2. ANALOGUES OF PARTIAL SuUMS IN (P,Q)-CALCULUS

In order to obtain certain analogues of patial sums in (p, ¢)-calculus, we need the fol-
lowing result.

Lemma 2.1. Let f = h+ g € SY,(m), where h and g are given by (1). Then f €
S%(m,d,p,q, @) if

= [k

>y 9) 4 ) < 1- 0 Q
k=m+1 P
where Py, (§) is defined by (6). The inequality (8) is sharp.
Proof. Using the fact Re(w) > « if and only if |1 —a+w| > |1 + o — w|, to prove the
lemma, it is sufficient to prove for |z| =7 (0 < r < 1) that

) L(H-m—l h + O L6+m—1 h +
S LI R 0) U BN [ 927 IO R ) NP IR
[m]p.qz [m]p.qz
On using (5), the left-hand-side of (9) is given by
2—a+ Z ]pq 0) (|ar| + [be])2"~
k= m+1 pg
‘ ot Z ” 0y (5) (Jax] + [ol) 2
mlpg
>2<¢1—a-— Z Flpa i (0) (Jag| + b)) r* ™ % >0
k=1 [m]p.q
as r — 17, if inequality (8) holds. The harmonic mappings
[m]p,q(1 — ) k —k
flz)=2"+ e (2 4 gz 10
) B (4 %) 1o

k=m+1
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where
o0

> (ol + lywl) =1,
k=m+1
shows that the coefficient inequality given by (8) is sharp. This completes the proof of
Lemma 2.1. ]

We now study partial sums of certain multivalent harmonic functions belonging to the
class S%(m, 9,p,q, ). We establish some new results giving the sharp bounds of the real
parts of ratios of harmonic multivalent functions to its sequences of partial sums.

Let f = h+g € Sy (m), where h and g are of the form (1). Then the sequences of
partial sum of functions f are defined by

Ss(f) ="+ Z akzk + Z bkfk = Ss(h) +9,
k=m+1 k=m+1

o) l
Sf)=2"+ > a4+ D bFF=h+5(9).
k=m+1 k=m+1
and

s l
Salf)=2"+ > aF+ D nZ = Su(h) + (7).

k=m+1 k=m-+1
[(2) Ss(f) f(2)
7(2) }7 %e{Sl(f) }7

In this section, we determine the sharp lower bounds for §Re{ ) }, §Re{

z S
Re{ HL Y, Re{ L5}, and e HL}.

Theorem 2.1. Let f = h + g, where h and g are of the form (1). If f satisfies the
condition (8), then

. f(2) csr1— (1 —a)
i) §R€<Ss(f)> > — , (11)
.. Ss(f) Cs+1
) %< 1) ) PR — 12)
where
1—a, k=m+1m+2,..s
ck = [Hlp.at(0) and ¢ > (13)
[m]p,q Csil, k=s+1,s+2,..

These estimates are sharp for the function given by

l—«

fz)=2"+ 25T, (14)

Cs+1
where csy1 is given by (18) fork=s+1,s>m+1 and 0 < a < 1.

Proof. i) In order to prove (11), we may write

cs+1 [ f(2) 1—«a
_ —(1-
ni = (s
i 2 as
k=s+1
M+ Z apzk + Z bkzilC
k=m+1 k=m+1

=1+




P. SHARMA, O. MISHRA, O. P. AHUJA, A. CETINKAYA: HARMONIC MULTIVALENT ...

It is now sufficient to show that Reyn(z) > 0 or equivalently

Y1(2) — 1‘ <1
Y1(z) +1
On the other hand
S Jal
T a
i(z) = 1] R <1
’l,Z)l(Z)—|—1 B s 00 . B
2=2 X fal+ X Ikl -5 X okl
k=m+1 k=m+1 k=s+1
if and only if
S oo c o
s+1
Y OIEND SRR Sy
k=m+1 k=m-+1 k=s+1
In view of (8), it is enough to show that left side of (15) is bounded above by
> c > c
k k
b
Z 1_a|ak|+ Z 1—04‘ k”
k=m+1 k=m+1

which is equivalent to

L —(1-a) cr— (1 —a) Cr — Cs+
k k k s+1
E - + E ———|bg| + E EE— > 0;
|| || |ag| =

1169

(15)

1 1-— 1
k=m-+1 k=m-+1 k=s+1
but it is true because of (13). In order to show that f(z) = 2™+ is_—fl‘zs*m gives the sharp
result, we observe for z = re!™/5 that
f(z): 1—a28_>1_l—arS:cs+1—(1—oa)’
Ss(f) Cs+1 Cs+1 Cs+1

when r — 17
i1) In order to prove result (12), we write

Ua(2) = CSHlJ:la_ a{%((j)) - (1 - c+11+_1a—a>}

c +1—« S
s+1 z akzk

11—«
-1 k=s+1
- - ) %) -
24 3 apRh+ >0 b2k
k=m+1 k=m+1
Therefore
citl-a o
= Y
1/}2(2) —1 < k=s+1 <1
Ya(z) +1] 7 -

2—2< 2. e+ X2 Ibk\>—c”1f_%_a) 2 laxl

k=m+1 k=m-+1 k=s+1

if and only if

S o

o0
Z lak| + Z ]bk|+1cir; Z lax| < 1.

k=m+1 k=m+1 k=s+1
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Since, left side of (16) is bounded above by

[e.e] o

Sl Y g,
l—« l1—«

k=m+1 k=m+1

the proof is completed because of given condition (8). u

Theorem 2.2. Let f = h + g, where h and g are of the form (1). If f satisfies the
condition (8), then

. f(2)> 1 — (1 — o)
i) Re > , 17
) <Sl(f) B Cly1 (17)
i) i}ee<5’(f)> > (18)
f(2) ar1+1—«
where
1—« k=m+1,m+2,..,1
k 5 ) ’ ’ ’
ck = Mk (9) and cp > (19)
[m]p.q o, k=l4+1,042,..
These estimates are sharp for the function given by
1 —o——
f(z)=2"+ LT, (20)
Cl+1

Proof. The proof of Theorem 2.2 is similar to the proof of Theorem 2.1, and therefore it
is omitted. N

Theorem 2.3. Let f = h + g, where h and g are of the form (1). If f satisfies the
condition (8), then

, f(z) cst1— (1 —a)

7 gFE€<Ss,l(f)) - Cs+1 ’ (21
3 Ssa(f) Cs+1

#) m(ﬂa>2%ﬂ+wﬂ’ (22)

where ¢y, is given by (13). These estimates are sharp for the function given by (14).

Proof. i) We may write

P3(2) = 108_+;{3£(12) a (1 - 1cs_+f>}

c oo o -
1“'*&( Sooapf 4+ Y bkzk>

k=s+1 k=l+1

s l -
M+ Z akzk + Z bi k
k=m+1 k=m+1

It is sufficient to show that Rewys(z) > 0, or equivalently

o0 o0
et ztm+2b0
P3(z) — 1 1o <k:s+1 k=I+1 <1

Y3(2) + 1|~ s °° x -
’ ‘ 2—2( S ag| + i bu)—ﬁ;( > lawl+ X2 bk)

k=m-+1 k=m+1 k=s+1 k=l+1
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if and only if

s ! 00 0o
|ak| + |bk‘ + Ci_l ]akl + b | <1. (23)
11—«

k=m+1 k=m+1 k=s+1 k=l+1
In view of (8), it suffices to show that left side of (23) is bounded above by

oo o

o ol YD b,

k=m+1 k=m+1

which is equivalent to

l cr— (1 —a) c— (1 —a) Cl — Cst Cl — Cs+
k k k s+1 k s+1
E —_— ||+ E ———2 b |+ E —|ag |+ E ——|bi| > 0.

1 11—« 11—« 11—«

k=m+1 k=m+1 k=s+1 k=l+1

To see that f(z) = 2™ + i:TOIZSJFm gives the sharp result, let z = re’™/*. Then

1-— 1-
G e (r—17).
Ss,l(f) Cs+1 Cs+1
This proves (21).
i) Similarly, we obtain the assertion in (22). O

Theorem 2.4. Let f = h + g, where h and g are of the form (1). If f satisfies the
condition (8), then

. f(z) a1 —(1—a)

0 §Re<55,l(f)> = Cl41 7 (24
y Ssa(f) Cit1

w we(%8)> 2

where ¢y, is given by (19). These estimates are sharp for the function given by (20).

Proof. The proof of Theorem 2.4 is similar to the proof of Theorem 2.1, and therefore it

is omitted. I
3. (P,Q)-ANALOGUES OF CERTAIN PROPERTIES OF A SUBCLASS OF S%(m, 0,p,q, )

We now consider a subclass 7S, (m, 6, p, ¢, ) of functions f = h+g € S3,(m, 4, p,q,a),
where h and g are of the form

h(z)=2"— Y |axlz" and g(z)=— > |bxl2". (26)
k=m+1 k=m+1

Lemma 3.1. Let h and g be of the form (26).Then f =h+g € TSy (m,d,p,q,) if and
only if the condition (8) holds.

Proof. "If part” follows from Lemma 2.1 because TSY,(m, 8, p, ¢, ) is a subset of 53, (m, 8, p, ¢, ).
For ”Only if part”, assume that f = h+7g € TS%(m, d,p,q,«), where h and g are of the
form (26). Then from (7) we have

" {ap,ng;m-l (=) + ()

[m]p,qz™ 1

}>a, VzeD
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which on using the series expansion from (5), gives
(K]
Redl— > =PLypy (6) (|ag| + [br)2" ™ b > a (27)
[t [mlp.q

for all values of z € D. As for real values of z — 17, the condition (27) proves the inequality

(8). O

Finally, using Lemma 3.1, we obtain (p,q)-analogues of certain properties for the class
TS% (m, d,p, q, ) such as distortion bounds, extreme points, convolutions and convexity.

Theorem 3.1. If f € ’TS%(m,é,p,q, «), then

I < el + e (28)

and

m [m] s (1 — Oé) m
S 2 e = e e e, (29)

Proof. Let f =h+7¢€ TS%(m, d,p,q, ), where h and g are of the form (26). In view of
[m""l][p,q][(s‘f'm}p,q
Mip,q

Lemma 3.1 and letting § = , we have

(e o]

FEI< ™+ Y (lal + [beD)]=[*
k=m+1

o0

< Pe™ ™Y (] + [be])
k=m+1

m 1 m S
= |z| +5|Z! ST B (ak] + [bel)
k=m-+1

< et Lt S a5y g+ )

-«
< |z|™ 4+ ——|z|™ L
2| 5 Il
This proves (28). The proof of (29) is similar to the proof of (28). O

From the lower bound of |f(z)| given in (29), we obtain following covering result.

Corollary 3.1. If f € TS%(m, 3,p,q,), then

- w . [m]p,q(l — Q)
{w €Crlwf<d [m + 1]p,q[5+m]p,q} c /(D).

Theorem 3.2. A function [ € TS%(m, 4, p,q, ) if and only if

o0

F(2) =) [onha(2) + yrgr(2)], (30)

k=m
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where
_ I 0 S B
him(z) = 2™, hi(z) =2 [k]ppjlqwk(é) 28 (k=m+1,m+2,..)
oo mlp (=)
gk(2) = 2 [k?]pp:¢k(5) zi (k=m+1m+2,..)
T,y > 0k=mm+1,..., xp=1— Z (xg + yk) - (31)
k=m+1

In particular, the points {hy} and {gr} are called the extreme points of the closed convex
hull of the class T SY,(m,d,p,q, @) denoted by clcoT S3,(m, 6, p,q, ).

Proof. Let f be given by (30). Using (31), we can write
- [m]pq(1 —a

_Zm_ ) T Zk fk
A== 3 i) (0

which by Lemma 3.1 proves that f € T.S3(m,d,p,q, a), since for this function
= [Klp,gk(8)  [mlpe(1 — )

k=m+1 [m]pq (1 —a) [klpgr(0) (x + k)
= 2 (@tm)=1-mn<l
k=m+1

Thus, f € clcoT SY(m,é,p,q, ). Conversely, let f = h+g € TSY,(m,d,p,q,a), where h
and g are of the form (26). Set
k 6 k )
o [ ]Pv(ﬂbk( ) |ak|’ Y = [ ]p#l¢k( ) |bk| .
[m]pqe(1 — ) [m]pe(1 — )

Then on using (31), we obtain

f)=2"— Y Jal2F = Y |o|Z
k= m+1 k=m+1
[m]pq [mlp,q(1 —a)_y
T~ Ye—r1 7o F

k%l e Z Kl a0)

AR DTS CAE T E) S DR LB O}
k=m+1 k=m+1

= [1 — > (@rtu)| 2™+ D {zhe(2) + vege(2)}
k=m+1 k=m+1

which is of the form (30). This proves Theorem 3.2. O

Theorem 3.3. For 0<f<a<l,letfe 'TS%(m, 3,p,q, ) and F € ’TS%(m,(S,p,q,a).
Then f * F € S3,(m,8,p,q, @) C S5, (m,8,p,q, 8).

Proof. Let
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and
o0 oo
F(z)=2"— Y |AglF = > Byl
k=m+1 k=m+1
Then

oo oo
(fxF)=2"+ > lallArlz"+ > |bgl|Bilz*
k=m+1 k=m+1
Since F € TS%(m, d,p,q,a), by Lemma 3.1, we have |Ag| <1 and |By| < 1. Therefore,

- [ ]pqwk( ) a [k]pqwk( )
3 ([ aull ] + e i, )

k=m+1 mh’yQ(l ) [m]p,q(l
[eS) [k]pquk<5) [k]p,qwk(é)
- ,EH ([m}p,qu—a)’ak’ * Ml_a)\bko <

By Lemma 3.1, it follows that f x F' € ’TS%(m,(S,p,q, «). Further, it is obvious that
T83,(m,é,p,q,a) C TSy (m,d,p,q,5). O

Theorem 3.4. The class TS%(m,é, D, q, ) is closed under conver combination.

Proof. For 1 =1,2,3..., let f; € TS%(m,(S,p,q,oz) be given by

[e.9] [e.9]

fiz) =2" = > agalF = D |bralz.
k=m-+1 k=m+1
Then by (8), we have
o [Klpg , , B
> I (6) {law,il + [bril} <1 — o (32)
k=m+1 bt P
For Z;’il t; =1, 0<t; <1, the convex combination of f; is
St == 3 (Swwd) - 3 (S )
i=1 k=m+1 \i=1 k=m+1

Then on using Lemma 3.1, we see that

o0

Z[[” (

ml > tilakal| +
k=m+1 P4

szti{ > By o)

)

o0
> tilbel
i=1

i=1 k=m-+1 Ipa

)
<l-a,

and so Y .2 tifi(z) € TS%(m, 4,p,q, ). O
4. CONCLUSION

Recently, in Geometric Function Theory, g-calculus and (p, g)-calculus are being ap-
plied not only in defining several linear operators but also in defining various analogue of
previously defined well known classes of analytic as well as harmonic functions. In this
study, a (p, ¢)-analogue of Ruscheweyh operator L‘5+m I for multivalent functions is be-
ing defind by (3). In view of the shearing technlque a class S9 2,(m, 8,p,q, ) of functions
f=h+7c€ S%(m) is defined in Definition 1.1 by 1nvolv1ng the operator L‘erm LA
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sufficient coefficient condition for f € S%(m,d,p,q,oz) is obtained as Lemma 2.1. With
the use of this coefficient condition, sharp bounds of the real parts of ratios of functions
f € 5%/ (m) to its partial sums S,(f), Si(f) and Ss,;(f) are obtained in Section 2. Further,
in Section 3, it is proved that the coefficient condition (8) is necessary and sufficient for the
functions in a subclass 7’5’% (m, 0, p, q, ). Again in Section 3, for functions in this subclass,
results based on bounds, convolution, extreme points and on convexity are derived.

There is a possibility of extension of the results obtained in this paper to some gener-
alized classes associated with the Janowski type of functions as well as the Rgnning class
of functions. For this, we may define classes S%(m, d,p,q, A, B) and k—S%(m, 9, p,q, ) of
functions f =h+g € S% (m) satisfying, respectively, the conditions

Oy (he) +9()) _ 1442
[m]p,qzm1 1+ Bz

(-1<B<A<L1),

where the notion < denotes the familiar subordination and

Op.g LT (h(2) + g(2)) ok Op g LOT™ 1 (h(2) + g(2))
[m]p,qz™ ! [m]p,gz™?

Re —1|l4+a 0<a<l.

Obviously, if A = 1—2a, B = —1, then S%(m, 5,p,q, A, B) = S%(m, 3,p,q, ) and if k = 0,
then k—S%(m, 4,p,q, ) = S%(m, 9, p,q, ).
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