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Abstract

In the present paper we investigate a class of harmonic mappings for which the
second dilatation is a close-to-convex function of complex order b, b € C/{0} (Lashin
in Indian J. Pure Appl. Math. 34(7):1101-1108, 2003).
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1 Introduction

A planar harmonic mapping in the open unit disc D = {z||z| < 1} is a complex-valued har-
monic function f which maps D onto some planar domain f(ID). Since D is a simply con-
nected domain, the mapping f has a canonical decomposition f = /(z) + g(z), where h(z)
and g(z) are analytic in D and have the following power series expansions:

h(z) = Z a,z", g(2) = Z b,7", zeD,
n=0 n=0

where a,,b, € C, n=0,1,2,.... As usual, we call s(z) analytic part and g(z) co-analytic
part of f, respectively. An elegant and complete account of the theory of planar harmonic
mappings is given in Duren?s monograph 1].

Lewy [2] proved in 1936 that the harmonic mapping f is locally univalent in D if
and only if its Jacobian J; = |i'(2)|* - |g'(z)|* is different from zero in D. In view of
this result, locally univalent harmonic mappings in the open unit disc are either sense-
reversing if |g'(z)| > |/ (2)| or sense-preserving if |g'(z)| < |4/ (2)| in D. Throughout this pa-
per, we restrict ourselves to the study of sense-preserving harmonic mappings. We also
note that f = h(z) + g(z) is sense-preserving in I if and only if //(z) does not vanish in
the unit disc D, and the second dilatation w(z) = g'(z)//'(z) has the property |w(z)| < 1
inD.

The class of all sense-preserving harmonic mappings in the open unit disc D with ag =
by =0 and 4, =1 is denoted by Sy;. Thus Sy contains the standard class S of analytic
univalent functions.

The family of all mappings f € Sy; with the additional property that g’(0) = 0, i.e., b; =0,
is denoted by SY,. Thus it is clear that S C 89, C Sy [1]. Let Q be the family of functions
¢(z) regular in the open unit disc D and satisfying the conditions ¢(0) = 0, |¢(z)| < 1 for all
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z € D. We denote by P the family of functions p(z) = 1 + p1z + py2® + - - - regular in D such
that p(z) in P if and only if

1+¢(2)

- (1.1)

p(z) =

for some ¢(z) € Q2 and every z € D.

Let s1(2) = z+ 22> + c32° + - - - and 85(2) = z + dp2® + d32® + - - - be analytic functions in .
If there exists a function ¢(z) € Q2 such that s1(z) = s2(¢(2)) for every z € D, then we say
that s;(z) is subordinate to s,(z) and we write s; < s5. We also note that if s; < s, then
51(D) C 52(D) (3, 4].

Next, let A be the class of functions s(z) = z + 222 + - - - which are analytic in D. A func-
tion s(z) in A is said to be a convex function of complex order b, b € C/{0}, that is,
s(z) € C(b) if and only if s'(z) # 0, and

Re(l + %z%) >0 (zeD). (1.2)

We denote by S*(1 — b) the class of A consisting of functions which are starlike of com-

plex order b, that is,

Re(l + %(zSN(Z) - 1)) >0 (zeD). 1.3)

§'(2)

Moreover, let s(z) be an element of A4, then s(z) is said to be close-to-convex of complex
order b, b € C/{0} if and only if there exists a function ¢(z) € C(b) satisfying the condi-

tion

Re(l + %(:,((z)) - 1)) >0 (zeD). (1.4)

The class of such functions is denoted by CC(b).
The classes C(b) and S*(1 — b) were introduced and studied by Nasr and Aouf [5, 6], and
the class CC(b) was introduced by Lashin [7].

Remark 1.1
(i) For b =1 we obtain §*(0) = S*, C(1) =C, and CC(1) = CC are well-known classes of
starlike, convex and close-to-convex functions, respectively [6].
(i) S*A-1-a))=S*(x),C(Q —a),and CC(1 — @), 0 < a < 1, are the classes of starlike,
convex and close-to-convex functions of order «, respectively [6].

(iii) If we take b = 7™ cos A, |A| < /2, we obtain the following classes: A-spirallike,
analytic functions for which zf(z) is A-spirallike and A-spirallike and A-spiral
close-to-convex functions [6].

(iv) S*(1-(1-a)e™cosir), C*((1 —a)e*cosr), CC*(1—a)e™cosA), 0 <a <1,

[A| < /2, are the classes of A-spirallike functions of order «, analytic functions for
which zf’(z) is A-spirallike of order « and A-spiral close-to-convex functions of

order «, respectively [6].
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Finally, the aim of this investigation is to obtain some properties of the class of harmonic
functions defined by

R / b _

& Re|:1 + %(ig - blﬂ >0,b,by € C/{0}, h(z) € C(b)}

for all z in D.

For the purpose of this paper, we need the following lemma and theorem.

Lemma 1.2 [8] Let ¢(z) be regular in the unit disc D with ¢(0) = 0. If the maximum value
of |¢(2)| on the circle |z| = r < 1 is attained at point z1, then we have z1¢'(z1) = k¢(z1) for

some k > 1.

Theorem 1.3 [9] Ifs(z) € C(b), then

1/ s(2) _ o149
2[“Z<Zs<z> "1)]'1‘p(z)‘ e

for some ¢(z) € Q2 and every z in D, and

2 /
/ Re (zs (z)) do =2pnm (1.5)
0 s5(2)

for every z € D. A member of S*(p, n) is called p-valent starlike function in the unit disc D.

Finally, a planar harmonic mapping in the open unit disc D is a complex-valued har-
monic function f, which maps ID onto some planar domain f(ID). Since D is a simply con-
nected domain, the mapping f has a canonical decomposition f = & + g, where h(z) and
g(2) are analytic in D and have the following power series expansion:

h(z) = 2 + @y 2 + Apa 2 + -+ A2

and

n np+1 np+2 np+m
g(z) = bnpz P+ bnp+lz P4 bnp+2z PrE 4t bnp+mz Py

where |b,,| <1, p > 1 and n > 1 are integers, @,p.ms bup+m € C and every z € D. As usual,
we call s1(z) the analytic part and g(z) the co-analytic part of f, respectively, and let the
class of such harmonic mappings be denoted by SH.(p, n). Lewy [2] proved in 1936 that the
>~lg' @)1

is strictly positive in D. In view of this result, locally univalent harmonic mappings in the

harmonic mapping f is locally univalent in D if and only if its Jacobian J; = |/ (2)

open unit disc are either sense-reversing if |g’(z)| > |/ (z)| or sense-preserving if |g’(z)| <
|7 (z)| in D. Throughout this paper, we restrict ourselves to the study of sense-preserving
harmonic mappings. We also note that an elegant and complete treatment theory of the

harmonic mapping is given in Duren?s monograph [].
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The main aim of this paper is to investigate some properties of the following class:

) N g2 1+¢(z)
S*H(p,n) = {f_h+g€$7'[(p,l’l) w(z) = @) < "I 4

O(2) =2"V(2), ¥ (2) € Q1 h(z) € S*(p,n),z € ]D)}

and for this aim we need the following lemma.

Lemma 1.4 [1] Let w(2) = a,z" + apnz"*t + a0z + -+ (a, #0, n > 1) be analytic in D.
If the maximum value of \w(z)| on the circle |z| = r <1 is attained at z = z,, then we have
zoW (z0) = pw(zo), where p > n and every z € D.

2 Main results
Lemma 2.1 Let h(z) be an element of C(b), then

fl(%|h|,%Reb, —r) < k(@) S-E(%WL%RGZ%’") (2.1)
and

F>(1bl,Reb,—r) < W (2)| < F(|b],Reb,7), (2.2)
where

]:1(%|b|, % Reb, —r) = % (2.3)
and

1 1
1 L1pl-1 Reb
_7:2(|b|,Reb,r) - (4.;«)272 (2.4)
a- r)%wu% Reb

These inequalities are sharp because the extremal function is h(z) = (17—12

Proof Using Theorem 1.3, the definition of class C(b) and the definition of the subordina-

tion principle, we obtain

HE) 1+ (-1 W@ 1+(b-1z
W T T 1-¢ O Che " 1oz
or
/ 2
o)
and similarly
W@ () W) 2bz

z < —

‘W) " 1-90) W) 1-z
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or
W(z) 2br? 2|b|r
- . 2.6
‘Zh’(z) 1-72| 7 1-72 2.6)
Using (2.5) and (2.6), we get (2.1) and (2.2), respectively. O
Theorem 2.2 Let f = h(z) + (@ be an element of Syccw), then
1+(2b-1
g , 1+@b-Dz
(2) 1-2z
Proof Since f = h(z) + @ is an element of Sycc (), then we have
g'(2) 1+(2b-1)z 1/4(2)
b Re|l+ — -b 0,
e T 1-z T N e\ 7))
1)
! 1 -1
g b Lt (2b-1)p(2) (2.7)

W (z) 1-9¢(2)

for some ¢(z) € Q2 and every z in D. Now, we define the function ¢(z) by

)

h(z) 1-¢(2)

then ¢(z) is analytic in D and ‘% lz=0 =b1=b }tﬁgg;, then ¢(0) = 0 and

W(Z)_g’(Z) b1(1+¢(2) 2z¢(z) 1

W@ 1_¢(Z)+1—¢>(Z).1+(b_1)¢>(z)) (z e D).

1+(2b-1)z
1-z

g2
H(z)

for all z € D. Indeed, assume to the contrary, that there exists z; € D such that |¢(z;)| = 1.
Then by Jack?s lemma (Lemmal.4), z1¢'(z1) = k¢p(z1), k > 1, for such z; € D, we have

Now it is easy to realize that the subordination < b isequivalent to |¢(z)| < 1

w(z1)

g@) b1<l +¢(z1)  2k¢(z1) 1

= - . _ D
h/(Zl) 1- ¢(Zl) * 1- ¢(Z1) 1+ (b _ 1)¢(zl)) W(¢(zl)) ¢ W( )

/
because |¢(z1)| =1 and k > 1. But this is a contradiction to the condition i,g < by %

’

and so assumption is wrong, i.e., |¢(z)| <1 for all z € D. (I

Corollary 2.3 Letf = h(z) + @ be an element of Sycc ), then

1.1 bi| - 2|b|r - |by - 2b|r*
F( Lo L Reb, —r |b1] - 2|b|r — | by |r
2772 1-12
1.1 bi| +2|b by - 2b|r?
< le@)| < A( 2161, L Rep, ) 2oL 210l + 1oy = 261 2.8)
2 2 1-r2
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and

|b1| = 21bIr — by — 25|

F2(1b|,Re b, —
2(1b],Re b, —r) 12
, |b1] + 2|b|r + |by = 2b|1?
<|¢'@)| < F2(1bl,Re b, r)— 1_r21 (2.9)
forall |z| = r <1, where F1 and F, are defined by (2.3) and (2.4), respectively.
Proof Since f = h(z) +<@ € Sycew), we have
1/4(2) g2 1+(2b-1)z

Re|l+ — -b 0 b

e[ +b<h/(z) S R = S g
or

g2 b1+ (2b-b)r? - 2|b|r

W (z) 1-7r2 —1-r
then

— _ _ 2 / _ 2
|b1| = 2|b|r — |by — 2b|r < lg' ()] - |b1] +21b|r + |by - 2b|r ’ (2.10)
1-72 |7 (2)| 1-72

and using Theorem 2.2 we obtain

@ b] +(2b—b1)7‘2 < 2|b|

h(z) 1-72 ~1-72
or

_ _ _ 2 _ 2
[b1] = 21blr = by = 2b1r> _ 1g(2)| _ Ibal +21blr + |by = 2b]r o

1-72 ~ h(z)] T 1-72

for all |z| = r < 1. Considering Lemma 2.1, (2.10) and (2.11) together, we obtain (2.8) and
(2.9). O

Lemma 2.4 Iff = h(z) + g(z) € Sycew), then

|b1| —r |bi] + 7
1+ |by|r <) < 1+ |by|r @212)
(1= )1~ by ) 2, (=P [bi])
Wrtpre SO = =g (2.13)
(1- 7)1+ |y]) (L+ 7)1+ |By)
EEETAE §1+|w(z)|§71+|bl|r (2.14)
and
(1- )1~ |y]) (1+ 7)1~ |y
e S MElE T 215)

forall |z| =r<1.
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Proof Since f = h(z) +@ € Sycep), it follows that

_g’(z) b1 +2byz -
T W@ 1+2axz+---

w(z) so w(0) = b; and |w(z)| <1

So, the function

5(2) = w(z) — w(0) w(z) — by

= S = — (Z (S ]D))
1-w)w(z) 1-bw(z)

satisfies the conditions of Schwarz lemma. Therefore, we have

= M ifand only if w(z) < b tz (ze D).

we) = 1+b1p(2) 1+biz

On the other hand, the linear transformation lbjg ZZ maps |z| = r onto the disc with the cen-
1
2 2 2
ter C(r) = ((ll:rlb)ﬁif‘ , (11’_’”])1'13;51) and the radius p(r) = %. Then we have (2.12), which

gives (2.13), (2.14) and (2.15). a

Corollary 2.5 Let f(z) be an element of Syccw), then

(1-r)A =51
A+ 1b1|r)?

1-r)A-1b1])?

0= |by|r)? (F>(1b1,Re b, 7))’

(F2(1bl,Reb,—r))* < Jy <

and

r 1_,0
(1—|b1|)/0 1+|b1|p.7:2(|b|,Reb,—p)dp

"1
<Ifl < (1+|b1|)/0 1+|+bf|pf2(|b|,keb,p)dp

for all |z| = r <1, where F, is defined by (2.4).
Proof Since

1= [w@) @ <) < 1+ W) |1 ()]
and

(1= [w@|) |1 @)ldz] < ldf| < (1 + [w(2)|) | (2)| |z,

thus using Lemma 2.1 and Lemma 2.4 in the last two inequalities we obtain the desired
result. O

Theorem 2.6 Let f(z) be an element of Sycc), then

n n-1
Z bk — brag|* < Z|bk +b1(2b - l)dk|2~
k=2 k=1
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Proof Using Theorem 2.2, we obtain the following relation:

gﬁ 1+(2b-1)z @ B by +b1(2b-1)¢(2)
nz) 1oz “ e 1-90@)
or
2(2) - bih(z) = (g(2) + b1(2b - Dh(2))p(2) (2 €D, ¢(2) € Q). (2.16)

Equality (2.16) can be written in the following form:

n 0 n-1
Y b —ha)d + Y did = | Y (b + bi(2b-Var)Zt |p(2) (zeD). (217)
k=2 k=n+1 k=1

Since the last equality has the form fi(z) = f2(2)¢(z) with |¢(z)] < 1, it follows that

i) o = o vz<re ) a 218)

for each r (0 < r < 1). Expressing (2.18) in terms of the coefficients in (2.17), we obtain the

inequality
n 00 -1
Y b= b+ Y ld P < Z |bic + by (2b — Dae|*r*, (2.19)
k=2 k=n+1 k=1

where di = (bx — byay) — (bx + b1(2b — 1)ay)p(z). By letting r — 1~ in (2.19) we obtain the
desired result. The proof of this method is due to Clunie [10]. d
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