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GENERALIZED q-DIFFERENCE EQUATION FOR THE

GENERALIZED q-OPERATOR rΦs(Dq) AND ITS

APPLICATIONS IN q-INTEGRALS

F. A. RESHEM1, H. L. SAAD1∗, §

Abstract. In 2014, Fang [12] discovered a general q-exponential operator identity by
solving a q-difference equation. Fang [12] developed some generalizations of q-integrals
using this q-difference equation. Reshem and Saad [20] presented the solution to a gener-
alized q-difference equation in q-operator form, which is a generalization of Fang’s work
[12]. Using the q-difference equation technique, Reshem and Saad [20] discussed some
properties of q-polynomials. In this paper, the generalized q-difference equation tech-
nique is used to generalize some well-known integrals such as fractional q-integrals, the
q-Barnes contour integral, and Ramanujan q-integrals.

Keywords: q-difference equation, q-operator, q-integral, fractional q-integrals, q-Barnes
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1. Introduction

In this paper, the notations that was used in [13] is followed, and we assume that |q| < 1.
We mention to some notations that we depend on during this paper.

The q-shifted factorial is defined by [13]:

(a; q)0 = 1, (a; q)n =
n−1∏
k=0

(1− aqk) and (a, q)∞ =
∞∏
k=0

(1− aqk).

Also the multiple q-shifted factorials:

(a1, a2, . . . , am; q)n = (a1; q)n(a2; q)n . . . (am; q)n.

The basic hypergeometric series tφs is given by [13]:

tφs

(
a0, a1, . . . , at−1
b1, b2, . . . , bs

; q, x

)
=

∞∑
n=0

(a0, a1 . . . , at−1; q)n
(q, b1, b2 . . . , bs; q)n

[
(−1)nq(

n
2)
]1+s−t

xn,
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where q 6= 0 when r > s+ 1. Note that

s+1φs

(
a1, a2, . . . , as+1

b1, b2, . . . , bs
; q, x

)
=
∞∑
n=0

(a1, a2, . . . , as+1; q)n
(q, b1, b2, . . . , bs; q)n

xn, |x| < 1.

The q-binomial coefficients is given by [13]:[
n

k

]
=

(q; q)n
(q; q)k(q; q)n−k

, 0 6 k 6 n.

We will use the following identities in this paper [13]:

(a; q)n = (q1−n/a; q)n(−a)nq(
n
2). (1)

(q−n; q)k =
(q; q)n

(q; q)n−k
(−1)kq(

k
2)−nk. (2)

The q-Chu-Vandermonde sums are:

2φ1

(
q−n, a
c

; q, q

)
=

(c/a; q)n
(c; q)n

an. (3)

2φ1

(
q−n, a
c

; q, cqn/a

)
=

(c/a; q)n
(c; q)n

. (4)

The q-Gauss sum is:

2φ1

(
a, b
c

; q, c/ab

)
=

(c/a, c/b; q)∞
(c, c/ab; q)∞

. (5)

Heine’s transformation of 3φ2 series [13, Appendix III, equations (III.1),(III.12)] are:

2φ1

(
a, b
c

; q, z

)
=

(b, az; q)∞
(c, z; q)∞

2φ1

(
c/b, z
az

; q, b

)
. (6)

3φ2

(
q−n, b, c
d, e

; q, q

)
=

(e/c; q)n
(e; q)n

cn 3φ2

(
q−n, c, d/b
d, cq1−n/e

; q,
bq

e

)
. (7)

The Thomae-Jackson q-integral [13, 14, 23] is∫ b

a
f(x)dqx = (1− q)

∞∑
n=0

[bf(qnb)− af(qna)]qn.

In 1910, Watson [24] introduced the q-Barnes contour integral∫ i∞

−i∞

(q1+s, cqs; q)∞
(aqs, bqs; q)∞

π(−z)s

sinπs
ds = −2iπ

(q, c; q)∞
(a, b; q)∞

2φ1

(
a, b
c

; q, z

)
. (8)

The generalized Riemann-Liouville fractional q-integral is given by [1, 18, 19]

Iαq,af(x) =
xα−1

Γq(α)

∫ x

a
(qt/x; q)α−1f(t)dqt , α ∈ R+.

The discrete fractional differences are studied deeply and extensively by many scientists,
see [15, 16, 17].

Two integrals of Ramanujan are [2, 4, 9]∫ ∞
−∞

e−x
2+2mx

(aq1/2e2ikx, bq1/2e−2ikx; q)∞
dx =

√
πem

2 (−aqe2ikm,−bqe−2ikm; q)∞
(abq; q)∞

. (9)∫ ∞
−∞

e−x
2+2mx(−aqe2kx,−bqe−2kx; q)∞dx =

√
πem

2 (abq; q)∞

(aq1/2e2km, bq1/2e−2km; q)∞
. (10)
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The q-differential operator is defined by [11]

Dq{f(b)} = Dq,b{f(b)} =
f(b)− f(bq)

b
. (11)

In 2003, Chen et al. [10] defined the homogeneous q-difference operator Dxy as follows:

Dxy{f(x, y)} =
f(x, q−1y)− f(qx, y)

x− q−1y
.

In 2014, Cao [3] established the homogeneous q-operator as follows:

T(a, zDxy) =
∞∑
k=0

(a; q)n
(q; q)n

(zDxy)
n.

Cao [3] introduced the following q-difference equation:

Theorem 1.1. [3]. Let f(x, y, z) be a three variables analytic function in a neighbourhood
of (x, y, z) = (0, 0, 0) ∈ C3. If f(x, y, z) satisfies the equation

(x−q−1y)[f(a, x, y, z)− f(a, x, y, qz)]

= z[f(a, x, q−1y, z)− f(a, qx, y, z)]− az[f(a, x, q−1y, qz)− f(a, qx, y, qz)], (12)

then we have

f(a, x, y, z) = T(a, zDxy) {f(a, x, y, 0)} .

In 2014, Cao [4] defined the generalized q-exponential operator

T
[
w, r
v

; q; cDq,b

]
=

∞∑
n=0

(w, r; q)n
(q, v; q)n

(cDq,b)
n

Cao [4] constructed the following q-difference equation:

Theorem 1.2. [4]. Let f(w, r, v, b, c) be a five-variable analytic function in a neighborhood
of (w, r, v, b, c) = (0, 0, 0, 0, 0) ∈ C5. If f(w, r, v, b, c) satisfies the q-difference equation

b[f(w,r, v, b, c)− (1 + q−1v)f(w, r, v, b, cq) + q−1vf(w, r, v, b, cq2)]

=c
{

[f(w, r, v, b, c)− f(w, r, v, qb, c)]− (w + r)[f(w, r, v, b, qc)− f(w, r, v, qb, qc)]

+ wr[f(w, r, v, b, q2c)− f(w, r, v, qb, q2c)]
}
, (13)

then we have

f(w, r, v, b, c) = T
[
w, r
v

; q; cDq,b

]
{f(w, r, v, b, 0)}.

Using equation (13), Cao [4] verified the following Ramanujan integral:

Corollary 1.1. [4]. For m ∈ R,N ∈ N, r = q−N and |abq| < 1, we have∫ ∞
−∞

e−x
2+2mx

(aq1/2e2ikx, bq1/2e−2ikx; q)∞
3φ1

(
r, w,−aqe2ikm

qwr/v
; q,
−q1/2e2ik(x−m)

v

)
dx

=
√
πem

2 (−aqe2ikm,−bqe−2ikm, qw/v, qr/v; q)∞
(abq, qwr/v, q/v; q)∞

2φ1

(
r, w
v

; q,
−qb
e2ikm

)
. (14)

Also, Cao [4] defined the generalized Al-Salam-Carlitz polynomials

Φ(a)
n (b, c|q) =

n∑
k=0

[
n

k

]
(a; q)kb

kcn−k.
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Ψ(a,b,c)
n (x, y|q) =

n∑
k=0

[
n

k

]
(a, b; q)k
(c; q)k

(−1)kq(
k+1
2 )−nkxkyn−k.

In 2014, Fang [12] used the q-difference equation method to generalize Andrews-Askey
and Askey-Wilson integrals.

In 2017, Cao and Niu [7] introduced the following q-difference equation:

Lemma 1.1. [7]. Let f(a, b, c) be a three-variable analytic function at (0, 0, 0) ∈ C3.

Then The function f can be expanded in terms of Φ
(a)
n (b, c|q) if and only if f satisfies the

following functional equation:

abf(a, bq, cq)− bf(a, b, cq) + (c− ab)f(a, bq, c) = (c− b)f(a, b, c). (15)

In 2018, Cao and et al. [8] derived the following fraction q-integral:

Lemma 1.2. [8]. For α ∈ R0 and 0 < a < x < 1, it is asserted that

Iαq,a

{
1

(xt; q)∞

}
=

(1− q)α

(at; q)∞

∞∑
k=0

xα+k(a/x; q)α+kt
k

(q; q)α+k
, max{|at|, |xt|} < 1 (16)

Iαq,a {(xt; q)∞} = (1− q)α(at; q)∞

∞∑
k=0

(−1)kq(
k
2)

(at; q)k

xα+k(a/x; q)α+kt
k

(q; q)α+k
, |xt| < 1. (17)

Cao and et al. [8] used the q-difference equation (15) to get the following:

Lemma 1.3. [8]. For α ∈ R0, 0 < a < x < 1 and max{|as|, |at|, |xt|} < 1 it is asserted
that

Iαq,a

{
(rsx; q)∞

(xt, xs; q)∞

}
=

(1− q)α(ars; q)∞
(as, at; q)∞

∞∑
k=0

xα+k(a/x; q)α+kt
k

(q; q)α+k
3φ1

(
q−k, r, at
ars

; q,
qks

t

)
. (18)

In 2019, Cao [5] used equation (12) to prove the following:

Lemma 1.4. [5]. For α ∈ R+ and 0 < a < x < 1, if max{|as|, |az|} < 1, we have

Iαq,a

{
(xbz, xt; q)∞
(xs, xz; q)∞

}
=

(1− q)α(abz, at; q)∞
(as, az; q)∞

∞∑
k=0

xα+k(a/x; q)α+k
ak(q; q)α+k

3φ2

(
q−k, as, az
abz, at

; q, q

)
. (19)

In 2019, Cao [6] obtained the following q-difference equation:

Theorem 1.3. [6]. Let f(a, b, c, x, y) be a five-variables analytic function in a neighbor-
hood of (a, b, c, x, y) = (0, 0, 0, 0, 0) ∈ C5. Then f(a, b, c, x, y) can be expanded in terms of

Ψ
(a,b,c)
n (x, y|q) if and only if

q−1y
[
f(a, b, c, x, y)− (1 + q−1c)f(a, b, c, qx, y) + q−1cf(a, b, c, q2x, y)

]
= x

{
[f(a, b, c, x, y)− f(a, b, c, x, q−1y)]− (a+ b)[f(a, b, c, qx, y)− f(a, b, c, qx, q−1y)]

+ ab[f(a, b, c, q2x, y)− f(a, b, c, q2x, q−1y)]
}
. (20)

By using equation (20), Cao [6] proved the q-integral:

Theorem 1.4. [6] Suppose that max{|aq1/2e2mk|, |bq1/2e−2mk|, |cq1/2e2mk|} < 1. For m ∈
R and 0 < q = e−2k

2
< 1, we have∫ ∞

−∞
e−x

2+2mx(−aqe2kx,−bqe−2kx; q)∞ 2φ2

(
r, s

t,−aqe2kx ; q,−qce2kx
)
dx
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=
√
πem

2 (abq; q)∞

(aq1/2e2km, bq1/2e−2km; q)∞
3φ2

(
r, s, bq1/2e−2km

t, abq
; q, cq1/2e2km

)
. (21)

In 2020, Cao and et al. [9] defined the q-operator T(a, b, c, d, e, yDx) as:

T(a, b, c, d, e, yDx) =

∞∑
n=0

(a, b, c; q)n
(q, d, e; q)n

(yDx)n,

where Dx is the operator Dq acts on x.
Cao and et al. [9] set up the following q-difference equation:

Theorem 1.5. [9]. Let f(a, b, c, d, e, x, y) be a seven-variable analytic function in a neigh-
borhood of (a, b, c, d, e, x, y) = (0, 0, 0, 0, 0, 0, 0) ∈ C7. If f(a, b, c, d, e, x, y) satisfies the
difference equation

x
{
f(a, b, c, d, e, x, y)− f(a, b, c, d, e, x, yq)

− (d+ e)q−1[f(a, b, c, d, e, x, yq)− f(a, b, c, d, e, x, yq2)]

+ deq−2[f(a, b, c, d, e, x, yq2)− f(a, b, c, d, e, x, yq3)]
}

=y
{
f(a, b, c, d, e, x, y)− f(a, b, c, d, e, xq, y)

− (a+ b+ c)[f(a, b, c, d, e, x, yq)− f(a, b, c, d, e, xq, yq)]

+ (ab+ ac+ bc)[f(a, b, c, d, e, x, yq2)− f(a, b, c, d, e, xq, yq2)]

− abc[f(a, b, c, d, e, x, yq3)− f(a, b, c, d, e, xq, yq3)]
}
, (22)

then
f(a, b, c, d, e, x, y) = T(a, b, c, d, e, yDx){f(a, b, c, d, e, x, 0)}.

They used equation (22) to show the following result:

Theorem 1.6. [9] For 0 < q = e−2k
2
< 1 and m ∈ R. Suppose that |abq| < 1, we have∫ ∞

−∞

e−x
2+2mx

(aq1/2e2ikx, bq1/2e−2ikx; q)∞
3φ2

(
r, s, t
u, v

; q, yq1/2e2ikx
)
dx

=
√
πem

2 (−aqe2ikm,−bqe−2ikm; q)∞
(abq; q)∞

4φ3

(
r, s, t, e2ikm/b
u, v,−aqe2ikm ; q, ybq

)
.

In 2021, Saad and Hassan [21, 22] introduced the generalized q-operator as follows:

F (a0, a1 . . . , at−1, b1 . . . , bs, cDq,b)

=
∞∑
n=0

(a0, a1 . . . , at−1; q)n
(q, b1, . . . , bs; q)n

[
(−1)nq(

n
2)
]1+s−t

(cDq,b)
n .

In 2022, Reshem and Saad [20] obtained the following general q-difference equation:

Theorem 1.7. [20] Let f(a0, a1 . . . , at−1, b1, . . . , bs, b, c) be an (t + s + 2)-variable ana-
lytic function in a neighborhood of (a0, a1, . . . , at−1, b1, . . . , bs, b, c) = (0, 0, . . . , 0) ∈ Ct+s+2

satisfying the q-difference equation

(−q)1+s−t
s+1∑
j=0

(−1)jBj
qj

f(a0, a1, . . . , at−1, b1, . . . , bs, b, cq
j+t−s−1)

= c

t∑
j=0

(−1)jAjDq,b

{
f(a0, a1, . . . , at−1, b1, . . . , bs, b, cq

j)
}
, (23)
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where

b0 = q, B0 = A0 = 1, B1 =
s∑
j=0

bi, B2 =
∑

0≤i<j≤s
bibj

B3 =
∑

0≤i<j<k≤s
bibjbk, . . . , Bs+1 = b0b1 . . . bs, A1 =

t−1∑
i=0

ai

A2 =
∑

0≤i<j≤t
aiaj , A3 =

∑
0≤i<j<k≤t

aiajak, . . . , At = a0a1 . . . at−1.

Then

f(a0, . . . , at−1, b1, . . . , bs, b, c)

= F (a0, . . . , at−1, b1, . . . , bs, cDq,b){f(a0, . . . , at−1, b1, . . . , bs, b, 0)}.

Lemma 1.5. [20]. Let Dq,b be defined as in (11), then

Dn
q,b

{
(bw, br; q)∞
(bu, bv; q)∞

}
=

1

bn
(bw, br; q)∞
(bu, bv; q)∞

3φ2

(
q−n, bu, bv
br, bw

; q; q

)
. (24)

Theorem 1.8. [20]. For a0 = q−G, G ∈ N, b, w, r, u, v, ai, bj ∈ C, i = 0, . . . , t − 1, j = 1, . . . , s,
we have

F (a0, a1, . . . , at−1, b1, . . . , bs, cDq,b)

{
(bw, br; q)∞
(bu, bv; q)∞

}
=

(bw, br; q)∞
(bu, bv; q)∞

∞∑
n=0

(a0, . . . , at−1; q)n
(q, b1, . . . , bs; q)n

(c
b

)n [
(−1)nq(

n
2)
]1+s−t

3φ2

(
q−n, bu, bv
br, bw

; q, q

)
,

provided that max{|bu|, |bv|} < 1.

Corollary 1.2. [20]. For a0 = q−G, G ∈ N, b, w, u, v, ai, bj ∈ C, i = 0, 1, . . . , t − 1, j =
1, 2, . . . , s, we have

F (a0, a1, . . . , at−1, b1, . . . , bs, cDq,b)

{
(bw; q)∞

(bu, bv; q)∞

}
=

(bw; q)∞
(bu, bv; q)∞

×
∞∑
n=0

(a0, . . . , at−1; q)n
(q, b1, . . . , bs; q)n

(c
b

)n [
(−1)nq(

n
2)
]1+s−t

3φ2

(
q−n, bu, bv

0, bw
; q, q

)
, (25)

provided that max{|bu|, |bv|} < 1.

F (a0, . . . , at−1, b1, . . . , bs, cDq,b)

{
1

(bu; q)∞

}
=

1

(bu; q)∞
tφs

(
a0, a1, . . . , at−1
b1, . . . , bs

; q, cu

)
, |bu| < 1. (26)

• Letting v = 0 in (25) and then applying q-Chu-Vandermonde sum (3), we obtain

Corollary 1.3. If a0 = q−G, G ∈ N, b, w, u, ai, bj ∈ C, i = 0, . . . , t−1, j = 1, . . . , s,
then

F (a0, a1, . . . , at−1, b1, . . . , bs, cDq,b)

{
(bw; q)∞
(bu; q)∞

}
=

(bw; q)∞
(bu; q)∞

t+1 φs+1

(
a0, a1, . . . , at−1, w/u

b1, . . . , bs, bw
; q, cu

)
, |bu| < 1. (27)

• Putting u = 0 in (27), we get
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Corollary 1.4. For a0 = q−G, G ∈ N, b, w, ai, bj ∈ C, i = 0, 1, . . . , t − 1, j =
1, 2, . . . , s, we have

F (a0, . . . , at−1, b1, . . . , bs, cDq,b) {(bw; q)∞} = (bw; q)∞ tφs+1

(
a0, . . . , at−1
b1, . . . , bs, bw

; q, cw

)
. (28)

In this paper, we generalize some q-integrals by using the method q-difference equation.
In section 2, we use the q-difference equation method to generalize fractional q-integrals.
In section 3, we extend q-Barnes contour integral as general to this integral. In section 4,
we construct a generalizations of Ramanujan integrals by using the q-difference equation
technique to offer another types of this integral.

2. Generalization of the Fractional q-Integrals

This section concern with the generalization of fractional q-integrals given in [5, 8] by
using q-difference equation method.

Theorem 2.1. For a0 = q−G, G ∈ N, α ∈ R+ and 0 < a < x < 1, if max{|ay|, |az|} < 1,
we have

Iαq,a

{
(xbz, xr; q)∞
(xy, xz; q)∞

∞∑
n=0

(a0, . . . , at−1; q)n
(q, b1, . . . , bs; q)n

( c
x

)n [
(−1)nq(

n
2)
]1+s−t

3φ2

(
q−n, xy, xz
xbz, xr

; q, q

)}

=
(1− q)α(abz, ar; q)∞

(ay, az; q)∞

∞∑
k=0

xα+k(a/x; q)α+k
ak(q; q)α+k

k∑
n=0

(q−k, ay, az; q)n
(q, abz, ar; q)n

qn

× t+1φs+1

(
a0, a1, . . . , at−1, q

−α−k

b1, . . . , bs, xq
1−α−k/a

; q,
cq

a

)
. (29)

Proof. Let fR = fR(a0, a1, . . . , at−1, b1, . . . , bs, x, c) = RHS of equation (29).

(−q)1+s−t
s+1∑
j=0

(−1)jBj
qj

f(a0, a1, . . . , at−1, b1, . . . , bs, b, cq
j+t−s−1)

= (−q)1+s−t
s+1∑
j=0

(−1)jBj
qj

(1− q)α(abz, ar; q)∞
(ay, az; q)∞

∞∑
k=0

xα+k(a/x; q)α+k
ak(q; q)α+k

k∑
n=0

(q−k, ay, az; q)n
(q, abz, ar; q)n

qn

× t+1φs+1

(
a0, a1, . . . , at−1, q

−α−k

b1, . . . , bs, xq
1−α−k/a

; q,
cqj+t−s

a

)
=

(1− q)α(abz, ar; q)∞
(ay, az; q)∞

∞∑
m=0

(a0, a1, . . . , at−1; q)m
(q, b1, . . . , bs; q)m

[
(−1)m+1q(

m
2 )−(m−1)

]1+s−t
cm

∞∑
k=0

1

ak(q; q)α+k

×
k∑

n=0

(q−k, ay, az; q)n
(q, abz, ar; q)n

qnxα+k(a/x; q)α+k
(q−α−k; q)m

(xq1−α−k/a; q)m

( q
a

)m s+1∑
j=0

(−1)jBjq
j(m−1)

=
(1− q)α(abz, ar; q)∞

(ay, az; q)∞

∞∑
m=0

(a0, a1, . . . , at−1; q)m
(q, b1, . . . , bs; q)m

[
(−1)m+1q(

m
2 )−(m−1)

]1+s−t
cm

∞∑
k=0

1

ak(q; q)α+k

×
k∑

n=0

(q−k, ay, az; q)n
(q, abz, ar; q)n

qn
(q−α−k; q)m

(xq1−α−k/a; q)m

( q
a

)m
(xq1−α−k/a; q)α+k(−a)α+kq(

α+k
2 )

×
s+1∑
j=0

(−1)jBjq
j(m−1) (by using (1))

=
(1− q)α(abz, ar; q)∞

(ay, az; q)∞

∞∑
m=0

(a0, a1, . . . , at−1; q)m
(q, b1, . . . , bs; q)m

[
(−1)m+1q(

m
2 )−(m−1)

]1+s−t
cm

∞∑
k=0

1

ak(q; q)α+k
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×
k∑

n=0

(q−k, ay, az; q)n
(q, abz, ar; q)n

qn(−a)α+kq(
α+k

2 )
(

1

x

)m
(xq1−α−k/a; q)∞

(xq/a; q)∞
2φ1

(
q−m, xq/a
xq1−α−k/a

; q, q

)

×
s+1∑
j=0

(−1)jBjq
j(m−1) (by using (3))

=
(1− q)α(abz, ar; q)∞

(ay, az; q)∞

∞∑
m=0

(a0, a1, . . . , at−1; q)m
(q, b1, . . . , bs; q)m

[
(−1)m+1q(

m
2 )−(m−1)

]1+s−t
cm

∞∑
k=0

1

ak(q; q)α+k

×
k∑

n=0

(q−k, ay, az; q)n
(q, abz, ar; q)n

qn(−a)α+kq(
α+k

2 )Dm
q

{
(xq1−α−k/a; q)∞

(xq/a; q)∞

} s∏
j=0

(1− bjqm−1)

(by using (24))

=
(1− q)α(abz, ar; q)∞

(ay, az; q)∞

∞∑
m=0

(a0, a1, . . . , at−1; q)m
(q, b1, . . . , bs; q)m

[
(−1)m+1q(

m
2 )−(m−1)

]1+s−t
cm

∞∑
k=0

1

ak(q; q)α+k

×
k∑

n=0

(q−k, ay, az; q)n
(q, abz, ar; q)n

qnDm
q,x{xα+k(a/x; q)α+k}

s∏
j=0

(1− bjqm−1) (by using (1))

=
(1− q)α(abz, ar; q)∞

(ay, az; q)∞

∞∑
m=1

(a0, . . . , at−1; q)m−1
(q, b1, . . . , bs; q)m−1

[
(−1)m+1q(

m
2 )−(m−1)

]1+s−t
cm

∞∑
k=0

1

ak(q; q)α+k

×
k∑

n=0

(q−k, ay, az; q)n
(q, abz, ar; q)n

qnDm
q,x{xα+k(a/x; q)α+k}

t−1∏
j=0

(1− ajqm−1)

=
(1− q)α(abz, ar; q)∞

(ay, az; q)∞

∞∑
m=0

(a0, a1, . . . , at−1; q)m
(q, b1, . . . , bs; q)m

[
(−1)m+2q(

m+1
2 )−m

]1+s−t
cm+1

∞∑
k=0

1

ak(q; q)α+k

×
k∑

n=0

(q−k, ay, az; q)n
(q, abz, ar; q)n

qnDq,xD
m
q,x{xα+k(a/x; q)α+k}

t−1∏
j=0

(1− ajqm)

= cDq,x
(1− q)α(abz, ar; q)∞

(ay, az; q)∞

∞∑
m=0

(a0, a1, . . . , at−1; q)m
(q, b1, . . . , bs; q)m

[
(−1)mq(

m
2 )
]1+s−t

cm
∞∑
k=0

1

ak(q; q)α+k

×
k∑

n=0

(q−k, ay, az; q)n
(q, abz, ar; q)n

qnxα+k(a/x; q)α+k
(q−α−k; q)m

(xq1−α−k/a; q)m

( q
a

)m t∑
j=0

(−1)jAjq
jm

= c

t∑
j=0

(−1)jAjDq,x
(1− q)α(abz, ar; q)∞

(ay, az; q)∞

∞∑
k=0

xα+k(a/x; q)α+k
ak(q; q)α+k

k∑
n=0

(q−k, ay, az; q)n
(q, abz, ar; q)n

qn

×
∞∑
m=0

(a0, a1, . . . , at−1, q
−α−k; q)m

(q, b1, . . . , bs, xq1−α−k/a; q)m

[
(−1)mq(

m
2 )
]1+s−t(cqjq

a

)m

= c

t∑
j=0

(−1)jAjDq,x

{
f(a0, a1, . . . , at−1, b1, . . . , bs, x, cq

j)
}
.

So fR = fR(a0, a1, . . . , at−1, b1, . . . , bs, x, c) satisfies the q-difference equation (23) and from The-
orem 1.7, we have

fR = F (a0, a1, . . . , at−1, b1, . . . , bs, cDq,x) {f(a0, a1, . . . , at−1, b1, . . . , bs, x, 0)}

= F (a0, a1, . . . , at−1, b1, . . . , bs, cDq,x)

{
(1− q)α(abz, ar; q)∞

(ay, az; q)∞

∞∑
k=0

xα+k(a/x; q)α+k
ak(q; q)α+k
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× 3φ2

(
q−k, ay, az
abz, ar

; q, q

)}
= F (a0, a1, . . . , at−1, b1, . . . , bs, cDq,x)

{
Iαq,a

{
(xbz, xr; q)∞
(xy, xz; q)∞

}}
= Iαq,a

{
F (a0, a1, . . . , at−1, b1, . . . , bs, cDq,x)

{
(xbz, xr; q)∞
(xy, xz; q)∞

}}
= Iαq,a

{
(xbz, xr; q)∞
(xy, xz; q)∞

∞∑
n=0

(a0, . . . , at−1; q)n
(q, b1, . . . , bs; q)n

( c
x

)n [
(−1)nq(

n
2)
]1+s−t

3φ2

(
q−n, xy, xz
xbz, xr

; q, q

)}
.

�

• Setting (c, r, z, b, y) = (0, 0, s, r, t) in equation (29), we recover equation (18) ob-
tained by Cao and et al. [8].
• When (c, y, r) = (0, s, t) in equation (29), we attain equation (19) obtained by Cao

[5].

Theorem 2.2. For a0 = q−G, G ∈ N, α ∈ R+, 0 < a < x < 1, and max{|xz|, |ay|, |az|} <
1, we have

Iαq,a

{
(ryx; q)∞

(xz, xy; q)∞

∞∑
n=0

(a0, . . . , at−1; q)n
(q, b1, . . . , bs; q)n

( c
x

)n [
(−1)nq(

n
2)
]1+s−t

3φ2

(
q−n, xz, xy
ryx, 0

; q, q

)}

=
(1− q)α(ary; q)∞

(ay, az; q)∞

∞∑
k=0

xα+k(a/x; q)α+kz
k

(q; q)α+k

k∑
n=0

(q−k, r, az; q)n
(q, ary; q)n

(
−q

ky

z

)n
q−(n2)

× t+1φs+1

(
a0, a1 . . . , at−1, q

−α−k

b1, . . . , bs, xq
1−α−k/a

; q,
cq

a

)
. (30)

Proof. Let fR = fR(a0, a1, . . . , at−1, b1, . . . , bs, x, c) = RHS of equation (30). By using
the same technique used in Theorem 2.1, we can show that fR satisfies the q-difference
equation (23), so

fR = F (a0, a1, . . . , at−1, b1, . . . , bs, cDq,x){f(a0, a1, . . . , at−1, b1, . . . , bs, x, 0)}

= F (a0, a1, . . . , at−1, b1, . . . , bs, cDq,x)

{
(1− q)α(ary; q)∞

(ay, az; q)∞

∞∑
k=0

xα+k(a/x; q)α+kz
k

(q; q)α+k

×
k∑

n=0

(q−k, r, az; q)n
(q, ary; q)n

(
−q

ky

z

)n
q−(n2)

}
= F (a0, a1, . . . , at−1, b1, . . . , bs, cDq,x)

{
Iαq,a

{
(ryx; q)∞

(xz, xy; q)∞

}}
= Iαq,a

{
F (a0, a1, . . . , at−1, b1, . . . , bs, cDq,x)

{
(ryx; q)∞

(xz, xy; q)∞

}}
= Iαq,a

{
(ryx; q)∞

(xz, xy; q)∞

∞∑
n=0

(a0, . . . , at−1; q)n
(q, b1, . . . , bs; q)n

( c
x

)n [
(−1)nq(

n
2)
]1+s−t

3φ2

(
q−n, xz, xy
ryx, 0

; q, q

)}
.

�

• Setting (c, y, z) = (0, s, t) in equation (30), we get equation (18) obtained by Cao
and et al. [8].
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Theorem 2.3. For a0 = q−G, G ∈ N, α ∈ R0, 0 < a < x < 1 and max{|az|, |xz|} < 1,
we have

Iαq,a

{
1

(xz; q)∞

∞∑
n=0

(a0, . . . , at−1; q)n
(q, b1, . . . , bs; q)n

(cz)n
[
(−1)nq(

n
2)
]1+s−t}

=
(1− q)α

(az; q)∞

∞∑
k=0

xα+k(a/x; q)α+kz
k

(q; q)α+k
t+1φs+1

(
a0, a1 . . . , at−1, q

−α−k

b1, . . . , bs, xq
1−α−k/a

; q,
cq

a

)
. (31)

Proof. Let fR = fR(a0, a1, . . . , at−1, b1, . . . , bs, x, c) =RHS of equation (31). By using the
same technique used in Theorem 2.1, fR satisfies the q-difference equation (23), we have

fR = F (a0, a1, . . . , at−1, b1, . . . , bs, cDq,x){f(a0, a1, . . . , at−1, b1, . . . , bs, x, 0)}

= F (a0, a1, . . . , at−1, b1, . . . , bs, cDq,x)

{
(1− q)α

(az; q)∞

∞∑
k=0

xα+k(a/x; q)α+kz
k

(q; q)α+k

}

= F (a0, a1, . . . , at−1, b1, . . . , bs, cDq,x)

{
Iαq,a

{
1

(xz; q)∞

}}
(by using (16))

= Iαq,a

{
F (a0, a1, . . . , at−1, b1, . . . , bs, cDq,x)

{
1

(xz; q)∞

}}
= Iαq,a

{
1

(xz; q)∞

∞∑
n=0

(a0, . . . , at−1; q)n
(q, b1, . . . , bs; q)n

(cz)n
[
(−1)nq(

n
2)
]1+s−t}

. (by using (26))

�

• Letting (c, z) = (0, t) in equation (31), we get equation (16) given by Cao and et
al. [8].

Theorem 2.4. For a0 = q−G, G ∈ N, α ∈ R0, 0 < a < x < 1 and |xz| < 1 we have

Iαq,a

{
(xz; q)∞

∞∑
n=0

(a0, . . . , at−1; q)n
(q, b1, . . . , bs, xz; q)n

(cz)n
[
(−1)nq(

n
2)
]2+s−t}

= (1− q)α(az; q)∞

×
∞∑
k=0

(−1)kq(
k
2)

(az; q)k

xα+k(a/x; q)α+kz
k

(q; q)α+k
t+1φs+1

(
a0, . . . , at−1, q

−α−k

b1, . . . , bs, xq
1−α−k/a

; q,
cq

a

)
. (32)

Proof. Let fR = fR(a0, a1, . . . , at−1, b1, . . . , bs, x, c) =RHS of equation (32). By using the
same technique used in Theorem 2.1, fR satisfies the q-difference equation (23), we have

fR = F (a0, a1, . . . , at−1, b1, . . . , bs, cDq,x){f(a0, a1, . . . , at−1, b1, . . . , bs, x, 0)}

= F (a0, . . . , at−1, b1, . . . , bs, cDq,x)

{
(1− q)α(az; q)∞

∞∑
k=0

(−1)kq(
k
2)

(az; q)k

xα+k(a/x; q)α+kz
k

(q; q)α+k

}
= F (a0, a1, . . . , at−1, b1, . . . , bs, cDq,x)

{
Iαq,a {(xz; q)∞}

}
(by using (17))

= Iαq,a {F (a0, a1, . . . , at−1, b1, . . . , bs, cDq,x) {(xz; q)∞}}

= Iαq,a

{
(xz; q)∞

∞∑
n=0

(a0, . . . , at−1; q)n
(q, b1, . . . , bs, xz; q)n

(cz)n
[
(−1)nq(

n
2)
]2+s−t}

. (by using (28))

�

• Letting (c, z) = (0, t) in equation (32), we get equation (17) obtained by Cao and
et al. [8].
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3. Generalization of q-Barne’s contour integral

In 1910, Watson [24] showed that Barnes contour integral has a q-analogue. We use
the q-difference equation method to generalize q-Barnes contour integral and show how to
obtain another generalization of q-Barnes contour integral.

Theorem 3.1. For a0 = q−G, G ∈ N, |z| < 1,| arg(−z)| < π, we have∫ i∞

−i∞

(q1+x, cqx; q)∞
(aqx, bqx; q)∞

t+1φs+1

(
q−x, a0, a1, . . . , at−1

a, b1, . . . , bs
; q, eqx

)
π(−z)x

sinπx
dx

= −2iπ
(q, c; q)∞
(a, b; q)∞

∞∑
n=0

(a, b; q)n
(q, c; q)n

zn t+1φs+1

(
q−n, a0, a1, . . . , at−1

a, b1, . . . , bs
; q, eqn

)
. (33)

Proof. Rewrite equation (33) as follows:∫ i∞

−i∞

(q1+x, cqx; q)∞
(bqx; q)∞

(a; q)∞
(aqx; q)∞

t+1φs+1

(
q−x, a0, a1, . . . , at−1

a, b1, . . . , bs
; q, eqx

)
π(−z)x

sinπx
dx

= −2iπ
(q, c; q)∞
(b; q)∞

∞∑
n=0

(a, b; q)n
(q, c; q)n

zn t+1φs+1

(
q−n, a0, a1, . . . , at−1

a, b1, . . . , bs
; q, eqn

)
. (34)

Let fL = fL(a0, a1, . . . , at−1, b1, . . . , bs; a; e) = LHS of equation (34), we have

(−q)1+s−t
s+1∑
j=0

(−1)jBj
qj

fL(a0, a1, . . . , at−1, b1, . . . , bs, a, eq
j+t−s−1)

= (−q)1+s−t
s+1∑
j=0

(−1)jBj
qj

∫ i∞

−i∞

(q1+x, cqx; q)∞
(bqx; q)∞

(a; q)∞
(aqx; q)∞

x∑
n=0

(q−x, a0, a1, . . . , at−1; q)n
(q, a, b1, . . . , bs; q)n

×
(
eqsqj+t−s−1

)n [
(−1)nq(

n
2)
]1+s−t π(−z)x

sinπx
dx

=

x∑
n=0

(a0, a1, . . . , at−1; q)n
(q, b1, . . . , bs; q)n

[
(−1)n+1q(

n
2)−(n−1)

]1+s−t
en
∫ i∞

−i∞

(q1+x, cqx; q)∞
(bqx; q)∞

× qnx (a; q)∞
(aqx; q)∞

(q−x; q)n
(a; q)n

π(−z)x

sinπx
dx

s+1∑
j=0

(−1)jBjq
j(n−1)

=

∞∑
n=0

(a0, a1, . . . , at−1; q)n
(q, b1, . . . , bs; q)n

[
(−1)n+1q(

n
2)−(n−1)

]1+s−t
en
∫ i∞

−i∞

(q1+x, cqx; q)∞
(bqx; q)∞

×Dn
q,a

{
(a; q)∞

(aqx; q)∞

}
π(−z)x

sinπx
dx

s∏
j=0

(1− bjqn−1) (by using (3) and (24))

=

∞∑
n=1

(a0, a1, . . . , at−1; q)n−1
(q, b1, . . . , bs; q)n−1

[
(−1)n+1q(

n
2)−(n−1)

]1+s−t
en
∫ i∞

−i∞

(q1+x, cqx; q)∞
(bqx; q)∞

×Dn
q,a

{
(a; q)∞

(aqx; q)∞

}
π(−z)x

sinπx
dx

t−1∏
j=0

(1− ajqn−1)

=

∞∑
n=0

(a0, a1, . . . , at−1; q)n
(q, b1, . . . , bs; q)n

[
(−1)n+2q(

n+1
2 )−n

]1+s−t
en+1

∫ i∞

−i∞

(q1+x, cqx; q)∞
(bqx; q)∞
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×Dq,aD
n
q,a

{
(a; q)∞

(aqx; q)∞

}
π(−z)x

sinπx
dx

t−1∏
j=0

(1− ajqn)

= e

x∑
n=0

(a0, a1, . . . , at−1; q)n
(q, b1, . . . , bs; q)n

[
(−1)nq(

n
2)
]1+s−t

en
∫ i∞

−i∞

(q1+x, cqx; q)∞
(bqx; q)∞

×Dq,a
qnx(a; q)∞
(aqx; q)∞

(q−x; q)n
(a; q)n

π(−z)x

sinπx
dx

t∑
j=0

(−1)jAjq
jn

= e

t∑
j=0

(−1)jAjDq,b

∫ i∞

−i∞

(q1+x, cqx; q)∞
(bqx; q)∞

(a; q)∞
(aqx; q)∞

x∑
n=0

(q−x, a0, a1, . . . , at−1; q)n
(q, a, b1, . . . , bs; q)n

×
[
(−1)nq(

n
2)
]1+s−t (

eqxqj
)n π(−z)x

sinπx
dx

= e
t∑

j=0

(−1)jAjDq,b

{
fL(a0, a1, . . . , at−1, b1, . . . , bs, a, eq

j)
}

So, fL = fL(a0, a1, . . . , at−1, b1, . . . , bs, a, e) satisfies the q-difference equation (23) and
from Theorem 1.7, we have

fL = F (a0, a1, . . . , at−1, b1, . . . , bs, eDq,a)f(a0, a1, . . . , at−1, b1, . . . , bs, a, 0)

= F (a0, a1, . . . , at−1, b1, . . . , bs, eDq,a)

{∫ i∞

−i∞

(q1+x, cqx; q)∞
(bqx; q)∞

(a; q)∞
(aqx; q)∞

π(−z)x

sinπx
dx

}
= F (a0, a1, . . . , at−1, b1, . . . , bs, eDq,a)

{
−2iπ

(q, c; q)∞
(b; q)∞

2φ1

(
a, b
c

; q, z

)}
(by using (8))

= −2iπ
(q, c; q)∞
(b; q)∞

∞∑
n=0

(b; q)nz
n

(q, c; q)n
F (a0, a1, . . . , at−1, b1, . . . , bs, eDq,a)

{
(a; q)∞

(aqn; q)∞

}

= −2iπ
(q, c; q)∞
(b; q)∞

∞∑
n=0

(a, b; q)n
(q, c; q)n

zn t+1φs+1

(
q−n, a0, a1, . . . , at−1

a, b1, . . . , bs
; q, eqn

)
.

This patently completes the proof of Theorem 3.1. �

• Letting (e, x) = (0, s) in equation (33), we get the q-Barnes contour integral ob-
tained by Watson [24] (equation (8)).
• When (t, s, e) = (1, 0, a/a0) in (33) and by using (5), (4) and (6), we get

Corollary 3.1. For |a/a0| < 1,| arg(−z)| < π, we have∫ i∞

−i∞

(q1+x, cqx; q)∞
(bqx, aqx/a0; q)∞

π(−z)x

sinπx
dx = −2iπ

(q, bz; q)∞
(b, z; q)∞

∞∑
n=0

(ca/a0, z; q)n
(q, bz; q)n

(
a

a0

)n
.

Theorem 3.2. For a0 = q−G, G ∈ N, |z| < 1,| arg(−z)| < π, we have∫ i∞

−i∞

(q1+x, cqx; q)∞
(aqx, bqx; q)∞

tφs

(
a0, a1, . . . , at−1
b1, . . . , bs

; q, eqx
)
π(−z)x

sinπx
dx

= −2iπ
(q, c; q)∞
(a, b; q)∞

∞∑
n=0

(a, b; q)n
(q, c; q)n

zn tφs

(
a0, a1, . . . , at−1
b1, . . . , bs

; q, eqn
)
. (35)
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Proof. Let fL = fL(a0, a1, . . . , at−1, b1, . . . , bs; a; e) =LHS of equation (35). By using the
same technique used in Theorem 3.1, fL satisfies the q-difference equation (23), we have

fL = F (a0, a1, . . . , at−1, b1, . . . , bs, eDq,a){f(a0, a1, . . . , at−1, b1, . . . , bs, a, 0)}

= F (a0, a1, . . . , at−1, b1, . . . , bs, eDq,a)

{∫ i∞

−i∞

(q1+x, cqx; q)∞
(aqx, bqx; q)∞

π(−z)x

sinπx
dx

}
= F (a0, a1, . . . , at−1, b1, . . . , bs, eDq,a)

{
−2iπ

(q, c; q)∞
(a, b; q)∞

2φ1

(
a, b
c

; q, z

)}
(by using (8))

= −2iπ
(q, c; q)∞
(b; q)∞

∞∑
n=0

(b; q)nz
n

(q, c; q)n
F (a0, a1, . . . , at−1, b1, . . . , bs, eDq,a)

{
1

(aqn; q)∞

}

= −2iπ
(q, c; q)∞
(a, b; q)∞

∞∑
n=0

(a, b; q)n
(q, c; q)n

zn tφs

(
a0, a1, . . . , at−1
b1, . . . , bs

; q, eqn
)
.

�

• Letting (e, x) = (0, s) in equation (35), we get the q-Barnes contour integral ob-
tained by Watson [24] (equation (8)).
• For (t, s) = (2, 1), (a0, a1, b1) = (q−G, 1/e, qx−G) in equation (35) and applying
q-Gauss sum (5), we get

Corollary 3.2. For | arg(−z)| < π and |z| < 1, we have∫ i∞

−i∞

(q1+x, cqx, qx, eqx−G; q)∞
(aqx, bqx, qx−G, eqx; q)∞

π(−z)x

sinπx
dx

= −2iπ
(q, c; q)∞
(a, b; q)∞

∞∑
n=0

(a, b; q)n
(q, c; q)n

zn 2φ1

(
q−G, 1/e
qx−G

; q, eqn
)
.

4. Generalization of Ramanujan integrals

Using the q-difference equation method, we present several generalizations of Ramanu-
jan integrals.

Theorem 4.1. For m ∈ R, a0 = q−G, G ∈ N and |abq| < 1, we have∫ ∞
−∞

e−x
2+2mx

(aq1/2e2ikx, bq1/2e−2ikx; q)∞

∞∑
n=0

(a0, . . . , at−1; q)n
(q, b1, . . . , bs; q)n

( c
a

)n [
(−1)nq(

n
2)
]1+s−t

× 3φ2

(
q−n, aq1/2e2ikx,−aqe2ikm

0, 0
; q, q

)
dx

=
√
πem

2 (−aqe2ikm,−bqe−2ikm; q)∞
(abq; q)∞

tφs

(
a0, a1, . . . , at−1
b1, . . . , bs

; q, cbq

)
. (36)

Proof. First rewrite equation (36) as follows:∫ ∞
−∞

e−x
2+2mx

(aq1/2e2ikx,−aqe2ikm, bq1/2e−2ikx; q)∞

∞∑
n=0

(a0, . . . , at−1; q)n
(q, b1, . . . , bs; q)n

( c
a

)n [
(−1)nq(

n
2)
]1+s−t

× 3φ2

(
q−n, aq1/2e2ikx,−aqe2ikm

0, 0
; q, q

)
dx
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=
√
πem

2 (−bqe−2ikm; q)∞
(abq; q)∞

tφs

(
a0, a1, . . . , at−1
b1, . . . , bs

; q, cbq

)
. (37)

Let fL = fL(a0, a1, . . . , at−1, b1, . . . , bs; a; c) = LHS of (37),

(−q)1+s−t
s+1∑
j=0

(−1)jBj
qj

fL(a0, a1, . . . , at−1, b1, . . . , bs, b, cq
j+t−s−1)

= (−q)1+s−t
s+1∑
j=0

(−1)jBj
qj

∫ ∞
−∞

e−x
2+2mx

(aq1/2e2ikx,−aqe2ikm, bq1/2e−2ikx; q)∞

∞∑
n=0

(a0, a1, . . . , at−1; q)n
(q, b1, . . . , bs; q)n

×
(
cqj+t−s−1

a

)n [
(−1)nq(

n
2)
]1+s−t

3φ2

(
q−n, aq1/2e2ikx,−aqe2ikm

0, 0
; q, q

)
dx

=

∞∑
n=0

(a0, a1, . . . , at−1; q)n
(q, b1, . . . , bs; q)n

[
(−1)n+1q(

n
2)−(n−1)

]1+s−t
cn
∫ ∞
−∞

e−x
2+2mx

(bq1/2e−2ikx; q)∞

× 1

an
1

(aq1/2e2ikx,−aqe2ikm; q)∞
3φ2

(
q−n, aq1/2e2ikx,−aqe2ikm

0, 0
; q, q

)
dx

s+1∑
j=0

(−1)jBjq
j(n−1)

=

∞∑
n=0

(a0, a1, . . . , at−1; q)n
(q, b1, . . . , bs; q)n

[
(−1)n+1q(

n
2)−(n−1)

]1+s−t
cn
∫ ∞
−∞

e−x
2+2mx

(bq1/2e−2ikx; q)∞

×Dn
q,a

{
1

(aq1/2e2ikx,−aqe2ikm; q)∞

}
dx

s∏
j=0

(1− bjqn−1)

=

∞∑
n=1

(a0, a1, . . . , at−1; q)n−1
(q, b1, . . . , bs; q)n−1

[
(−1)n+1q(

n
2)−(n−1)

]1+s−t
cn
∫ ∞
−∞

e−x
2+2mx

(bq1/2e−2ikx; q)∞

×Dn
q,a

{
1

(aq1/2e2ikx,−aqe2ikm; q)∞

}
dx

t−1∏
j=0

(1− ajqn−1)

=

∞∑
n=0

(a0, a1, . . . , at−1; q)n
(q, b1, . . . , bs; q)n

[
(−1)n+2q(

n+1
2 )−n

]1+s−t
cn+1

∫ ∞
−∞

e−x
2+2mx

(bq1/2e−2ikx; q)∞

×Dq,aD
n
q,a

{
1

(aq1/2e2ikx,−aqe2ikm; q)∞

}
dx

t−1∏
j=0

(1− ajqn)

= c

∞∑
n=0

(a0, a1, . . . , at−1; q)n
(q, b1, . . . , bs; q)n

[
(−1)nq(

n
2)
]1+s−t

cn
∫ ∞
−∞

e−x
2+2mx

(bq1/2e−2ikx; q)∞

×Dq,aD
n
q,a

{
1

(aq1/2e2ikx,−aqe2ikm; q)∞

}
dx

t∑
j=0

(−1)jAjq
jn

= c

t∑
j=0

(−1)jAjDq,b

∫ ∞
−∞

e−x
2+2mx

(aq1/2e2ikx,−aqe2ikm, bq1/2e−2ikx; q)∞

∞∑
n=0

(a0, a1, . . . , at−1; q)n
(q, b1, . . . , bs; q)n

×
[
(−1)nq(

n
2)
]1+s−t(cqj

a

)n
3φ2

(
q−n, aq1/2e2ikx,−aqe2ikm

0, 0
; q, q

)
dx

= c

t∑
j=0

(−1)jAjDq,b

{
fL(a0, a1, . . . , at−1, b1, . . . , bs, b, cq

j)
}
.

So, fL = fL(a0, a1, . . . , at−1, b1, . . . , bs, a, c) satisfies the q-difference equation (23) and from The-
orem 1.7, we have

fL = F (a0, a1, . . . , at−1, b1, . . . , bs, cDq,a){f(a0, a1, . . . , at−1, b1, . . . , bs, a, 0)}
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= F (a0, a1, . . . , at−1, b1, . . . , bs, cDq,a)

{∫ ∞
−∞

e−x
2+2mx

(aq1/2e2ikx,−aqe2ikm, bq1/2e−2ikx; q)∞
dx

}

= F (a0, a1, . . . , at−1, b1, . . . , bs, cDq,a)

{√
πem

2 (−bqe−2ikm; q)∞
(abq; q)∞

}
=
√
πem

2

(−bqe−2ikm; q)∞F (a0, a1, . . . , at−1, b1, . . . , bs, cDq,a)

{
1

(abq; q)∞

}
=
√
πem

2 (−bqe−2ikm; q)∞
(abq; q)∞

tφs

(
a0, a1, . . . , at−1
b1, . . . , bs

; q, cbq

)
.

This completes the proof of Theorem 4.1. �

• Setting (t, s) = (2, 1) and (a0, a1, b1, c) = (r, w, v,−e−2ikm) in equation (36), we
recover the Ramanujan integral (14) proposed by Cao [4].

Proof. When (t, s) = (2, 1) and (a0, a1, b1, c) = (r, w, v,−e−2ikm), equation (36)
reduce to the following equation:∫ ∞

−∞

e−x
2+2mx

(aq1/2e2ikx, bq1/2e−2ikx; q)∞

∞∑
n=0

(r, w; q)n
(q, v; q)n

(
−1

ae2ikm

)n
× 3φ2

(
q−n, aq1/2e2ikx,−aqe2ikm

0, 0
; q, q

)
dx

=
√
πem

2 (−aqe2ikm,−bqe−2ikm; q)∞
(abq; q)∞

2φ1

(
r, w
v

; q,
−bq
e2ikm

)
. (38)

Setting d = e = 0 and c = a in equation (7), we get

3φ2

(
q−n, a, b

0, 0
; q, q

)
= an 2φ0

(
q−n, a
− ; q,

bqn

a

)
. (39)

Substituting (39) into (38), we get∫ ∞
−∞

e−x
2+2mx

(aq1/2e2ikx, bq1/2e−2ikx; q)∞

∞∑
n=0

(r, w; q)n
(q, v; q)n

qn 2φ0

(
q−n,−aqe2ikm

0
; q,
−qne2ik(x−m)

q1/2

)
dx

=
√
πem

2 (−aqe2ikm,−bqe−2ikm; q)∞
(abq; q)∞

2φ1

(
r, w
v

; q,
−bq
e2ikm

)
. (40)

Interchange summations and then applying (2) and q-Chu-Vandermonde sum on left side
(40), we get the required result. �

Theorem 4.2. For m ∈ R, a0 = q−G, G ∈ N and |abq| < 1, we have∫ ∞
−∞

e−x
2+2mx

(aq1/2e2ikx, bq1/2e−2ikx; q)∞
tφs

(
a0, a1, . . . , at−1
b1, . . . , bs

; q, cq1/2e2ikx
)
dx

=
√
πem

2 (−aqe2ikm,−bqe−2ikm; q)∞
(abq; q)∞

t+1φs+1

(
a0, a1, . . . , at−1,−e2ikm/b
b1, . . . , bs,−aqe2ikm

; q, cbq

)
.

(41)

Proof. fL = fL(a0, a1, . . . , at−1, b1, . . . , bs; a; c) =LHS of (41), use the same technique in
Theorem 4.1 to check fL satisfies q-difference equation (23), we have

fL = F (a0, a1, . . . , at−1, b1, . . . , bs, cDq,a){f(a0, a1, . . . , at−1, b1, . . . , bs, a, 0)}

= F (a0, a1, . . . , at−1, b1, . . . , bs, cDq,a)

{∫ ∞
−∞

e−x
2+2mx

(aq1/2e2ikx, bq1/2e−2ikx; q)∞
dx

}
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= F (a0, a1, . . . , at−1, b1, . . . , bs, cDq,a)

{√
πem

2 (−aqe2ikm,−bqe−2ikm; q)∞
(abq; q)∞

}
=
√
πem

2
(−bqe−2ikm; q)∞F (a0, a1, . . . , at−1, b1, . . . , bs, cDq,a)

{
(−aqe2ikm; q)∞

(abq; q)∞

}
=
√
πem

2 (−aqe2ikm,−bqe−2ikm; q)∞
(abq; q)∞

t+1φs+1

(
a0, a1, . . . , at−1,−e2ikm/b
b1, . . . , bs,−aqe2ikm

; q, cbq

)
.

This completes the proof of Theorem 4.2. �

• If (t, s) = (3, 2) and (a0, a1, a2, b1, b2, c) = (r, s, t, u, v, y) in Theorem 4.2, we retain
Theorem 1.6 obtained by Cao and et al. [9].

Theorem 4.3. For m ∈ R, a0 = q−G, G ∈ N and if |abq| < 1, we have∫ ∞
−∞

e−x
2+2mx

(aq1/2e2ikx, bq1/2e−2ikx; q)∞
t+1φs+1

(
a0, a1, . . . , at−1, bq

1/2e−2ikx

b1, . . . , bs, abq
; q, cq1/2e2ikx

)
dx

=
√
πem

2 (−aqe2ikm,−bqe−2ikm; q)∞
(abq; q)∞

tφs+1

(
a0, a1, . . . , at−1

b1, . . . , bs,−aqe2ikm
; q,−cqe2ikm

)
. (42)

Proof. Rewrite equation (42) as follows:∫ ∞
−∞

e−x
2+2mx(abq; q)∞

(aq1/2e2ikx, bq1/2e−2ikx; q)∞
t+1φs+1

(
a0, a1, . . . , at−1, bq

1/2e−2ikx

b1, . . . , bs, abq
; q, cq1/2e2ikx

)
dx

=
√
πem

2
(−aqe2ikm,−bqe−2ikm; q)∞ tφs+1

(
a0, a1, . . . , at−1

b1, . . . , bs,−aqe2ikm
; q,−cqe2ikm

)
. (43)

Let fL = fL(a0, a1, . . . , at−1, b1, . . . , bs; a; c) =L.H.S of (43) which satisfies (23), so we have

fL = F (a0, a1, . . . , at−1, b1, . . . , bs, cDq,a){f(a0, a1, . . . , at−1, b1, . . . , bs, a, 0)}

= F (a0, a1, . . . , at−1, b1, . . . , bs, cDq,a)

{∫ ∞
−∞

e−x
2+2mx(abq; q)∞

(aq1/2e2ikx, bq1/2e−2ikx; q)∞
dx

}
= F (a0, a1, . . . , at−1, b1, . . . , bs, cDq,a)

{√
πem

2
(−aqe2ikm,−bqe−2ikm; q)∞

}
=
√
πem

2
(−bqe−2ikm; q)∞F (a0, a1, . . . , at−1, b1, . . . , bs, cDq,a)

{
(−aqe2ikm; q)∞

}
=
√
πem

2
(−aqe2ikm,−bqe−2ikm; q)∞ tφs+1

(
a0, a1, . . . , at−1

b1, . . . , bs,−aqe2ikm
; q,−cqe2ikm

)
.

�

• Setting c = 0 in the equation (42), we get equation (9).

Theorem 4.4. For m ∈ R, a0 = q−G, G ∈ N and max{|aq1/2e2km|, |bq1/2e−2km|} < 1,
we have∫ ∞
−∞

e−x
2+2mx(−aqe2kx,−bqe−2kx; q)∞ tφs+1

(
a0, a1, . . . , at−1

b1, . . . , bs,−aqe2kx
; q,−cqe2kx

)
dx

=
√
πem

2 (abq; q)∞
(aq1/2e2km, bq1/2e−2km; q)∞

× t+1φs+1

(
a0, a1, . . . , at−1, bq

1/2e−2mk

b1, . . . , bs, abq
; q, cq1/2e2km

)
. (44)
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Proof. Let fL = fL(a0, a1, . . . , at−1, b1, . . . , bs; a; c) =LHS of equation (44) which satisfies (23), we
have

fL = F (a0, a1, . . . , at−1, b1, . . . , bs, cDq,a){f(a0, a1, . . . , at−1, b1, . . . , bs, a, 0)}

= F (a0, a1, . . . , at−1, b1, . . . , bs, cDq,a)

{∫ ∞
−∞

e−x
2+2mx(−aqe2kx,−bqe−2kx; q)∞dx

}
= F (a0, a1, . . . , at−1, b1, . . . , bs, cDq,a)

{√
πem

2 (abq; q)∞
(aq1/2e2km, bq1/2e−2km; q)∞

}
=
√
πem

2 1

(bq1/2e−2km; q)∞
F (a0, a1, . . . , at−1, b1, . . . , bs, cDq,b)

{
(abq; q)∞

(aq1/2e2km; q)∞

}
=
√
πem

2 (abq; q)∞
(aq1/2e2km, bq1/2e−2km; q)∞

t+1φs+1

(
a0, a1, . . . , at−1, bq

1/2e−2mk

b1, . . . , bs, abq
; q, cq1/2e2km

)
.

�

• Setting c = 0 in the equation (44), we get equation (10).
• Letting (t, s) = (2, 1) and (a0, a1, b1) = (r, s, t) in the equation (44), we get equation

(21) obtained by Cao [6].

Theorem 4.5. For m ∈ R, a0 = q−G, G ∈ N and max{|aq1/2e2km|, |bq1/2e−2km|} < 1,
we have∫ ∞
−∞

e−x
2+2mx(−aqe2kx,−bqe−2kx; q)∞ t+1φs+1

(
a0, a1 . . . , at−1,−e2kx/b
b1 . . . , bs,−aqe2kx

; q, cbq

)
dx

=
√
πem

2 (abq; q)∞

(aq1/2e2km, bq1/2e−2km; q)∞
tφs

(
a0, a1, . . . , at−1
b1, . . . , bs

; q, cq1/2e2km
)
. (45)

Proof. Rewrite (45) as follows:∫ ∞
−∞

e−x
2+2mx(−bqe−2kx; q)∞

(−aqe2kx; q)∞
(abq; q)∞

t+1φs+1

(
a0, a1 . . . , at−1,−e2kx/b
b1 . . . , bs,−aqe2kx

; q, cbq

)
dx

=
√
πem

2 1

(aq1/2e2km, bq1/2e−2km; q)∞
tφs

(
a0, a1, . . . , at−1
b1, . . . , bs

; q, cq1/2e2km
)
. (46)

Let fL = fL(a0, a1, . . . , at−1, b1, . . . , bs; a; c) =L.H.S of (46) which satisfies (23), we have

fL = F (a0, a1, . . . , at−1, b1, . . . , bs, cDq,a){f(a0, a1, . . . , at−1, b1, . . . , bs, a, 0)}

= F (a0, a1, . . . , at−1, b1, . . . , bs, cDq,a)

{∫ ∞
−∞

e−x
2+2mx (−aqe2kx,−bqe−2kx; q)∞

(abq; q)∞
dx

}
= F (a0, a1, . . . , at−1, b1, . . . , bs, cDq,a)

{√
πem

2 1

(aq1/2e2km, bq1/2e−2km; q)∞

}
(by using (10))

=
√
πem

2 1

(bq1/2e−2km; q)∞
F (a0, a1, . . . , at−1, b1, . . . , bs, cDq,b)

{
1

(aq1/2e2km; q)∞

}
=
√
πem

2 1

(aq1/2e2km, bq1/2e−2km; q)∞
tφs

(
a0, a1, . . . , at−1
b1, . . . , bs

; q, cq1/2e2km
)
.

(by using (26))

�



F. A. RESHEM, H. L. SAAD: GENERALIZED Q-DIFFERENCE EQUATION FOR THE ... 773

5. Conclusions

(1) With the aid of the q-difference equation approach, we generalized the fractional
q-integrals presented by Cao [5] and Cao and et al. [8].

(2) We provide two generalizations of the q-Barnes contour integral presented by Wat-
son in 1910 [24] using the q-difference equation technique.

(3) We give numerous generalizations of Ramanujan integrals using the q-difference
equation method.

(4) Certain parameter values can be substituted into the generalized integrals to obtain
previously obtained or new findings.
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