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GENERALIZED ¢-DIFFERENCE EQUATION FOR THE
GENERALIZED ¢-OPERATOR ,®,(D,) AND ITS
APPLICATIONS IN ¢-INTEGRALS

F. A. RESHEM!, H. L. SAAD'*, §

ABSTRACT. In 2014, Fang [12] discovered a general g-exponential operator identity by
solving a g-difference equation. Fang [12] developed some generalizations of g-integrals
using this g-difference equation. Reshem and Saad [20] presented the solution to a gener-
alized g¢-difference equation in g-operator form, which is a generalization of Fang’s work
[12]. Using the g-difference equation technique, Reshem and Saad [20] discussed some
properties of g-polynomials. In this paper, the generalized g¢-difference equation tech-
nique is used to generalize some well-known integrals such as fractional g-integrals, the
g-Barnes contour integral, and Ramanujan g-integrals.

Keywords: ¢-difference equation, g-operator, g-integral, fractional g-integrals, g-Barnes
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1. INTRODUCTION

In this paper, the notations that was used in [13] is followed, and we assume that |¢| < 1.
We mention to some notations that we depend on during this paper.
The g¢-shifted factorial is defined by [13]:

n—1 00
(@iqo=1, (aqQn=][[0—-ad®) and (a,9)o0 = [J(1 - ag").
k=0 k=0

Also the multiple g-shifted factorials:
(a1,a2, ..., am; Qn = (a1;¢)n(a2;Qn - - (@m; @n-
The basic hypergeometric series ;¢5 is given by [13]:

aQ, a1y .« Qg1 > (ao,al...,at_l;q)n[ " (n)i|1+sft .
s yq, = -1 ,
“ ( bi,ba, ..., bs ! x> nZ:O (Q7b17b2-"7bSSQ)n ( ) v o
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where ¢ # 0 when r > s+ 1. Note that

o0
ai,ag,...,0s41 (alaa2a"'aas+1;Q)n n
14, = , < 1.
S+1¢8( bibo,. .. bs I) T;) (@b bar b L0 1

The g-binomial coefficients is given by [13]:

n| _ (4;9)n .
[’f] (@GOG D Osksn.

We will use the following identities in this paper [13]:

(4:0)n = (4" /a;@)n(—a)"q(2). (1)
oy GDn e (B)—nk
(k= @ q)n_k( 1)%q : (2)

The ¢-Chu-Vandermonde sums are:

q—n’ a (C/CL; q)n n
¢ ( ;q7q> =-———a". 3
RN (¢ )n ®)
g " a n (¢/a;q@)n
iq,cq Ja ) = ———. 4
2¢1 < c / ) (C, q)n ( )
The ¢-Gauss sum is:
a,b (¢/a,¢/b; @)oo
T b|=-—"—"""—. 5
oo () s0ctan) = S ®)
Heine’s transformation of 3¢9 series [13, Appendix III, equations (II1.1),(II1.12)] are:
a,b (b,az;q)o0 /b, z
T == "7 q,b ).
Q(bl < c v q, Z> (C,Z;q)oo 2¢1 az yq, (6)
q " b _ (/e dn q¢ " cd/b by
3¢2 ( d,@ 7q7q> — (e7q)n c 3¢2 d, qu—n/6 y 4, e . (7)
The Thomae-Jackson g-integral [13, 14, 23] is
b oo
[ @y = (10 Sbr(a0) - af(a")la"
a n=0
In 1910, Watson [24] introduced the ¢-Barnes contour integral
(g0, cq% q)oo T(—2)° - (2,¢9)00 a,b
ds = =2 T .
/ioo (@b g sinms T (abig)w 2\ e (D7 )

The generalized Riemann-Liouville fractional g-integral is given by [1, 18, 19]

a—1

lgal () = li:(a)[(qt/m;q)a_lf(t)dqt, ae R,

The discrete fractional differences are studied deeply and extensively by many scientists,
see [15, 16, 17].
Two integrals of Ramanujan are [2, 4, 9]

2 . L
/oo e~ +2ma dy — \/EemQ (_aqe2zkm, —bqe szm; Q)oo (9)
—oo (ag'/2e2ikz bgl/2e=2kz; q) (abq; q)oo
o
—z242ma _ 2kx —2kx, _ m?2 (abQQ Q)oo
/_ooe (—aqe™, —bge Q) oodr = /e (aqi/2eTm_bgi/2e—2hm gy (10)
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The g-differential operator is defined by [11]

D,{1(1)} = Dyl sy} = 1O ICD, (1)

In 2003, Chen et al. [10] defined the homogeneous g-difference operator Dy, as follows:
flz,a'y) = flaz,y)

Dazy{f(l'v y)} =

r—qly '
In 2014, Cao [3] established the homogeneous g-operator as follows:
— (a;9)n
T(a,zDyy,) = 2Dz, )"
( 2 kzzo @), D)

Cao [3] introduced the following g-difference equation:

Theorem 1.1. [3]. Let f(x,y,z) be a three variables analytic function in a neighbourhood
of (x,y,2) = (0,0,0) € C3. If f(x,y,2) satisfies the equation
(]"_qily) [f(a7 z,Y, Z) - f(a7 z,Y, qZ)]
= 2[f(a,2,q7 Yy, 2) = fla,qx,y,2)] — az[f(a, 2,47y, 42) — fla,q2,y,42)],  (12)
then we have
f(a7 x? y7 Z) = T(a’ zDajy) {f(a7 w? y7 0)} *
In 2014, Cao [4] defined the generalized g-exponential operator
w, T — (w,759)n
T ’ ;q;chb}: ———— (cDgp)"
[ v | =2 @ v D)

n=0

Cao [4] constructed the following g-difference equation:

Theorem 1.2. [4]. Let f(w,r,v,b,c) be a five-variable analytic function in a neighborhood
of (w,r,v,b,¢) = (0,0,0,0,0) € C°. If f(w,r,v,b,c) satisfies the q-difference equation

bl f(w,r,v,b,¢) — (14 ¢ o) f(w,r,v,b,cq) + ¢ v f(w,r,v,b,cq?)]
:c{[f(w,r,v,b, ¢) — f(w,r,v,gb,c)] — (w+7)[f(w,rv,b,qc) — f(w,r,v,gb, qc)]
+ wr[f(w,r,v,b, qQC) — f(w,r,v,gb, q2c)]}, (13)
then we have

w,

f(’LU,T,U,b, C) =T |: UT 345 CDq,b:| {f(wﬂ“:l@b? O)}

Using equation (13), Cao [4] verified the following Ramanujan integral:

Corollary 1.1. [4]. Form € RN € N, r = ¢~V and |abq| < 1, we have

o0 6—;1:2+2m,7: 3¢1 r,w, 7aqe27jk;m » _q1/2€2ik($—m) dx
o (aq1/262ik1’7 bql/Ze—Qik:x; q)oo qw'r/v P v

5 (_aqe%km’ e—Qikm

_ Jrem —bq AW/, Vi Do ( raw o —gqb ) S ag

(abg, qur /v, q/v; q) o v D 2ikm
Also, Cao [4] defined the generalized Al-Salam-Carlitz polynomials

n

B 0.clo) =3 | st

k=0
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" ] (a,b; k+1Y_ e
W ple) = 3 1] G (1)) bty

i Lk (G a)k

In 2014, Fang [12] used the ¢-difference equation method to generalize Andrews-Askey
and Askey-Wilson integrals.
In 2017, Cao and Niu [7] introduced the following ¢-difference equation:

Lemma 1.1. [7]. Let f(a,b,c) be a three-variable analytic function at (0,0,0) € C3.

Then The function [ can be expanded in terms of @%a)(b, clq) if and only if f satisfies the
following functional equation:

abf(a,bq, cq) — bf(a,b,cq) + (¢ — ab) f(a,bq, c) = (¢ — b) f(a, b, c). (15)
In 2018, Cao and et al. [8] derived the following fraction g-integral:
Lemma 1.2. [8]. Fora € Ry and 0 < a < x < 1, it is asserted that

o {( 1 }: (1 - 9)* o 2 (a/75 ) at”

L (2t q) oo (at; ¢)oo (@ Qatr

,  max{|at|, |zt|} <1 (16)
k=0

= (—1)kq(3) 20k (s q) o pt®
I8 (@t q)oo} = (1 - @)™ (at; @)oo Y ( (alt); qq)k ((q;/Q)ﬁk -

k=0

ot < 1. (7)

Cao and et al. [8] used the g-difference equation (15) to get the following:
Lemma 1.3. [8]. For o € Ry, 0 < a < x < 1 and max{|as|, |at|, |xt|} < 1 it is asserted

that
o [ (rs139)00 | _ (1= a)*(ars;q)o x~ 2% (a/25 @)arnt” é g F rat q"s (18)
©0 ) (wt, 257 q)oc (as,at; q)so (@ Dare ars T4 )

In 2019, Cao [5] used equation (12) to prove the following:
Lemma 1.4. [5]. Fora € R and 0 < a < z < 1, if max{|as|, |az|} < 1, we have
o [ (@bz, 2t q) o0
Ig,§ ——m——
L (28,225 9) 00
_ (1—q)*(abz,at;iq ooi

(as,a2;q) o

a+k(

) —k
a/x;q ,as,a
/T Dot 302 ( ¢ a8 4z ;q,Q> . (19)

ak(Q;Q)a+k abz, at
In 2019, Cao [6] obtained the followmg g-difference equation:

Theorem 1.3. [6]. Let f(a,b,c,x,y) be a five-variables analytic function in a neighbor-
hood of (a,b,c,z,y) = (0,0,0,0,0) € C°. Then f(a,b,c,z,y) can be expanded in terms of
\Ifﬁ{l’b’c) (z,y|q) if and only if
g y[flab ez y) — (1+q ') fa,b,e,q2,y) + ¢ ef(a,b, ¢, ¢, y)]
= a{[f(a,b,¢,2,y) = f(a,b,c,x,q7 y)] = (a +b)[f(a.b,¢,qz,y) — f(a,b,¢c,qz,q7"y)]
+ab[f(a,b,¢,¢°x,y) = f(a,b,¢,¢°x, ¢ y)]}. (20)
By using equation (20), Cao [6] proved the g-integral:
Theorem 1.4. [6] Suppose that max{|aq'/2e>™*|, |bg'/2e=2"*| |cq'/2e*™*|} < 1. Form €
Rand 0 < qg= e~ 2k < 1, we have
r,s

oo 2 —
/ P +2mx(_aq62kx,—bqe 2kx§Q)oo 202 < t ,

2k
age2ve # 1 —ace ”““) dx
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1/26—2km

_ ﬁemQ (abg; q) o 22 < r, s, bq

. 1/2 2km 21
(aq'/2e2km bgl/2e—2km; g) t,abg q,¢q7 € > (21)

In 2020, Cao and et al. [9] defined the g-operator T(a, b, c,d, e,yD,) as:
— (a,b,¢q)
T a, bv ¢, d7evyD = = Z/D n,
( 2 nzjo (¢,d,e; Q)n( )

where D, is the operator D, acts on z.
Cao and et al. [9] set up the following ¢-difference equation:

Theorem 1.5. [9]. Let f(a,b,c,d,e,z,y) be a seven-variable analytic function in a neigh-
borhood of (a,b,c,d,e,z,y) = (0,0,0,0,0,0,0) € C". If f(a,b,c,d,e,x,y) satisfies the
difference equation

:c{f(a, b,c,d,e,x,y) — f(a,b,c,d e, x,yq)
—(d+e)qg Y [f(a,b,c,d, e, z,yq) — f(a,b,c,d, e, z,yq%)]
+ deq_Q[f(a, b,c,d, e,m,qu) — f(a,b,c,d, e,x,yq?))}}
:y{f(a, b,c,d,e,x,y) — f(a,b,c,d, e, xq,y)
—(a+b+0)[f(a,b,c,d,e,x,yq) — f(a,b,c,d, e, xq,yq)]
+ (ab + ac + be)[f(a, b, ¢, d, e, z,y¢*) — f(a,b,c,d, e, xq,yq*)]
—abc[f(a,b,c,d, e, x, yq?’) — f(a,b,c,d, e, xq, ng)]}, (22)
then
f(a,b,¢,d,e,x,y) =T(a,b,c,d,e,yD,){f(a,b,c,d,e,x,0)}.

They used equation (22) to show the following result:

Theorem 1.6. [9] For 0 < ¢ = "2 <1 and m € R. Suppose that labg| < 1, we have
> e*$2+2m33 s, t 1/2 2ikx
/_OO (aq'/2e2ike pgl/2e—2ike, g 3¢2< w, v 4, YqT e dx

Qik‘m’ 7bqe—2ikm; Q)oo 4¢3 r, s, t, ezik”f/b » ybq
(abgq; q) oo u, v, —age2km ’

In 2021, Saad and Hassan [21, 22] introduced the generalized g-operator as follows:

— \/Eemz (7aq6

F(ag,a1...,a;-1,b1...,bs,cDyp)

o (ap,a1...,at-1;q)n ) 14s—t .
— _1 n D .
7;) (Q7 bi,... 7bS;Q)n {( ) e ] (C q,b)

In 2022, Reshem and Saad [20] obtained the following general g¢-difference equation:

Theorem 1.7. [20] Let f(ag,ay...,at—1,b1,...,bs,b,¢) be an (t + s + 2)-variable ana-
lytic function in a neighborhood of (ag, ax, . ..,a;_1,b1,...,bs,b,c) = (0,0,...,0) € Ct*s+2
satisfying the q-difference equation

s+1 i
~1) B, A
(_q)1+3_t Z Mf(a(h A1y .., 011, b17 R 7b87 b7 Cq]+t_s_1)

t
= CZ(_l)jAqu,b {f(ao,al, ey 1, bl, e ,bs, b, qu)} s (23)
=0
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where
S
bo=¢q, Bo=Ao=1, B1:sz‘, By = Z bib;
7=0 0<i<j<s
Bg: Z bibjbk,..., Bs+1 :b()bl...bs, A1 :Zai
0<i<j<k<s i=
Z a;Qyj, Ag = Z AiQjQk, .- ., At =apaq ...a¢—1.
0<i<y<t 0<i<i<k<t
Then

f(a(), e ,at_l,bl, .. .,bs,b, C)
= F(ao, ey A1, bl, ey bs, chJ,){f(ag, ey A1, bl, ey bs, b, 0)}
Lemma 1.5. [20]. Let Dy be defined as in (11), then

bw, br; 1 (bw,br; -n
o JOwbrigde | L (bwbri)oe (g7 busbu N (24
2 (bu, bus g) o b™ (bu, bu; @)oo br, bw
Theorem 1.8. [20]. For ap = ¢ %, G € N,b,w,r,u,v,a;,b; € C,i =0,...,t —1,j=1,...,s,

we have
(bw, br; q) o
F s, Gi_1,b1,...,bs,cD -
(a07a17 , At—1,01, ) c q’b){(bu,bv;q)oo

~(bw, br;q)se x= (@0, ar15q)n (C\" n ()]0 g ", bu,bu
(b, bv; Qoo S (b1 bs3 ) (b) {(_1) q } 302 brbw DY)
provided that max{|bu|, |bv|} < 1.

Corollary 1.2. [20]. For ag = ¢~ %, G € N, b,w,u,v,a;,b; € C,i =0,1,...,t =1,j =
1,2,...,s, we have

bw; q)oo bw; q) oo
F(ao,al,...,at1,b1,...,bs,ch,b){(( Q) }: (( q)

bu, bv; q)oo bu, bv; q) 0o
ao,.. , At — 1,Q) c\" i (n) 1+s—t g™, bu, bv .
XZ qvbla-- ,q)n (b) |:( 1) 9 :| 3¢2 O,b’UJ 34,49 |, (25)
provided that max{|bul, [bv|} < 1.

1
F(a()a" : 7at71ab1>"'7bs7CDq,b) {(buq)}

_ 1 ag, @i, ..., a1
_(bu;q)c>ot¢s( bi,....by D) |bu| < 1. (26)

e Letting v = 0 in (25) and then applying ¢-Chu-Vandermonde sum (3), we obtain
Corollary 1.3. If ap =q¢ ¢, G € N,b,w,u,a;,b; € C,i =0,...,t=1,7=1,...,s,

then
(bw; @)oo
F cee,Qi_1,b1,...,bs,cD At Yi.5)
(a07a17 , At—1, 01, y C q’b){(bu,q)m
bw; q)so ag, i, ..., 01, w/u
:W t+1 </>s+1< 0 bll bz gw/ ;q,cu>, |bu| < 1. (27)

e Putting u = 0 in (27), we get
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Corollary 1.4. For ap = ¢~ ¢, G € N,b,w,a;,b; € C,i = 0,1,....t - 1,5 =
1,2,...,s, we have

F(a07 ceey A1, blu ey b87 CDq,b) {(bw7 q)oo} = (bw7 q)oo t¢s+1 ( bal‘07' .. })a‘tz;:u ' 4, C’U)) . (28)

In this paper, we generalize some g-integrals by using the method g-difference equation.
In section 2, we use the g-difference equation method to generalize fractional g-integrals.
In section 3, we extend g-Barnes contour integral as general to this integral. In section 4,
we construct a generalizations of Ramanujan integrals by using the ¢-difference equation
technique to offer another types of this integral.

2. GENERALIZATION OF THE FRACTIONAL ¢-INTEGRALS

This section concern with the generalization of fractional g-integrals given in [5, 8] by
using g-difference equation method.

Theorem 2.1. Foray=q ¢, GeN,a € Rt and 0 < a < x < 1, if max{|ay|,|az|} < 1,
we have

(zbz, 275 ¢) (ag, .-, at-1;qQ)n (C\" ny1Fs—t qg " Ty, T2
. (5 o] o
o { (2Y, 223 q) o Z (¢,b15. -, bs;q)n \x =g 32 xbz, xr 4

k _
_ (1= q)*(abz,ar;q)os i Ot a/m Da-+h 3 (" ay,a2;,9)n ,
(ay, az;q)oo Dotk = (q,abz,ar;q)n
k
ag, a1, ...,0at—1,49 T cq
1q,— | . 2
X t+1¢s+1 < bl,...,bs,quiaik/a 54, a> ( 9)

Proof. Let fr = fr(ao,a1,...,at-1,b1,...,bs,z,c) = RHS of equation (29).

s+1 ;

_1) B, .

(_q)1+s_t Z (q)j]f(a()7a17 e, A1, b17 ceey b87 ba cqj+t_s_1)

j=0

+1 . k _
= (7q)1+sftsz (=1)’B; (1 —q)*(abz, ar; ¢)oo i 2 *(a/2; @)atn Z (¢ % ay,az:9)n ,
= ¢ (ay,az; q)oo (¢ @Q)are = (q,abz,ar;q)n
ag, a1, - - - aat—hq_a_k . cq]+t s
X 1410541 ( bi,... bssaq ok ja (O T o

(1= q)*(abz,ar; q)o i (ap, a1y, G1-1;q)m {( 1)m+1q( )= (m— 1}1—&-9 t i

- (ay,az;q)oo (¢:b15- -+, bs3Q)m - @ otk

m=0

—a—k ms+1

ay,az; q)n n_ a4k (q ) q)m q 7 j(m—1)
§ :— Qe DS 1y B¢
x "z (a2 Q) arr @ arq)n (a) (—1)’Bjq

— (g, abz,ar;q), e

oo

1 —q)*(ab e Q-1 Q) m Is—t
:( q)*(abz,ar; q)so Z (@, a1,...,a1-1;9) {(_1)m+1q( ) —(m— 1} Z

(ay7azvq q,bla"'vbs;Q)m

m—0 a+k

—a—k.

hay,azi@n o (@M Om (AN gk _ etk (°59)
Xz:% (q,abz,ar;q)x q (zgt=2%/a; q)m (a) (g /8 @Jatr(=0)*g

s+1
X Z 1) B¢’ ™~ D (by using (1))

(ayvaz;q)oo 0 (qablv e 7bs;q)m (q,q)aJrk

m=

_ (1_Q) (abzvar;q)oo (a07a17~-~7at—1;q)m |:( 1)m+1q( ) (m— 1)j| 1+S*tcmz 1
k=
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k _ . m —a— .
X Z (q k’ay’az’q)" qn(ia)aJrkq(a;k) (1> (qu k/a’q)oo 2¢1 < q 1— ax%//z 14,4 >

— (q,abz,ar;q)n x (zq/a;q)s q

s+1
X Z 1)7 B¢’ ™=V (by using (3))

(1—Q) (abz,ar;q)oc o~ (0,01, -, A1-15@)m m o1y
= : i S lm (g g(3)=n= [ Z "
(a’y7a‘27Q)oo m—0 (Qa 1y« S,q)m a a-i—k
k —k 1—a—k s
q ,aY,az;q)n n o atk m xq a;4q)co m—
I B e e § | (R

— (g, abz,ar;q)n (2q/a;q) oo i
(by using (24))

_ (1—g)*(abz,ar;q)w (ag, a1, ..., 04-1:q)m [(_1)m+1q(m) (m— I)Tﬂitcmz 1
e

(ay,az;q) (q,b1, -, bs;Q)m — a*(q; @) atk

m=0

x Z %o, azig)e ¢" Dy Az (a/w; )arr} [T =07 (by using (1))

— (g, abz,ar; q)n o
) _ 00
(1 —q)*(abz,ar; q)co Z (@, -y 41—1;Q)m—1 [( e (7)- (m_l)] 14s tCmZ 1
q k
(ay,az;q)oo = (@01, 053 @)m—1 =5 (G Dotk
. ay,az’q)n n ym a+k ot m—1
ZW Dq,l{x (a/x;Q)a+k}H(1_ajq )
n=0 1’ §=0
(1 —q)*(abz,ar; q)co 0o (ag, a1, -+, 0-1;Q)m m me1y_ g 1+s—t
Y e (e “Z g
(ay,az;q)oc = (¢,b1,-.,055@)m a*(q; @) ot
~ ,ay,az; Q)TL n m a+k e
ZW D D {l' (a/x q a+k}H 1fa]q )
n=0 ’ Jj=0
(1 B q) (abZ ar; q 0 aOaala s 7at—1;Q)m m (™ I4s—t m > 1
:CD(I-T b b.: [(71) q(Q)] ¢ Zkf
(aya az; q) m=0 (q7 1;:-+3Usy q)m =0 a (qa Q)a+k

,a,k t

k
(% ay,a2;0)n » asn, (g m
Xy gy (a/$aQ)a+k( e k/a . ( ) Z 17 A0

n=0 (q7 abz, ar; q)n =

t o) k
» 1 —q)*(abz, ar; q)oo = % (a/x; q)atk g ay,az;q)n

— (ay,az Qoo (¢ Qare = (q,abz,ar5q)n
— (a0, a1, ai-1,47 % q)m m ()] (cda "

X Z b b T—a—Fk/,. (=1D™q
m=0 Q7 15--+5,0s,24 /aa q)m a

t
=cY (-1)A;Dy. {f(ao,al,...,at,hbl,...,bs,x,cqj)}.

Jj=0

So fr = fr(ag,a1,...,a1-1,b1,...,bs, x,c) satisfies the g-difference equation (23) and from The-
orem 1.7, we have

fR = F(ao,al, e ,at_l,bl, .. .,bS,CDq,gc) {f(ao,a,l, e ,at_1,b1, . .,bs,x,O)}

by, D >{<1—q>a<abz,ar;q>w o 22 0/ g
B (ay,02:0)0c = aF(G5Q)asn

:F(a'07a'17"'7a't—1ab1a"'7
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—k
q ,ay az
X 3¢2< abs a’r ;q7q) }

bz, 27 q)oo
= F(ag, a1, ..., az1,b1, ..., bs,cDy.s) {Igja {W”q)}}

(2y, 225 q) 0o

bz, 273 q) 00
— 12, {F(ao,al, a1, b1, . by Dy ) {(q)}}

(2Y, 225 q) oo

(b2, 275 @)oo o= (0, -+, Gt—15Q)n ([ C\™ 15—t qg "y, v
=J¢ s ’ } ) ) (7> |: 1) (2)i| s R ) -
o { (l‘y, TZ; q)OO r;) (qa by, ..., bs; Q)n X ( ) a 302 xbz, xr 4

e Setting (¢, 7, 2,b,y) = (0,0,s,r,t) in equation (29), we recover equation (18) ob-
tained by Cao and et al. [8].

e When (c¢,y,7) = (0, s,t) in equation (29), we attain equation (19) obtained by Cao
[5].

Theorem 2.2. Forag=q % GeN,a € Rt,0<a<x <1, and maz{|zz|,|ay|, |az|} <
1, we have

(ryz;@)os ~= (@0, -, @—1;Q)n [C\P ) I+s—t qg " xz,xy
I = -1
q’“{(wz,xy;q)oo ,;0 (4,01, bsi @) <x) [( Jla: } e G R

k _
_ (-9 (ary; ) i zoth( a/m Datk?" 3 (7%, az;9)n (_q’“y)”q_(g)
(ay,021q)00 4= Dotk = (@ ary;@n z
—a—k
ap,a1...,0t-1,9 @ . ﬂ
X t+1¢8+1< blv"‘ bijql—a—k/a 34, CL> . (30)

Proof. Let fr = fr(ap,a1,...,a¢4-1,b1,...,bs,x,¢) = RHS of equation (30). By using
the same technique used in Theorem 2.1, we can show that fr satisfies the g-difference
equation (23), so

fR:F(ao,al,...,at_l,bl,...,bS,CDq,z){f(ao,al,.. s At — 1,b1,.. bS,SC,O)}

(1—q)*(ary; q a/x;q)atrkz”
:F(ao,al,...,at_l,bl,...,bs,ch,w){ . OOZ a

(ay, = (@G Dask
k —k . k,\ "
> Z (q Ty az7‘])n 7& q_(Q')
(¢,ary; @)n z

a+k(

n=0
TYI;
= F(ao, a1, ... ar_1,b1,. .. bs,cDyy ){I“ {(;Zyxyql)}}
TYT; ) oo
:I‘?"‘{F(ao’al"”’at1’b1""’bs’CDq’x){(gEzyg;;)q)oo}}
(ryz; Qoo xo= (G0, -+ G113 Q)n [\ ny st g " xz,ay
:Ia b 9 ) ) _ _1 n (2) ) ) . .
q’“{(xz,xy;q)oonz;) (@ b1, -, bs; @) (x) [( )a } 32\ rye0 00

O

e Setting (c,y,2) = (0,s,t) in equation (30), we get equation (18) obtained by Cao
and et al. [8].
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Theorem 2.3. Forag =q %, G €N, a€ Ry, 0<a <z <1 and mazx{|az|,|zz|} < 1,
we have

e, { — i ap, .. . atbl,'s)): (o) [(_1)nq(g)}1+st}

(b1, ..

n=0
= T i il a/x Dot Ly [ GO -l o Cq (31)
azqoo — Qatk tH1Ps+ bl,...,bjaqu a-— ’“/a a )’

Proof. Let fr = fr(ap,a1,...,at-1,b1,...,bs,z,¢) =RHS of equation (31). By using the
same technique used in Theorem 2.1, fg satisfies the g-difference equation (23), we have

fR:F(ao,al,...,at,l,bl,...,bs,ch@){f(aU,al,...,at,l,bl,...,bs,x,O)}
(1-9)* <« $a+k(a/fc;q)a+kz’“}

= F(ao, Aly...,A¢—1, bl, Ce ,bs, CDq’x) { (GZ' q) (q. Q) o
9 o 9 «

k=0

1 .
= F(ag,a1,...,at—1,b1,...,bs,cDyz) {Ia {(xzq)}} (by using (16))

1
=1, {F(ao,ah s @1, 01, bsy €Dy ) {Wa(])oo}}

e 1 > (ao,...,at_l;q)n czn Y (g) 1+s—t usin
_Iq’a{(xz;CI)oonE:O(q,bla---,bsﬂ)n( ) [( D' } } (by 8 (26))

g
e Letting (¢, z) = (0,%) in equation (31), we get equation (16) given by Cao and et
al. [8].

Theorem 2.4. Forag=q % GeN,ac Ry, 0<a<z<1 and|zz| <1 we have

o

Igfa{(m;q)oo Z ( (a0, -, a—1: Qn (c2)" |:(_1)nq(g)]2+s—t} - g (en

Q7b1a . .,bS,IEZ;q)n
X
k=0

Proof. Let fr = fr(ap,a1,...,a1-1,b1,...,bs,z,¢) =RHS of equation (32). By using the
same technique used in Theorem 2.1, fg satisfies the g-difference equation (23), we have

fR = F(aoualu s 7a’t—17b1>' . 'abSaCDq,Z‘){f(QO)al)' . 'aat—l)bh .. ‘7b87$70)}

1)k (’;)anrkax; an
:F(ao,...,at_l,bl,...,bs,ch,gc){(1—q>“<az;q>mz( S'a (a/; Qo

= (az )k (¢ Dot
= F(ag,a1,...,ai-1,b1,...,bs,¢Dgz) {15, {(22;¢)0c}}  (by using (17))
= I {F(ao,a1,...,a4-1,b1,...,bs,cDgs) {(72;q)o0 } }
o = (ag,...,a1-1:q L (]2t '
=1, {(332, Q)ooz ( (a0 =130 (cz)" [(—1) q(2)} } (by using (28))

n—=0 q, b17 SR bs,xz; Q)n

—a—k

a+k( ap, , At—1,4 cq
t+1¢s+1(b1’” by, xgi =0k g 14, a>' (32)

a/;q)atnz"
(@ @Qatk

0

o Letting (c,z) = (0,¢) in equation (32), we get equation (17) obtained by Cao and
et al. [8].
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3. GENERALIZATION OF ¢-BARNE’S CONTOUR INTEGRAL

In 1910, Watson [24] showed that Barnes contour integral has a g-analogue. We use
the g-difference equation method to generalize g-Barnes contour integral and show how to
obtain another generalization of ¢g-Barnes contour integral.

Theorem 3.1. Forag=q %, G €N, |z| < 1,|arg(—2)| < 7, we have

/m (qu,c—q’”,q)oo 1051 q " a0,a1,...,a1-1 g, e W(—Z)mdm
—100 (aq$7qu7Q)oo et a)b17"‘7bs T sin Tx

. 2 (Q7C; q)oo = (a7 b7 Q)n n q_n7a07a17"')at—1 . n
= — z7r(a b0) (@.c:9) 2" 410541 a. by b 39,eq | . (33)
Oy dJoo T U & d)n sy ULy ey

Proof. Rewrite equation (33) as follows:

/ioo (q1+I,CqI;Q)OO (aaQ)oo ¢ q ", a0,a1,...,0i—1 g eqx ﬂ'(—z)mdx
cico (0475 ¢) o0 (aqx‘q) AR a, by, ..., bs o sin

_ iy q7cq (a,b;¢)n ¢ " a0, a1, a1 g
- By e o (T ) o

Let fr, = fr(ap,a1,...,a:-1,b1,...,bs;a;e) = LHS of equation (34), we have

s+1
H_S tz ]fL a(]:al:"')at—labla'--7b87a7€q]+t_8_1)
+1 ; -
(gt tSE: /w" (¢, cq" Qoo (a;9)00 f: (" a0,a1,. .., a1-1;Q)n
cico (047 Qoo (007 @)oo Sp (4050154, bs3 @0

1+s—t 71—( Z)I

x (eq®gd Tt 1)" [( 1)mg(s )}

sinTx
_ Zx: (a(o,abl,---,abm;)q)n [(_1)%1(](;)_(”_1)}1%4 o /m (qlgrb”ﬁ,cqw); Qoo
q,01,---,0s5q)n —100 q17QOO
n=0
a;q)oo (4% —Z
anx( ) ( q Id§ ]Bq]nl)
(ag%; @)oo (a;¢)n sinmz <=
. Z CL(), ALy .y AQt—1; Q)n [(_1)n+1q(;)_(n_1)} 1+s—t o /loo (ql-I—r’ qu; Q)oo
n—0 QJ b17 ey bs; Q)n —1700 (qu7 q)OO
x D? (6 g)oe | m(=2)" dx ﬁ(l —big" ) (by using (3) and (24))
T (ag®; @)oo ) sinmx o I
_ Z (ao, abl, . 76275—15)(])71—1 [(_1)n+1q(3)*(n—1)} I+s—t o /ZOO (qlg, cq"’;; 7) oo
Q7 1y+-+50s854)n—1 —300 95 q) oo
n=1
t—1
(CL; Q)oo ﬂ—(_z)x -1
Dy d 1—a:q"
X Pga { (4% q)oo | sinmz xg( a;jq""")
_ i ((Io, aty...,0¢-1; Q)n |:(—1)”+2q(n§1)_”} 1+s—t i+l /zoo (ql-&-:c’ cq®; Q)oo
(Q7 b17 ceey bsa q)n —300 (qu7 Q)OO

n=0
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|
X DDy, { ((a; @)oo } Wﬁ_z) dx H(l —a;q")
=0

aq%;q)o ) sinmz

. a7 14s—t 100 1+x .
ez a07a17"'7at—17q)n |:(_1)nq(2)i| s en/ (q , Cq 7q)00

=0 q: bi,...,bs; Q)n —i00 (qu; Q)oo
nx(,. —x. _ )\ t ) )
qaq (CL:(J)OO (q 7Q)n77§ Z) de(_l)]qu]n
" (g% @)oo (a5q)n sinTr i
t ; _
— ey (1 (g " oo (8;9)0 i (¢ " a0,a1,- -, a1-1;Q)n
- _ie (007500 (a4%59)00 = (g50,01,- .-, bs50)n
7=0 n=0
1+s—t T
[ ] (eq®¢)" (=) 4,
sinx
t
GZ Aqu{fL (IQ,(I]_,...,at_l,bl,...,bs,a,eqj)}
7=0
So, fr = fr(ag,ai,...,at—1,b1,...,bs,a,e) satisfies the g-difference equation (23) and

from Theorem 1.7, we have
fL :F(a()aala-”aat—labl)'"7b8)6an f(a()aala” , At— labl)"'7b8)a70)

gt e a;Q)oo m(—2)"
= F(ao,al,...,at_l,bl,...,bs,qua {/ bq (Z]) q) ((gq$q)q) Sgnﬂ'):c d.%'}

:F(a07a17“'7at—1ab1)"'7b876‘Dq, { 2T ——— q’Cq 2¢1<a’cb;Q7z>}
(by using (8))

(4,690 5 (050)n2" { (a5 9)oc }
= —-2m }7(10,(11,..‘,&,1,1)1,‘..,1),61)7 T~
(0:0)os = (4,¢:0)n ( ' Do) | agn; g)
. (Q7 & Q)oo > (a b; Q)n n q ", ap,a1,...,0:_1 n
-2 ) ) ’ ) . q, .
20 (b, q)oo —~ (q c; q) z t+1¢8+1 a, b17 o bs q, eq
This patently completes the proof of Theorem 3.1. U

e Letting (e,z) = (0, s) in equation (33), we get the ¢g-Barnes contour integral ob-
tained by Watson [24] (equation (8)).
e When (t,s,e) = (1,0,a/ap) in (33) and by using (5), (4) and (6), we get

Corollary 3.1. For |a/ap| < 1,|arg(—z)| < w, we have

/”" (@ " @)oe 7(=2)" ) (4,5 ) Z (ca/ao, z;@)n <a>"

—ioo (047, aq% /a0; @)oo sinTE (0,2 q)oc 2= (2:02:¢)n  \ao

Theorem 3.2. Forag=q %, G €N, |z| < 1,|arg(—2)| < 7, we have

/z’oo (q1+x,cqx;Q)oo t¢ ( ag, a1, ...,0a—1 g eqﬂ;) W(—z)xdx
—ico B bla"'ybs T i

(ag®,b4%; q)oo sin T

. (Q7 G Q)oo = ((I, b7 Q)n n apg,a1,y...,0¢_-1 n
- _9 , A1, ) .q, ] 35
a0 q)oe 2= (@ )0 Do\ hp TP (35)
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Proof. Let fr = fr(ao,a1,...,a4-1,b1,...,bs;a;e) =LHS of equation (35). By using the
same technique used in Theorem 3.1, f1, satisfies the ¢-difference equation (23), we have

fL = F(ao,al, e ,at_l,bl, .. .,bs,qu@){f(ag,al, v ,at_l,bl, e ,bs,a,O)}

100 14z . _ )T
:F(ao,al,...,atfl,bl,...,bs,qu,a) {/ (q 4 7Q)oo W( Z) dZL‘}

_ico (ag®,b¢%;q)o0 sinmx
= F(ag,a1,...,at-1,b1,...,bs,eDyq) {_Qmm 21 ( a,cb ;q’z)}
(by using (8))

(¢, ¢ @)oo o~ (03 @)n2" 1
=-2 F(ap,at,...,ai—1,b1,...,bs,eDg  T—

(b5 0)oo 7;) @ ' Do)\ (agms e
— 9 (CL C; Q)OO > ((I, ba Q)nzn t¢5 < ap,ayy ..., a¢—1 . q, eqn) )

(@, 0;q)oo 2= (¢ 0)n bis- .5 bs

0

e Letting (e,z) = (0, s) in equation (
tained by Watson [24] (equation (8)
For (t,s) = (2,1), (ag,a1,b1) = (¢, 1/e,¢*~%) in equation (35) and applying
g-Gauss sum (5), we get

35), we get the g-Barnes contour integral ob-
)-

Corollary 3.2. For |arg(—z)| <7 and |z| < 1, we have
/ioo (q1+z an: q:r equG;q> (_Z):pd
x
—ico (aq,bq",¢""C €q"; @)oo sinTTE

_ 0 (86900 5 (@000 ¢%1/e
= T b oo Z( S @)n ¢< ¢ ’q’q>'

4. GENERALIZATION OF RAMANUJAN INTEGRALS

Using the g¢-difference equation method, we present several generalizations of Ramanu-
jan integrals.

Theorem 4.1. For m € R, ap = ¢~ %, G € N and |abq| < 1, we have
00 —z242max o . T 1s—t
/ € | T (a0, - - At—15@)n (g)” [(_1)%(2)} *
—00 (aq1/2€21k$7 bq1/2672lk$; q)OO n:(] (q7 b17 c bs; Q)n a

" g 1/262ik$,—a e2ikm
X 302 < e ¢ e iq,q | dx

0,0
2ikm —2ikm
m2 (*CL(]6 ) 7bqe ,Q)oo apg,a1y...,0¢_1
— < » U1, 3 .q, b '
vre (abg; 4)oo 0 < bi,....bs D (36)

Proof. First rewrite equation (36) as follows:

9 —z242ma o0 . o 14s—t
/ ' e ' ' Z (ao,...,at—laQ)n (E)" [(—1)"q(2)} S
o (aq1/2621k:c’ _aqe2zl~cm7 bql/Qe—szx; Q)oo vt (q’ bl7 . 7bs; Q)n a

-n_q 1/262ik33 —qge2tkm
X 3¢2<q 1 00’ 1 1q,q | dx
)




F. A. RESHEM, H. L. SAAD: GENERALIZED @Q-DIFFERENCE EQUATION FOR THE ... 769

2 (_bqefZikm; q)oo ag,a1,...,0¢—-1
= /me™ oy ;q,cbq | . 37
f (abq7 q)oo tqbs bl-; e bs 34, Cbq ( )
Let fr = fr(ag,a1,...,a4—1,b1,...,bs;a;c) = LHS of (37),
s+1
1B .
(_Q)1+Sit Z (q)]fL(CLQ, Q1y...,0¢t—-1, bla R bsa ba qu+t*5*1)
7=0
_ (_q)1+s—t § <_1)?—Bj /oo ‘ e—m%—&-me ‘ i (ag, a1, .-, at-1;q)n
=0 qJ —00 (aql/Qtekx7 _aquka, bq1/26_2lk$; q)oo n—0 ((I7 b17 ey bs; q)n
cgdtt—s—1\" 1 1Hs—t —-n ,1/2 2ike ___2ikm
x (qa> [(—1)"61(2)} 3¢2( 7 60 0 aae ;q7q> dx

oo —rz mx
_Z (ag,ai,...,a:-1;q)n [( 1)"+1q() (ne 1):|1+sftcn/ o +?
(

n—0 qa bla ey bs; Q)n —00 bq1/2e—2zkx; q)oo

. . 41
1 qfn,aq1/2e2zkzviaq621km S j i(n-1)
a7(aq1/2e2ikw,—aq62ikm;q)oo 3¢2 ( 0’0 y 4,4 dsz_;(_l) qu
2
_ i (@o,a1,...,Gt-1;Q)n [( 1)n+1q( )—(n— 1)} 1+s—t o /00 e~ ¥ t2ma
= (¢,b1,- - bs30)n oo (bg/2e72iRe; q) o
1 S
n 3. n—1
X Dy { (aqi/2e2ike, _qqe2ikm, g) } dx H(l b
2
_ i (ao, @1y, G1—1;q)n—-1 [(71)71“(1(;,)7@71)} 14s—t - /oo e~ T +?mz
n=1 (@015, bs3@)n—1 —o00 (bql/Qe_Qlkm; 7)o
1 —1
X Dyq { (aq'/2e2ikz _qqe2ikm: q) } dz 1;[(1 —aiq"")
2
_ i (CLO, al,...,aq¢—1; Q)n [(—1)"4‘26](";1)—71} 1+s—t cn+1 /OO e~ +2ma
(¢, b1, 055 @)n oo (bgt/Zem kT q) o0

n=0

1
n n
X Dg,aDqq { (ag'/2e2ikz _qge2ibm; q) } dz H(l —a;q")

2
_ i ap, A1, ...,a¢_1; q)n |:(71)nq(g):| 1+s—t o /OC e 7T +2mx

= (g, b1y 53 0)n oo (bg/2e72iRe g) o

t

1 . )
n 1) A.gin
X Dq»“Dq,a { (aq1/262711m7 —age2ikm: 7)o } dz Z)( 1) qu
]:

t [e’e) —x2+2mm

o)
i € (a07a1>~--aat—1;Q)n
c —1)’A;D - - .
Z( ) q,b - (aq1/2621kz7 _aqe2zkm, bq1/2e—2zkx; q)oo nz:;) (q, bi,...,bs: q)n

Its—t (egi \" 1 aql/2e2ikT _gqe2ikm
[ ] =) s 1 M 1 i¢,q ) dx
a 0,0
t .
= Z A Dq,b {fL apg, a1y -..,0¢-1, bl, ey bs, b, cq])} .
§=0
So, fr, = fr(ag,a1,...,at—-1,b1,...,bs,a,c) satisfies the g-difference equation (23) and from The-

orem 1.7, we have

fL = F(G/Oaala"'7a/t—1ab17"'abSaCDq,a){f(a()aah' "7at—17b17"'7b85a70)}
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[ee) e—m2+2mm
:F(ao,al,...,at_l,bl,...,bs,ch,a) / ( q) dx

ag'/2e2ikz  _qge2ikm pgl/2e—2ike,

—bge 2™ q) o }
(abg; q)oo

:F(ao,al,...,at_l,bl,...,bs,chﬂ){ﬁemz(
. 1
= ﬁemz _bqe_mkm;q ool ao,al,...7at,17b1,...,bS,CD ,a {}
( = o)\ (abas 0
—b —2ikm. .
= et (01 5 0) t¢>s<“0’§f(_.’b““ ;q,cbq>.

(abg; q)oo
This completes the proof of Theorem 4.1. O

e Setting (t,s) = (2,1) and (ag,a1,b1,c) = (r,w,v, —e~2#™) in equation (36), we
recover the Ramanujan integral (14) proposed by Cao [4].

Proof. When (t,s) = (2,1) and (ag,a1,b1,¢) = (r,w,v, —e~2*™) equation (36)
reduce to the following equation:

0 67w2+2mx oo (T,w;q)n 1 n
/;oo (aql/ZGQikx, bq1/2672ikm; q) Z (q, v; q)n <a621k7n)

*© n=0
noq 1/262’”{)1’, —aqge2tkm
ST 1 1¢,q | dx
0,0
5 (_aqe2ikm’ _bqe—2ikm; q)oo row —bq

— m ? . — . 38
\/77'('6 (abq, q)oo 2¢1 v q, e2ikm ( )

Setting d = e = 0 and ¢ = a in equation (7), we get

q " a,b n g "a  bg"
; 9 = a y . 39
302 ( 0.0 4 CI> a 2¢0< L (39)
Substituting (39) into (38), we get
o] —z%42ma 0 —-n ikm n 2ik(x—m
/ e~ T +2 Z (ﬁwﬂ])nqn i ¢, —age* y —gre2ik( ) "
oo (aq2e2Re b 2e 2k q) o £ (g viq) 0 T 0 g
5 (_aq€2ikm7 _bqe—Qikm; q)oo rw —bq

= Jme™ g L) 40
\/Ee (abq, q)oo 2¢1 v q, tek:m ( )
Interchange summations and then applying (2) and ¢-Chu-Vandermonde sum on left side
(40), we get the required result. O

Theorem 4.2. Form € R, ag = ¢~ %, G € N and |abg| < 1, we have

o) —z242ma
/ e s [ QOG220 g
N - S
oo (aq!/2e2ike bgl/2e=2ika; ) bi,...,bs TV

2ikm —2ikm. 2ikm
q) aQ, a1,y ...,0p_1,—€ b
= \/77T€m d > t+1¢8+1 ( ’bl ’ bs _C’Lq€2ikm / 4, qu) .
AR | )
(41)

, —bge
(abq; q) oo

2 (—aqe

Proof. fr = fr(ao,a1,...,a4—1,b1,...,bs;a;c) =LHS of (41), use the same technique in
Theorem 4.1 to check fr satisfies g-difference equation (23), we have

fL = F(a()aalv s 7at717b17 .. '7bS>CDq,a){f(a07a17' : .,Cltfl,bl, .. .,bs,(l,O)}

00 e—;v2+2mac
= F(ao,a1,...,at-1,b1,...,bs,cDgq) / (aq1 /2% gl 2Tk, q)oodx

—00
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2ikm —2ikm
2 (—age —bge i q
:F(ao,(ll,...,at,hbl,...,bS,Cqua) {ﬁem ( ! 3 d )OO}
(abg; q)oo
2ikm
2 9 —aqge 3 q
= \/7>T€m (—bqe Qka;q)ooF(a(]’al’...,atlabla-..,b37CDq,a){( . )OO}
(abq; q)oo
2ikm —2ikm. 2itkm
2 (—age , —bge iq) g, 1y, Gp—1, —€"" /b
= \/me™ (abg: ) = 10541 < by bst —age2ikm / 1q,¢bq ) .
b) o PR | )

This completes the proof of Theorem 4.2. O

o If (t,5) = (3,2) and (ag, a1, az,b1,b2,¢) = (r,s,t,u,v,y) in Theorem 4.2, we retain
Theorem 1.6 obtained by Cao and et al. [9].

Theorem 4.3. Form € R, ag = ¢, G € N and if |abq| < 1, we have

—x249 N
/00 172 QA: . Jlr/;n:v 5k 110511 ap, ay, b . ,at—ll), qume 2ikz ;q,cq1/2e2ik"3 i
,oo(aq e2ikz b e—Zx;q)oo 1. by, abg
—2ikm
2(—aqe qe SQ)oo ag, A1, ...,0t—1 ik

= v ikm 54, —Cqe . (42

Nz (abq; @)oo tPst1 ( bi,....bs —ageitm 19 ¢ (42)
Proof. Rewrite equation (42) as follows:

/oo 6712+2mx(abq; Q)oo

1/2 ,—2ika )
ag,at, .. .,at-1,bq"'“e _ 1/2 2ika
. (aq1/2€2ik:c’bq1/26—2ikx;q)oo t+1Ps+1 < b 34,¢q 7€ ) dx

2ik
3 m7 —b

17"'7b87abq
2 ; _9; ag,a1y...,0¢—-1 i
= /Te™ (—age*™ ™, —bge P ™ q) o bt ( A qtegikm 14, —cqemm) (43)

Let fr = fr(ao,a1,...,at-1,b1,...,bs;a;c) =L.H.S of (43) which satisfies (23), so we have

fL = F(a07a17 s 7at—1ab17 .. '7b87c-Dq,a){f(a07a17’ . 'Jat—17b17 .. ‘7b87a70)}

o] —2242mzx bg:
:F(ao,al,...,at,1,b1,...,bs,ch,a) {/ ¢ (a q7Q)OO q) dl‘}

o (aq1/2€21k:p’ bql/Qe—szx;

= F(ag,a1,...,a.-1,b1,...,bs,¢Dgq) {ﬁemz(—aqe%km, —bqef2ikm; )OO}

, . .

= Vme™ (—=bge M q) oo F(ag, a1, - . ., at—1,b1, - . ., bs, cDy ) {(—aqez”‘:m;q)m}
2 ; _9; ap, a1y ...,0¢_1 ;

= /me™ (—age*™™, —bge " q) s 1t ( b b qtemm 1, —cqem’“m)

O
e Setting ¢ = 0 in the equation (42), we get equation (9).

Theorem 4.4. For m € R, ap = ¢~ %, G € N and maz{|aq'/?e**™|, |bg"/?e=2Fm|} < 1,
we have

—x?4+2mazx _ 2kx —b —2kx, ap, Ay ...,aA¢—1 . _ 2kx d
[me ( aqe ) qge 7q)OO t¢s+1 < bl,...7b5,_aqe2kw 14, —Ccqe ) X
o m? (abg; q) oo
= Ve (aq!/2e2km_bgl/2e=2km q)
ag,ay, ..., ai_1,bgt/?e=2mk 1/2 2km
X ; . 44
i+1Ps+1 ( bi,... by, abg yq,¢cq e ( )
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Proof. Let fr, = fr(ag,a1,...,at-1,b1,...,bs;a;c) =LHS of equation (44) which satisfies (23), we
have

fL = Fl(ap,a1,...,a.-1,b1,...,bs,¢Dg0){f(a0,01,...,at—1,b1,...,bs,0,0)}
%)
= F(ao,al, .. .,at_l,bl,. .. ;bs;CDq7a) {/ e_'”2+2m‘”(—aqe2m,—bqe_%x;q)oodx}
—oco

(abg; q) o
(aq1/262km’ bq1/2€72km; q)oo
(abq; q) oo }

(ag'/2e2k™; )0

1/2 ,—2mk
€ . 1/2 _2km
14, cq /2e .

O

2
m
= F(ao,al,...,at,hbl,... ,bS,CDq’a) {\/77’6

1
(bg'/2e=2km; ) o

_ = m? (abg; @)oo ag, a1, - .., ai-1,bq
= Ve (aq'/2e2km bgl/2e—2km. q) 101 bi,. .., bs,abq

2
:\/Eem F(ao,al,...,at_l,bl,...,bs,chyb){

e Setting ¢ = 0 in the equation (44), we get equation (10).
e Letting (t,s) = (2,1) and (ag, a1,b1) = (r, s,t) in the equation (44), we get equation
(21) obtained by Cao [6].

Theorem 4.5. For m € R, ag = ¢~%, G € N and maz{|aq"/?e**™|, |bg"/2e~ 2™} < 1,
we have

o %k
/ooex2+2m(—aQe2k“”,—bqe2’“;6])00 +1Ps41 ( ao’;l"":?’biff_lél;;kx /b ;q,cbq) dx
= ﬁemQ (aq1/2€2k7(:]:[;z;132202km;Q)00 t®s < ao’[;llt’.'_""’bastfl ;q,cql/Qe%m) . (45)
Proof. Rewrite (45) as follows:
/_ Ze“"?2”"””(—1%162"“”;(1)00(_(aaqbe;k;;O(i)°o 1410511 ( ao’;l_'_'_'7’b3féqeeziim/ b cbq) dx
= V™ (aq1/262km’bq11/26—2km; 0o 105 < ao’lil,’.‘....,’bitil ;q’cql/ze%m> ' (46)

Let fr = fr(ag,a1,...,a4—1,b1,...,bs;a;c) =L.H.S of (46) which satisfies (23), we have
fL = F(a()?al? sy -1, b17 .. .,bS,CDq’a){f(CLO,Cll, s 7at—17b17 B 7b87a7 0)}

[e's) _ 2kx —b —2kzx.
= F(ag,a1,...,at—1,b1,...,bs,cDgq) {/ efz2+2m"”( R ’Q)Oodm}
—o0 (abg; @)oo

1
= F(ag,a1,...,a;-1,b1,...,bs,cD Tem
( 0 1 t—1 1 S Q7l1) {\/> (aq1/2€2km’bq1/2e2km,q)oo}

(by using (10))

2 1 1
= /me™ F(ag,a1,...,ai-1,b1,...,bs,cD
vr (bg!/2e=2km: ) o (@0,a1,,04-1,b1 ’ q’b){(aql/%%m;q)m}
1
_ m? ap, a1, ...,0a¢—1 1/2 2km
= Ve (aq'/2e2km bgl/2e—2km; q) t¢3< bi,...,bs & ede >

(by using (26))



F. A. RESHEM, H. L. SAAD: GENERALIZED @Q-DIFFERENCE EQUATION FOR THE ... 773

5. CONCLUSIONS

(1) With the aid of the g-difference equation approach, we generalized the fractional
g-integrals presented by Cao [5] and Cao and et al. [8].

(2) We provide two generalizations of the g-Barnes contour integral presented by Wat-
son in 1910 [24] using the ¢-difference equation technique.

(3) We give numerous generalizations of Ramanujan integrals using the g-difference
equation method.

(4) Certain parameter values can be substituted into the generalized integrals to obtain
previously obtained or new findings.
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