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SOME RESULTS ON GENERALIZED TOEPLITZ OPERATOR ON
GENERALIZED HARDY SPACE

SH.AL-SHARIF', Y.JEBREEL?, A.KHANFER?, §

ABSTRACT. In this paper, we define and study some properties of the generalized Hardy
space Hp 2, where F is an injective linear transform from LP (II) into LP (II) and II is
the unit circle in the complex plane C. Also we introduce the concept of a generalized
Toeplitz operator on Hr,2 and prove some of its properties. Further results are presented.
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1. INTRODUCTION

Let I = {# € C: |z| = 1} represent the unit circle in the complex plane C and p be
the Lebesgue measure on II. Then LP(II) shall denote the Banach space of Lebesgue
measurable functions on II with

2

and L*°(II) denotes the Banach space of bounded measurable functions f on II with
| fllec = ess sup{[f(0)],6 € [0,27]} < oo, see [2, 3]. If 2z € II, we can write z in the form
z = €% for some 6 € [0,27]. For all n € Z, the complex valued function y,, is defined on
. 4 N
the set II by x, (2) = 2™ or we write xy, (ew) =em Theset p=< > anxn:a,€C
n=—N
is called the set of trigonometric polynomials, while the set of all polynomials, o, =

2 %
171l = {1/0 F(6) P (0) } cool<p<oo

N
{ > QpXn :ap € C} is called the set of analytic trigonometric polynomials.
n=0

The Hardy space H? is the space of all functions f € LP (II) such that
2
/f (€i6> Xn (ew) dp () =0 for all n >0, p=1,2,00.
0
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It is known [3] that y,, are orthonormal Schauder basis for LP (II) and H? is a closed
subspace of LP (II).

For the case p = 2, L? (Il) is a Hilbert space and H? is a complemented subspace of
L? (II) see, [3]. That is there exists a bounded projection P : L? (IT) — H2. If ¢ € L™ (II),
then ¢ (H?) C L?(II). So we can define the operator T}, : H*> — H? by T,, (f) = P (¢f).
T, is called the Toeplitz operator with symbol ¢. For more on Toeplitz operator and Hardy
spaces we refer the reader to [3]-[10] and references therein.

In this paper, we define, study and prove some properties of the generalized Toeplitz
operator T, r on the generalized Hardy space Hp,, where F' is an injective linear transform
from LP (II) into LP (II) and II is the unit circle in the complex plane C.

2. GENERALIZED HARDY SPACE

Let F : LP(II) — LP(II) be a linear operator such that rang(F) N H? # {0}, and
F(f)=0if and only if f = 0, that is, F' is one to one. For p = 1, 2, oo, the generalized
Hardy space Hp,), (II) = Hp,, is defined to be the collection of all functions f € L? (II) for

which
27

/F (f) (ei9> - Xn (ew> du (0) =0, for n > 0.
0
The condition that rang(F') N H? is to avoid that Hr, = {0}. It is clear that if F is the
identity operator, then Hp, = H?.
Proposition 2.1. f € Hp,, if and only if F (f) € HP.
Proof. For all f € LP (I), F (f) € LP (II) and so, f € Hf,, if and only if
27

[ 7@ () o () au0) =0

0
for n > 0 if and only if F (f) € HP. O
Lemma 2.1. Hpy, is a normed space under the norm || f| g, = [|[F (f)|l,, for all f € Hpp,
p=1, 2, cc.
Proof. For p = 1,2, oo, f € Hpy, || f[lf, = 0, follows from the definition. Suppose that
1 fllgp = IIF ()], = 0. Since F is one to one and |||, is a norm on HP?, it follows that
f = 0. The other properties of the norm follows from linearity of F. O

In the following we give conditions under which Hp,, (II) is a Banach space.

Theorem 2.1. For P =1, 2, if F is continuous, then Hp, (II) is closed subspace of
LP (IT) and hence Hpy is a Banach space.

Proof. Let f, be a sequence in Hp), which converges to f. To show that Hp), is a closed
subspace of LP (II) it is sufficient to show that f € Hp,. Since

f_i}ﬁ."énfn_fHEp = g_ig;”F(f”_f)Hp

= |F(Hm =),

n—oo
= [[E (0], = I0l[, =0,

we have f € Hp,. Since a closed subspace of a Banach space is Banach space using Lemma
2.1, Hp,, is a Banach space. O
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Example 2.1. Let ¢ € L*(Il) and F : L? (I1) — L% (II) be the multiplication operator
F(f)=@.f. Then F is bounded. Hence continuous and Hpy is a Banach space.

The following example shows that if /" is not continuous, Hr ) needs not to be a Banach
space.
oo

o0
Example 2.2. Let F: L? () — L?(II) be such that F (Z anz”) = an ntl Let

an
n=1 n=1

f € L2(I1) be such that f(z) = . \%nz” € H% If f € rang(F), then f = F(g) for some
n=2

[e.e]
g= > ay,z" € L*(II). Hence
n=1

o0

1 = a
f(z) = 372” = Z 4—22’”“.
n=1

n=2

Therefore a,, = 3;1% and f ¢ rang(F'). By Theorem 2.2 in [5], Hp 2 is not a Banach space.
Hence F' is not continuous.

Proposition 2.2. If F' is continuous, then Hpo is a Hilbert space.

Proof. Since H? is a Hilbert space, there exists an inner product on H? denoted it by
(x,y) g2 - Define an inner product on Hp o by

(f:9)pa = (F (), F(9) g2

for all f, g € Hp. Using Theorem 2.1 and the properties of the inner product on H 2 it
follows easily that Hr is a Hilbert space. ]

Let F be an injective linear transform from L? (IT) into L? (IT) such that rang(F)NHP #
{0} . For ¢ € L (II), the multiplication operator M, g : L* (II) — L? (1) is defined by
My, (f) = oF (f).

Theorem 2.2. Let H? C rang(F). If Hpy is an invariant subspace for My p, then ¢ is
m HF,oo-

Proof. Since 1 € H? and H? C rang(F), there exists w € L? (II) such that F (w) = 1. But
M, r (HFp) is contained in Hpy. Therefore

My, r (w) = @F (w) = p.1 = ¢ € Hpp,
which implies that

27

/F (p) (eie) - Xn (ew) du () =0, for n > 0.

0
But ¢ € L* (II). Hence ¢ € Hp . O
Theorem 2.3. If p € H*® and H? C range(F), then Hp is an invariant subspace for
M, F.

Proof. Let ¢ € H*, f € Hps. Since

My r(Hp2) = {oF(f):f€ Hpa}
[¢F (f): F(f) € H2}
c M, (HQ) C H? C range(F),
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it follows that

M%F (HFQ) C HF72.

3. GENERALIZED TOEPLITZ OPERATOR T, p ON Hp 2

Let F': LP (II) — LP (II) be a linear operator such that rang(F) N HP # {0} . If Hp is
closed subspace of L? (II), there exists a bounded projection P of L? (II) onto H r2. For
@ in L> (II), the generalized Toeplitz operator T, p on Hpg is defined by

Tor (f) = P (0 F(f))-

Since for f € Hpa, F(f) € H?, To.r (f) = T, (F(f)), it is easy to define a map ¢
from L>° (IT) into £ (HFz2) by ¢ (f) = Ty, r (f), where £ (Hpp) is the space of all bounded
linear operators on Hp .

In the following, we prove some properties of the generalized Toeplitz operator T, r.

Theorem 3.1. The mapping ¢ is a contractive x—linear from L* (II) into £ (Hpz2).

Proof. 1) ¢ is contractive: For f € Hpa, ¢, ¢ € L (II)

1C(P) =) fllre = I(Tor = Tur) flips
= HT ,F( )_Tw,F(f)HF,Q

= [IP@F () = P&-F()lre
= [P(e-F(f) = - F (f)lre
1P ( (NE2
|

(p—).F
|

< NPt = ¥) -F ()l g2
< e =) F(llpe

< (e —1) (f)”Fz
< ”(‘P_w)HF,Q'

2) ( is linear: For f € Hpa, A€ C

M) +CW)f = ((M\Tpr+Tyr)f)
P(Ap.F (f)+ P @.F(f))
= PQp.F'(f)+9¢.F(f))
(()\<P+¢) ()

= Daptyp,r (f) =CQe+ )
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3) To prove that ¢ (¢)" = ( (), let f, g € Hpa. Then
Tor (F), F(9)ps = (P@F(f)),F(9)p2

which implies that
(@) =T, pr=Tsr=C((®).

Theorem 3.2. If ¢ is in L (II) and ¢ € H*, then T, Ty r = Ty, F-

Proof. Let f € Hps. Since ¢ € H® and F (f) € H?, ¢ F (f) € H%. Hence P (YF (f)) =
YF (f) and
TTur(f) = T,(PWE ()
T, (WE(f))
= P(evF(f))
= sowF( )
that is, T,Ty p = Tyy,F- ]

Theorem 3.3. If o € L™ (1), § € H*, then Ty T, = Ty, F.
Proof.
(To.rT,)" = TyTjp

= Telyp

= T@E,F
T@a,F
Toor

= T9*s0,F’
which implies that (Tp pT,)" = 1y, p - By taking adjoints to both sides, we get Ty pT, =
Thp,F- O

Theorem 3.4. Let ¢ € L™ (II) and H? C rang(F). Then ¢ is invertible in L™ (II), if
T, F is invertible.

Proof. Tt is sufficient to show that M, is an invertible operator if Ty, p is. If T, r is
invertible, then there exists € > 0 such that

1 Te,r (Nl = TR (DI = el ()]
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for all f € Hpg. which implies that for each n € Z, f € Hp 3, we have

1My Ocn " (I = lloxaE (f)]

= lleF (N

> [P (eF ()

= |1 T.r (P

> ellFI

= elbwF (NI
Since the set {xnF (f): F (f) € H?, n € Z} is dense in L? (II), we get that:

1My (9)]] = €llgll

for all g € L? (1) . Similarly || Mz (f)|| > €|/ f|| using that T p is invertible and then M.,
its self is invertible. O

4. Further Results

Let Y = {f € L'[0,27] : f(t)=0forall 0 < ¢ <} . Since for all ¢ € L>®[0,27], f €
1[0, 2n),

2 2

/wwyﬂmmM@ /wwnuwwmw>

0 0

2w

< e @)l [ 1 @1dn(0) <o,
0

the multipliers of L! [0, 27] is the space L* [0, 27] .
Theorem 4.1. Y is a complemented subspace of L' [0,27].
Proof. For f € L'[0,2n], define fi, f2 as

0 ,0<t<m
no={ 0 2

and

0 , m<t< 21"’
Then f = f1 + fo, f1 €Y, that is, L' [0,27] = Y + K, where
K={feX:f(t)=0foraln<t<2rm}.
It is easy to that || f||; = [|fill; + || f2ll; O

fQ(t):{ f@) ,0<t<m

Since Y is a complemented subspace of L' (0, 27) , there exists a bounded projection P :
LY (0,27) — Y. For ¢ € L>[0,27], ¢g € L' (0,2n) for all g € Y. Define T, (g) = P (g) .
Then T, is a linear mapping from Y into Y. T, is called a Toeplitz Type operator.

Theorem 4.2. The mapping ¢ : £ (L' (0,27)) — £(Y) defined by ((p) = Ty, is a
bounded linear operator such that ¢ (p*) = (¢ (p))* ,where £ (X) is the space of all bounded
linear operators on X.
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Proof. 1) ( is linear: Let f, g € L*°[0,27], « € C. Then

C(f+ae = Trig(p)
= P({(f+9))
= P(fo+gp)
= P(fe)+P(gp)
= Tr(p)+Ty(p)
= ¢(NHetc@e
= (C(f)+<C(9) e
To end the linearity of ¢,

Claf) o =Tar(p) = P(afp) =aP (fe) = al}(p) = aC (f) ¢

2) ¢ is bounded. Since ||T,|| < || P||||¢||, it follows that T, is bounded and hence ¢ (¢)
is bounded.

3) C(¢*) = (C(p)". Fory €,

Ty W)y = WT, ()

y*, P (ey))

that is,

which implies that
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