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NECESSARY AND SUFFICIENT CONDITIONS FOR THE WAVE

PACKET FRAMES ON POSITIVE HALF-LINE

ABDULLAH1, §

Abstract. In this paper, we consider wave packet systems as special cases of general-
ized shift-invariant systems, a concept studied by Hernández, Lebate and Weiss. The
objective of the paper is to construct wave packet frames on positive half line. We estab-
lish necessary and sufficient conditions for the wave packet frames on positive half-line
using Walsh-Fourier transform.
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1. Introduction

The concept of frames in a Hilbert space was originally introduced by Duffin and Scha-
effer [8] in the context of non-harmonic Fourier series. In signal processing, this concept
has become very useful in analyzing the completeness and stability of linear discrete signal
representations. Frames did not seem to generate much interest until the ground-breaking
work of Daubechies et al. [7]. They combined the theory of continuous wavelet transforms
with the theory of frames to introduce wavelet (affine) frames for L2(R). Since then the
theory of frames began to be more widely investigated, and now it is found to be useful
in signal processing, image processing, harmonic analysis, sampling theory, data transmis-
sion with erasures, quantum computing, and medicine. Recently, more applications of the
theory of frames are found in diverse areas including optics, filter banks, signal detection
and in the study of Bosev spaces and Banach spaces. We refer [3, 11] for an introduction
to frame theory and its applications.

Wave packet systems are countable collections of dilations, translations, and mod-
ulations of a single function ψ ∈ L2(R). In [5], Córdoba and Fefferman introduced this
form of wave packet system. Wave packet system have been considered and extended by
several authors, (see [1], [2], [5], [6], [13], [14], [17]). Czaja, Kutyniok, and Speegle proved
that certain geometric conditions on the set of parameters in a wave packet systems are
necessary in order for the system to form a frame in [6]. Recently, Shah and Abdullah
[17] have established a necessary condition for the wave packet system to be frame for
L2(R+) by considering that these systems are special cases of generalized shift-invariant
systems whereas the later author has given the general characterization of all tight wave
packet frames for L2(R+) and H2(R+) by imposing some mild conditions on the generator
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in [1] and first author introduced Gabor frames on a half-line in which he established the
necessary and sufficient conditions for the existence of Gabor frames on R+ in [18].

Farkov [9] has given general construction of compactly supported orthogonal p-
wavelets in L2(R+). Farkov et al. [10] gave an algorithm for biorthogonal wavelets related
to Walsh functions on positive half line. On the other hand, Shah and Debnath [21] have
constructed dyadic wavelet frames on the positive half-line R+ using the Walsh-Fourier
transform and have established a necessary condition and a sufficient condition for the
system {ψj,k(x) = 2j/2ψ(2jx 	 k) : j ∈ Z, k ∈ Z+} to be a frame for L2(R+) and in [22],
they constructed p-Wavelet frame packets on a half-line using the Walsh–Fourier trans-
form. Further, a constructive procedure for constructing tight wavelet frames on positive
half-line using extension principles was recently considered by Shah in [20], in which he
has pointed out a method for constructing affine frames in L2(R+). Moreover, the author
has established sufficient conditions for a finite number of functions to form a tight affine
frames for L2(R+). Recently, Meenakshi et al. [15] have introduced the notion of non-
uniform multiresolution analysis (NUMRA) on a half-line R+ and have also established
the necessary and sufficient condition for the existence of corresponding wavelets on R+.

In the present paper, we consider wave packet systems as special cases of generalized
shift-invariant systems, a concept studied by Hernández, Lebate, and Weiss in [12]. The
objective of the paper is to construct wave packet frames on positive half line. We establish
necessary and sufficient conditions for the wave packet frames on positive half line. The
paper is structured as follows. In Section 2, we give a brief introduction to Walsh-Fourier
analysis on positive half-line. In Section 3 and 4, we present a necessary condition and
sufficient condition for the wave packet system {DpjTbkMmbψ}j,m∈Z, k∈Z+ to be a frame

for L2(R+).

2. Notations and preliminaries on Walsh-Fourier Analysis

Let p be a fixed natural number greater than 1. As usual, let R+ = [0,∞) and
Z+ = {0, 1, ...}. Denote by [x] the integer part of x. For x ∈ R+ and for any positive
integer j, we set

xj = [pjx](mod p), x−j = [p1−jx](mod p), (2.1)

where xj , x−j ∈ {0, 1, ..., p− 1}.

Consider the addition defined on R+ as follows:

x⊕ y =
∑
j<0

ξjp
−j−1 +

∑
j>0

ξjp
−j (2.2)

with

ξj = xj + yj(mod p), j ∈ Z\{0}, (2.3)

where ξj ∈ {0, 1, 2, ..., p − 1} and xj , yj are calculated by (2.1). Moreover, we write
z = x	 y if z ⊕ y = x.

For x ∈ [0, 1), let r0(x) be given by

r0(x) =


1, x ∈

[
0,

1

p

)
,

εjp, x ∈
[
jp−1, (j + 1)p−1

)
, j = 1, 2, ..., p− 1,

(2.4)
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where εp = exp
(
2πi
p

)
. The extension of the function r0 to R+ is defined by the equality

r0(x + 1) = r0(x), x ∈ R+. Then, the generalized Walsh functions {ωm(x)}m∈Z+ are
defined by

ω0(x) = 1, ωm(x) =
k∏
j=0

(
r0
(
pjx
))µj ,

where m =
∑k

j=0 µjp
j , µj ∈ {0, 1, 2, ..., p− 1}, µk 6= 0.

For x, ω ∈ R+, let

χ(x, ω) = exp

2πi

p

∞∑
j=1

(xjω−j + x−jωj)

 , (2.5)

where xj and ωj are calculated by (2.1).

We observe that

χ

(
x,

m

pn−1

)
= χ

(
x

pn−1
, m

)
= ωm

(
x

pn−1

)
∀x ∈ [0, pn−1), m ∈ Z+.

The Walsh-Fourier transform of a function f ∈ L1(R+) is defined by

f̂(ω) =

∫
R+

f(x)χ(x, ω)dx, (2.6)

where χ(x, ω) is given by (2.5).

If f ∈ L2(R+) and

Jaf(ω) =

∫ a

0
f(x)χ(x, ω)dx (a < 0), (2.7)

then f̂ is defined as limit of Jaf in L2(R+) as a→∞.

The properties of Walsh-Fourier transform are quite similar to the classical Fourier
transform. It is known that systems {χ(α, .)}∞α=0 and {χ(., α)}∞α=0 are orthonormal bases
in L2(0, 1). Let us denote by {ω} the fractional part of ω. For l ∈ Z+, we have χ(l, ω) =
χ(l, {ω}).

If x, y, ω ∈ R+ and x⊕ y is p-adic irrational, then

χ(x⊕ y, ω) = χ(x, ω)χ(y, ω), χ(x	 y, ω) = χ(x, ω)χ(y, ω), (2.8)

For a ∈ R+ and n ∈ Z+, the translation operator Tna on L2(R+) is defined by

(Tnaf)(x) = f(x	 na), x ∈ R+.

For b ∈ R+ and m ∈ Z+, the modulation operator Mmb is defined by

(Mmbf)(x) = χ(x,mb)f(x), x ∈ R+.

The dilation operator associated with a non-negative integer p is

(Dpf)(x) =
√
pf(px), x ∈ R+.
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The Plancherel theorem asserts that

〈f, g〉 = 〈f̂ , ĝ〉
For p > 0, a, b ∈ R+ and f ∈ L2(R+)(

Dpjf
)∧

= Dp−j f̂ , (Mmbf)∧ = Tmbf̂ , (Tnaf)∧ = M−naf̂

and (
DpjTnaMmbf

)∧
= Dp−jM−naTmbf̂

Definition 2.1. A countable family {eα : α ∈ A} of elements in a separable Hilbert space
H is a frame if there exist constants 0 < A ≤ B <∞ satisfying

A‖v‖2 ≤
∑
α∈A
|〈v, eα〉|2 ≤ B‖v‖2 (2.9)

for all v ∈ H. If only the right hand side inequality holds, we say that {eα : α ∈ A} is
a Bessel system with constant B. A frame is a tight frame if A and B can be chosen so
that A = B and is a normalized tight frame (NTF) if A = B = 1. Thus, if {eα : α ∈ A}
is a NTF in H, then

‖v‖2 =
∑
α∈A
|〈v, eα〉|2. (2.10)

Definition 2.2. A system of the form {DpjTnaMmbψ : j ∈ Z, m, n ∈ Z+} is called a

wave packet system on R+, where p is integer such that p > 2, a, b ∈ R+ and ψ is a fixed
function in L2(R+).

The wave packet system {DpjTnaMmbψ : j ∈ Z, m, n ∈ Z+} is said to be frame of

L2(R+) if there exist two positive constants A and B such that 0 < A ≤ B <∞ such that

A‖f‖2 ≤
∑
j∈Z

∑
m∈Z+

∑
∈Z+

∣∣〈f,DpjTnaMmbψ
〉∣∣2 ≤ B‖f‖2, f ∈ L2(R+). (2.11)

3. Necessary Condition for Wave Packet Frames

Theorem 3.1. Suppose that the wave packet systems {DpjTnaMmbψ : j ∈ Z, m, n ∈ Z+}
is a frame of L2(R+) with frame bounds A and B. Then, we have

A ≤ 1

a

∑
j∈Z

∑
m∈Z+

∣∣∣ψ̂ (p−jξ 	mb)∣∣∣2 ≤ B, a.e. ξ ∈ R+ (3.1)

Proof. Since {DpjTnaMmbψ : j ∈ Z, m, n ∈ Z+} is a frame for L2(R+) with frame bounds
A and B, we have

A‖f‖2 ≤
∑
j∈Z

∑
m∈Z+

∑
n∈Z+

∣∣〈f,DpjTnaMmbψ〉
∣∣2 ≤ B‖f‖2. (3.2)

For any f ∈ L2(R+), we have
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j∈Z

∑
m∈Z+

∑
n∈Z+

∣∣〈f,DpjTnaMmbψ〉
∣∣2

=
∑
j∈Z

∑
m∈Z+

∑
n∈Z+

∣∣〈Ff,FDpjTnaMmbψ〉
∣∣2

=
∑
j∈Z

∑
m∈Z+

∑
n∈Z+

∣∣∣〈f̂ , Dp−jM−naTmbψ̂
〉∣∣∣2

=
∑
j∈Z

∑
m∈Z+

∑
n∈Z+

∣∣∣〈f̂ ,M−napjDp−jTmbψ̂
〉∣∣∣2

=
∑
j∈Z

p−j
∑
m∈Z+

∑
n∈Z+

∣∣∣∣∫
R+

f̂(ξ)ψ̂(p−jξ 	mb)χ(na, (p−jξ 	mb))dξ
∣∣∣∣2

=
∑
j∈Z

pj
∑
m∈Z+

∑
n∈Z+

∣∣∣∣∫
R+

f̂(pj(ξ ⊕mb))ψ̂(ξ)χ(na, ξ)dξ

∣∣∣∣2 . (3.3)

For fixed j ∈ Z and m ∈ Z+, we have

∫ a−1

0

∑
l∈Z+

∣∣∣∣∣f̂
(
pj
(
ξ 	 l

a
⊕mb

))
ψ̂

(
ξ 	 l

a

)∣∣∣∣∣ dξ
=
∑
l∈Z+

∫ a−1

0

∣∣∣∣∣f̂
(
pj
(
ξ 	 l

a
⊕mb

))
ψ̂

(
ξ 	 l

a

)∣∣∣∣∣ dξ
=
∑
l∈Z+

∫ la−1+a−1

la−1

∣∣∣f̂ (pj (ξ ⊕mb)
)
ψ̂ (ξ)

∣∣∣ dξ
=

∫
R+

∣∣∣f̂ (pj (ξ ⊕mb)
)
ψ̂ (ξ)

∣∣∣ dξ. (3.4)

By using Cauchy-Schwarz’s inequality, we obtain∫
R+

∣∣∣f̂ (pj (ξ ⊕mb)
)
ψ̂ (ξ)

∣∣∣ dξ
≤
(∫

R+

∣∣∣f̂ (pj (ξ ⊕mb)
)∣∣∣2 dξ) 1

2
(∫

R+

∣∣∣ψ̂ (ξ)
∣∣∣2 dξ) 1

2

<∞. (3.5)

Thus, we can define a function Fj by

Fj(ξ) =
∑
l∈Z+

f̂

(
pj
(
ξ 	 l

a
⊕mb

))
ψ̂

(
ξ 	 l

a

)
a.e. ξ ∈ R+. (3.6)
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Fj(ξ) is 1
a -periodic and the above argument gives that Fj(ξ) ∈ L1(0, a−1). In fact, we

even have Fj(ξ) ∈ L2(0, a−1). To see this we first note that

|Fj(ξ)|2 ≤
∑
l∈Z+

∣∣∣∣f̂ (pj (ξ 	 l

a
⊕mb

))∣∣∣∣2 ∑
l∈Z+

∣∣∣∣ψ̂(ξ 	 l

a

)∣∣∣∣2 . (3.7)

Since f̂ ∈ Cc(R+), the function ξ →
∑

l∈Z+

∣∣∣f̂ (pj (ξ 	 l
a ⊕mb

))∣∣∣2 is bounded. Then,

there exists a constant k1, such that
∑

l∈Z+

∣∣∣f̂ (pj (ξ 	 l
a ⊕mb

))∣∣∣2 < k1, which implies

that∫ a−1

0
|Fj(ξ)|2dξ ≤

∫ a−1

0

∑
l∈Z+

∣∣∣∣f̂ (pj (ξ 	 l

a
⊕mb

))∣∣∣∣2 ∑
l∈Z+

∣∣∣∣ψ̂(ξ 	 l

a

)∣∣∣∣2 dξ
≤ k1

∫ a−1

0

∑
l∈Z+

∣∣∣∣ψ̂(ξ 	 l

a

)∣∣∣∣2 dξ
= k1

∑
l∈Z+

∫ la−1+a−1

la−1

∣∣∣ψ̂ (ξ)
∣∣∣2 dξ

= k1

∫
R+

∣∣∣ψ̂ (ξ)
∣∣∣2 dξ <∞.

So, Fj(ξ) ∈ L2(0, a−1). Then, according to the definition of Fj(ξ), we have∫
R+

f̂
(
pj (ξ ⊕mb)

)
ψ̂ (ξ)χ(na, ξ)dξ

=
∑
l∈Z+

∫ l
a
+ 1

a

l
a

f̂
(
pj (ξ ⊕mb)

)
ψ̂ (ξ)χ(na, ξ)dξ

=
∑
l∈Z+

∫ a−1

0
f̂

(
pj
(
ξ 	 l

a
⊕mb

))
ψ̂

(
ξ 	 l

a

)
χ(na, ξ)dξ

=

∫ a−1

0

∑
l∈Z+

f̂

(
pj
(
ξ 	 l

a
⊕mb

))
ψ̂

(
ξ 	 l

a

)χ(na, ξ)dξ

=

∫ a−1

0
Fj(ξ)χ(na, ξ)dξ. (3.8)

Parseval’s equality shows that∑
n∈Z+

∣∣∣∣∣
∫ a−1

0
Fj(ξ)χ(na, ξ)dξ

∣∣∣∣∣
2

=
1

a

∫ a−1

0
|Fj(ξ)|2 dξ. (3.9)

Combining (3.8) and (3.9) and the definition of Fj(ξ), we obtain that
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∑
n∈Z+

∣∣∣∣∫
R+

f̂
(
pj (ξ ⊕mb)

)
ψ̂ (ξ)χ(na, ξ)dξ

∣∣∣∣2

=
1

a

∫ a−1

0

∣∣∣∣∣∣
∑
l∈Z+

f̂

(
pj
(
ξ 	 l

a
⊕mb

))
ψ̂

(
ξ 	 l

a

)∣∣∣∣∣∣
2

dξ. (3.10)

∑
j∈Z

pj
∑
m∈Z+

∑
n∈Z+

∣∣∣∣∫
R+

f̂
(
pj (ξ ⊕mb)

)
ψ̂ (ξ)χ(na, ξ)dξ

∣∣∣∣2

=
∑
j∈Z

∑
m∈Z+

pj

a

∫ a−1

0

∣∣∣∣∣∣
∑
l∈Z+

f̂

(
pj
(
ξ 	 l

a
⊕mb

))
ψ̂

(
ξ 	 l

a

)∣∣∣∣∣∣
2

dξ. (3.11)

Let ξ0 ∈ R+ and also consider f̂ε = 1√
2ε
χ[ξ0−ε,ξ0+ε], ε > 0 and ε be sufficiently small.

Therefore, we obtain

‖fε‖2 = ‖f̂ε‖2 = 1 (3.12)

Thus, we have∑
j∈Z

∑
m∈Z+

∣∣∣ψ̂ (p−jξ0 	mb)∣∣∣2 = lim
ε→0

∫ ξ0+ε

ξ0−ε

1

2ε

∑
j∈Z

∑
m∈Z+

∣∣∣ψ̂ (p−jξ 	mb)∣∣∣2 dξ. (3.13)

From the definition of f , (3.2), (3.3) and (3.11); we have

∫ ξ0+ε

ξ0−ε

1

2ε

∑
j∈Z

∑
m∈Z+

∣∣∣ψ̂ (p−jξ 	mb)∣∣∣2 dξ
=
∑
j∈Z

∑
m∈Z+

∫ a−1

0
|f̂ε(ξ)|2

∣∣∣ψ̂ (p−jξ 	mb)∣∣∣2 dξ

=
∑
j∈Z

∑
m∈Z+

pj
∫ a−1

0

∣∣∣∣∣∣
∑
l∈Z+

f̂ε

(
pj
(
ξ 	 l

a
⊕mb

))
ψ̂

(
ξ 	 l

a

)∣∣∣∣∣∣
2

dξ

= a
∑
j∈Z

∑
m∈Z+

∑
n∈Z+

∣∣〈fε, DpjTnaMmbψ〉
∣∣2

≤ aB. (3.14)

We may take ε→ 0, we get

1

a

∑
j∈Z

∑
m∈Z+

∣∣∣ψ̂ (p−jξ0 	mb)∣∣∣2 ≤ B (3.15)

On the other hand, for any ξ0, η > 0, a positive integer M may be chosen so that∑
j≤−M

∑
m∈Z+

∫ p−j(ξ0+ε)

p−j(ξ0−ε)

∣∣∣ψ̂ (ξ 	mb)
∣∣∣2 dξ < η. (3.16)
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Also, for 0 < ε < pj

2a , the function f̂ε =
(

1√
2ε

)
χ[ξ0−ε,ξ0+ε], ε > 0 satisfies

f̂ε

(
ξ 	 pj l

a

)
= 0 ∀ l ∈ Z+

with l ≥
(
εa
pj

)
+ 1 and for all ξ ∈

[
ξ0 −

(
pj

2a

)
, ξ0 +

(
pj

2a

)]
.

Hence, for this f̂ε, we have

1

a

∑
j≤−M

∑
m∈Z+

∫ ξ0+
pj

2a

ξ0− pj

2a

∣∣∣∣∣∣
∑
l∈Z+

f̂ε

(
ξ 	 pj l

a

)
ψ̂

(
p−jξ 	 l

a
	mb

)∣∣∣∣∣∣
2

dξ

≤ 1

2εa

∑
j≤−M

∑
m∈Z+

∫ ξ0+
pj

2a

ξ0− pj

2a

∑
l∈Z+

∣∣∣∣ψ̂(p−jξ 	 l

a
	mb

)∣∣∣∣2 χ[ξ0−ε, ξ0+ε]

(
ξ 	 pj l

a

)
×
(
εa

pj
+ 1

)
dξ

≤
∑
j≤−M

∑
m∈Z+

∫ (ξ0+ε)

(ξ0−ε)

{
1

pj

∣∣∣ψ̂ (p−jξ 	mb)∣∣∣2 +
1

2εa

∣∣∣ψ̂ (p−jξ 	mb)∣∣∣2} dξ. (3.17)

Now, since∑
j≤−M

∑
m∈Z+

1

pj

∫ (ξ0+ε)

(ξ0−ε)

∣∣∣ψ̂ (p−jξ 	mb)∣∣∣2 dξ =
∑
j≤−M

∑
m∈Z+

∫ p−j(ξ0+ε)

p−j(ξ0−ε)

∣∣∣ψ̂ (ξ 	mb)
∣∣∣2 dξ

Since ε < pj

2a , the intervals
[
p−j(ξ0 − ε), p−j(ξ0 + ε)

]
, j ∈ Z, are mutually disjoint; and

hence, by (3.16), we have∑
j≤−M

∑
m∈Z+

∫ p−j(ξ0+ε)

p−j(ξ0−ε)

∣∣∣ψ̂ (ξ 	mb)
∣∣∣2 dξ < η.

So that it follows from (3.17) that

I =
∑
j∈Z

∑
m∈Z+

pj

a

∫ a−1

0

∣∣∣∣∣∣
∑
l∈Z+

f̂ε

(
pj
(
ξ 	 l

a
⊕mb

))
ψ̂

(
ξ 	 l

a

)∣∣∣∣∣∣
2

dξ

=
∑
j∈Z

∑
m∈Z+

1

a

∫ pj

a

0

∣∣∣∣∣∣
∑
l∈Z+

f̂ε

(
ξ 	 pj l

a

)
ψ̂

(
p−jξ 	 l

a
	mb

)∣∣∣∣∣∣
2

dξ

≤
∑
j>−M

∑
m∈Z+

1

a

∫ pj

a

0

∣∣∣∣∣∣
∑
l∈Z+

f̂ε

(
ξ 	 pj l

a

)
ψ̂

(
p−jξ 	 l

a
	mb

)∣∣∣∣∣∣
2

dξ + η

+
1

2εa

∫ ξ0+ε

ξ0−ε

∑
j≤−M

∑
m∈Z+

∣∣∣ψ̂ (p−jξ 	mb)∣∣∣2 dξ. (3.18)
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Therefore, by (3.2), (3.3), (3.11) and (3.18), we have

I∗ =
∑
j>−M

∑
m∈Z+

1

a

∫ pj

a

0

∣∣∣∣∣∣
∑
l∈Z+

f̂ε

(
ξ 	 pj l

a

)
ψ̂

(
p−jξ 	 l

a
	mb

)∣∣∣∣∣∣
2

dξ

≥ A− η − 1

2εa

∫ ξ0+ε

ξ0−ε

∑
j≤−M

∑
m∈Z+

∣∣∣ψ̂ (p−jξ 	mb)∣∣∣2 dξ. (3.19)

On the other hand, for all sufficiently small ε > 0, it is clear that

I∗ =
∑
j>−M

∑
m∈Z+

1

a

∫ ξ0+ε

ξ0−ε

∣∣∣f̂ε (ξ) ψ̂
(
p−jξ 	mb

)∣∣∣2 dξ
=
∑
j>−M

∑
m∈Z+

1

2aε

∫ ξ0+ε

ξ0−ε

∣∣∣ψ̂ (p−jξ 	mb)∣∣∣2 dξ
where f̂ε =

(
1√
2ε

)
χ[ξ0−ε,ξ0+ε]. Taking ε→ 0 in (3.19), we get∑

j>−M

∑
m∈Z+

1

a

∣∣∣ψ̂ (p−jξ0 	mb)∣∣∣2 ≥ A− η − ∑
j≤−M

∑
m∈Z+

1

a

∣∣∣ψ̂ (p−jξ0 	mb)∣∣∣2 (3.20)

for almost all ξ0 > 0. Since η > 0 is arbitrary, (3.20) gives∑
j∈Z

∑
m∈Z+

∣∣∣ψ̂ (p−jξ0 	mb)∣∣∣2 ≥ aA. (3.21)

for almost all ξ0 > 0. Hence by (3.15) and (3.21), we have

A ≤ 1

a

∑
j∈Z

∑
m∈Z+

∣∣∣ψ̂ (p−jξ0 	mb)∣∣∣2 ≤ B, a.e. ξ0 ∈ R+

Changing variable by ξ = ξ0, we have

A ≤ 1

a

∑
j∈Z

∑
m∈Z+

∣∣∣ψ̂ (p−jξ 	mb)∣∣∣2 ≤ B, a.e. ξ ∈ R+

4. Sufficient Condition for Wave Packet Frames

Theorem 4.1. Let ψ ∈ L2(R+) be such that

B =
1

a
sup
ξ∈R+

∑
j∈Z

∑
m∈Z+

∑
n∈Z+

∣∣∣ψ̂ (p−jξ 	mb) ψ̂ (p−jξ 	mb	 n

a

)∣∣∣ <∞,
then {DpjTnaMmbψ}j∈Z,m,n∈Z+ is a Bessel sequence with bound B. Also, if

A =
1

a
inf
ξ∈R+

∑
j∈Z

∑
m∈Z+

∣∣∣ψ̂ (p−jξ 	mb)∣∣∣2
−
∑
j∈Z

∑
06=n∈Z+

∑
m∈Z+

∣∣∣ψ̂ (p−jξ 	mb) ψ̂ (p−jξ 	mb	 n

a

)∣∣∣
 > 0,
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then {DpjTnaMmbψ}j∈Z,m,n∈Z+ is a frame for L2(R+) with bounds A and B.

Proof. From the definition of Fj and (3.10), we have

∑
l∈Z+

∣∣∣∣∫
R+

f̂(pj(ξ ⊕mb))ψ̂(ξ)χ(la, ξ)dξ

∣∣∣∣2 =
1

a

∫ a−1

0
|Fj(ξ)|2 dξ.

For all f ∈ L2(R+) such that f̂ is continuous and has compact support, we have from
(3.3)∑
j∈Z

∑
m∈Z+

∑
n∈Z+

∣∣〈f,DpjTnaMmbψ〉
∣∣2

=
∑
j∈Z

pj
∑
m∈Z+

∑
n∈Z+

∣∣∣∣∫
R+

f̂(pj(ξ ⊕mb))ψ̂(ξ)χ(na, ξ)dξ

∣∣∣∣2

=
∑
j∈Z

pj

a

∑
m∈Z+

∫ a−1

0

∣∣∣∣∣∣
∑
l∈Z+

f̂

(
pj
(
ξ 	 l

a
⊕mb

))
ψ̂

(
ξ 	 l

a

)∣∣∣∣∣∣
2

dξ

≤
∑
j∈Z

pj

a

∑
m∈Z+

∫ a−1

0

∑
l∈Z+

∣∣∣∣∣f̂
(
pj
(
ξ 	 l

a
⊕mb

))
ψ̂

(
ξ 	 l

a

)∣∣∣∣∣
2

dξ

= ∗.

By using Cauchy-Schwarz inequality, we have

∗ ≤
∑
j∈Z

pj

a

∑
m∈Z+

∫ a−1

0

∑
l∈Z+

∣∣∣∣∣f̂
(
pj
(
ξ 	 l

a
⊕mb

))
ψ̂

(
ξ 	 l

a

)∣∣∣∣∣
×
∑
n∈Z+

∣∣∣∣f̂ (pj (ξ 	 n

a
⊕mb

))
ψ̂
(
ξ 	 n

a

)∣∣∣∣
 dξ

=
∑
j∈Z

pj

a

∑
m∈Z+

∑
l∈Z+

∫ a−1

0

∣∣∣∣∣f̂
(
pj
(
ξ 	 l

a
⊕mb

))
ψ̂

(
ξ 	 l

a

)∣∣∣∣∣
×
∑
n∈Z+

∣∣∣∣f̂ (pj (ξ 	 n

a
⊕mb

))
ψ̂
(
ξ 	 n

a

)∣∣∣∣ dξ
=
∑
j∈Z

pj

a

∑
m∈Z+

∑
l∈Z+

∫ l
a
+ 1

a

l
a

∣∣∣f̂ (pj (ξ 	mb)
)
ψ̂ (ξ)

∣∣∣
×
∑
n∈Z+

∣∣∣∣f̂ (pj (ξ 	 n

a
⊕mb

))
ψ̂
(
ξ 	 n

a

)∣∣∣∣ dξ
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=
∑
j∈Z

pj

a

∑
m∈Z+

∫
R+

∣∣∣f̂ (pj (ξ ⊕mb)
)
ψ̂ (ξ)

∣∣∣ ∑
n∈Z+

∣∣∣∣f̂ (pj (ξ 	 n

a
⊕mb

))
ψ̂
(
ξ 	 n

a

)∣∣∣∣ dξ
=
∑
j∈Z

pj

a

∑
m∈Z+

∑
n∈Z+

∫
R+

∣∣∣∣f̂ (pj (ξ ⊕mb)
)
f̂
(
pj
(
ξ 	 n

a
⊕mb

))
ψ̂ (ξ)ψ̂

(
ξ 	 n

a

)∣∣∣∣ dξ
=

1

a

∑
j∈Z

pj
∑
m∈Z+

∫
R+

∣∣∣f̂ (pj (ξ ⊕mb)
)∣∣∣2 ∣∣∣ψ̂ (ξ)

∣∣∣2 dξ
+

1

a

∑
j∈Z

pj
∑
m∈Z+

∑
06=n∈Z+

∫
R+

∣∣∣∣f̂ (pj (ξ ⊕mb)
)
f̂
(
pj
(
ξ 	 n

a
⊕mb

))
ψ̂ (ξ)ψ̂

(
ξ 	 n

a

)∣∣∣∣ dξ
=

1

a

∑
j∈Z

pj
∑
m∈Z+

∫
R+

∣∣∣f̂ (pj (ξ ⊕mb)
)∣∣∣2 ∣∣∣ψ̂ (ξ)

∣∣∣2 dξ +
1

a
R(f),

where

R(f) =
∑
j∈Z

pj
∑
m∈Z+

∑
06=n∈Z+

∫
R+

∣∣∣∣f̂ (pj (ξ ⊕mb)
)
f̂
(
pj
(
ξ 	 n

a
⊕mb

))
ψ̂ (ξ)ψ̂

(
ξ 	 n

a

)∣∣∣∣ dξ
The Cauchy-Schwarz inequality implies that

R(f) ≤
∑
j∈Z

pj
∑
m∈Z+

∑
06=n∈Z+

(∫
R+

∣∣∣f̂ (pj (ξ ⊕mb)
)∣∣∣2 ∣∣∣ψ̂ (ξ) ψ̂

(
ξ 	 n

a

)∣∣∣ dξ) 1
2

×
(∫

R+

∣∣∣f̂ (pj (ξ 	 n

a
⊕mb

))∣∣∣2 ∣∣∣ψ̂ (ξ) ψ̂
(
ξ 	 n

a

)∣∣∣ dξ) 1
2

≤
∑
j∈Z

pj
∑
m∈Z+

 ∑
0 6=n∈Z+

∫
R+

∣∣∣f̂ (pj (ξ ⊕mb)
)∣∣∣2 ψ̂ (ξ) ψ̂

(
ξ 	 n

a

)
dξ

 1
2

×

 ∑
0 6=n∈Z+

∫
R+

∣∣∣f̂ (pj (ξ 	 n

a
⊕mb

))∣∣∣2 ψ̂ (ξ) ψ̂
(
ξ 	 n

a

)
dξ

 1
2

=
∑
j∈Z

pj
∑
m∈Z+

∑
06=n∈Z+

∫
R+

∣∣∣f̂ (pj (ξ ⊕mb)
)∣∣∣2 ∣∣∣ψ̂ (ξ) ψ̂

(
ξ 	 n

a

)∣∣∣ dξ.
So,∑
j∈Z

∑
m∈Z+

∑
n∈Z+

∣∣〈f,DpjTnaMmbψ〉
∣∣2 ≤ 1

a

∑
j∈Z

pj
∑
m∈Z+

∫
R+

∣∣∣f̂ (pj (ξ ⊕mb)
)∣∣∣2 ∣∣∣ψ̂ (ξ)

∣∣∣2 dξ
+

1

a

∑
j∈Z

pj
∑
m∈Z+

∑
06=n∈Z+

∫
R+

∣∣∣f̂ (pj (ξ ⊕mb)
)∣∣∣2 ∣∣∣ψ̂ (ξ) ψ̂

(
ξ 	 n

a

)∣∣∣ dξ
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=
1

a

∑
j∈Z

pj
∑
m∈Z+

∑
k∈Z+

∫
R+

∣∣∣f̂ (pj (ξ ⊕mb)
)∣∣∣2 ∣∣∣ψ̂ (ξ)− ψ̂

(
ξ 	 n

a

)∣∣∣ dξ
=

1

a

∫
R+

∣∣∣f̂ (ξ)
∣∣∣2∑
j∈Z

∑
m∈Z+

∑
n∈Z+

∣∣∣ψ̂ (p−jξ 	mb) ψ̂ (p−jξ 	 n

a
	mb

)∣∣∣ dξ.
If

B = sup
ξ∈R+

1

a

∑
j∈Z

∑
m∈Z+

∑
k∈Z+

∣∣∣ψ̂ (p−jξ 	mb) ψ̂ (p−jξ 	 n

a
	mb

)∣∣∣ <∞,
then {DpjTnaMmbψ}j∈Z,m,n∈Z+ is a Bessel sequence with bound B, and also

∑
j∈Z

∑
m∈Z+

∑
n∈Z+

∣∣〈f,DpjTnaMmbψ〉
∣∣2

≥ 1

a

∑
j∈Z

∑
m∈Z+

∫
R+

∣∣∣f̂ (ξ)
∣∣∣2 ∣∣∣ψ̂ (p−jξ 	mb)∣∣∣2 dξ

−

∣∣∣∣∣∣1a
∑
j∈Z

∑
m∈Z+

∑
0 6=n∈Z+

∫
R+

∣∣∣f̂ (ξ) f̂
(
ξ 	 pj n

a

)
ψ̂(p−jξ 	mb)ψ̂(p−jξ 	 n

a
	mb)

∣∣∣ dξ
∣∣∣∣∣∣

≥
∫
R+

∣∣∣f̂ (ξ)
∣∣∣2
1

a

∑
j∈Z

∑
m∈Z+

∣∣∣ψ̂ (p−jξ 	mb)∣∣∣2
−
∑
j∈Z

∑
m∈Z+

∑
06=n∈Z+

1

a

∣∣∣ψ̂(p−jξ 	mb)ψ̂(p−jξ 	 a

a
	mb)

∣∣∣
 dξ.

This implies that if

A =
1

a
inf
ξ∈R+

∑
j∈Z

∑
m∈Z+

∣∣∣ψ̂ (p−jξ 	mb)∣∣∣2
−
∑
j∈Z

∑
m∈Z+

∑
06=n∈Z+

∣∣∣ψ̂(p−jξ 	mb)ψ̂(p−jξ 	 n

a
	mb)

∣∣∣
 > 0.

Then, {DpjTnaMmbψ}j∈Z,m,n∈Z+ is a frame for L2(R+) with bounds A and B.
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