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HESITANT FUZZY IDEAL EXTENSION IN PO-SEMIGROUPS

M. Y. ABBASI', A. F. TALEE!, X. Y. XIE?, S. A. KHAN', §

ABSTRACT. In this paper, the notions of extension of hesitant fuzzy ideals, hesitant
fuzzy prime ideals, hesitant fuzzy semiprime ideals and hesitant 3-prime fuzzy ideals
in po-semigroups are introduced with some of their properties are investigated. We
discuss the relationship between between prime(semi prime) ideals and 3-prime ideals in
po-semigroup by means of the extensions hesitant fuzzy ideals.
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1. INTRODUCTION

Given a set S, a fuzzy subset of S (or a fuzzy set in S) is described as an arbitrary
mapping f : § — [0,1], where [0,1] is the usual interval of real numbers. The concept of
fuzzy set was introduced by Zadeh[19]. Rosenfeld[13] gave the concept of fuzzy groups
and fuzzy semigroups by Kuroki[8, 9]. Kehayopulu and Tsingelis[7] introduced fuzzy bi-
ideals in po-semigroups (ordered semigroups). Xie et al.[16, 17, 18] introduced the idea
of extensions of fuzzy ideals in semigroups. Torra[l4, 15| initiated the hesitant fuzzy
set theory. Hesitant fuzzy sets have attracted the attention of many researchers in a
short period of time because hesitant situations are very common in different real world
problems. Hesitant fuzzy set theory has been applied to different algebraic structures. Jun
et al.[4, 5, 6] applied the notion of hesitant fuzzy sets to semigroups and hesitant fuzzy
soft sets to subalgebras and BCK/BCl-algebras. They introduced the notion of hesitant
fuzzy semigroups and hesitant fuzzy left (resp right ideals). Abbasi et al.[1, 2] applied the
notion of hesitant fuzzy sets to po-semigroups.

Our main aim in this study is to use the idea of Torra and Xie to introduce the notion of
extension of hesitant fuzzy ideals and 3-prime hesitant fuzzy ideals in po-semigroups and
investigate some related properties. We study the relationships between hesitant fuzzy
prime ideals and 3-prime hesitant fuzzy ideals in po-semigroups. We give an example

!Department of Mathematics, Jamia Millia Islamia, New Delhi-110025, India.
e-mail: mabbasi@jmi.ac.in; ORCID: http://orcid.org/ 0000-0002-3283-1410.
e-mail: fuzzyaakif786.jmi@gmail.com; ORCID: http://orcid.org/ 0000-0002-9167-0266.
e-mail: khansabahat361@Qgmail.com; ORCID: http://orcid.org/ 0000-0003-3833-1481.
2School of Mathematics and Computational Science; Wuyi University Jiangmen, China.
e-mail: xyxie0@126.com; ORCID: http://orcid.org/ 0000-0002-9695-2625.
§ Manuscript received: December 2, 2016; accepted: February 3, 2017.
TWMS Journal of Applied and Engineering Mathematics, Vol.8, No.2 © Isik University, Department
of Mathematics, 2018; all rights reserved.
509



510 TWMS J. APP. ENG. MATH. V.8, N.2, 2018

to show that a 3-prime hesitant fuzzy ideal is not necessarily prime in a po-semigroup.
Furthermore, we show that in a po-semigroup with identity element, the 3-prime hesitant
fuzzy ideal coincides with the hesitant fuzzy prime ideal.

2. PRELIMINARIES

Throughout the paper unless otherwise mentioned S denotes a po-semigroup. In this
section we discuss some elementary definitions and results that we use in the sequel.

Definition 2.1. Let S be a reference set, a hesitant fuzzy set on S is a function H that
returns a subset of values in [0,1]:

H:S— P([0,1])
where P([0,1]) denotes the set of all subsets of [0,1].

Definition 2.2. An ordered semigroup (or po-semigroup) is a system (S, ., <) satisfying
the following properties:

(1) (S,.) is a semigroup;

(2) (S,<) is a poset;

(8) for all x € S,;a < b implies za < xb and ax < bzx.

Definition 2.3. Let S be a po-semigroup. A hesitant fuzzy set H is called a hesitant fuzzy
subsemigroup of S if it satisfies:

(Vx,y € S)(H(z)N H(y) C H(xy)).

Definition 2.4. Let S be a po-semigroup. A hesitant fuzzy set H on S is called a hesitant
fuzzy left ideal of S if it satisfies :

(1) (Y 2,y € 8) v <y = H(z) D H(y)

(2) (VY z,y € S) H(y) C H(xy)

Definition 2.5. Let S be a po-semigroup. A hesitant fuzzy set H on S is called a hesitant
fuzzy right ideal of S if it satisfies:

(1) (V 2,y € 8) & <y = H(x) 2 H(y)

(2) (Vx,y € S) H(x) C H(zy)

Definition 2.6. A hesitant fuzzy subset H of a po-semigroup S is called a hesitant fuzzy
ideal of S, if it is both a hesitant fuzzy left ideal and a hesitant fuzzy right ideal of S.

Example 2.1. Let S = {a,b,c,d} be the po-semigroup with the following multiplication
table and the order below:

.‘abcd
ala a a a
bla a a a
cla a b a
dla a b b

<= {(CL, CL); (a) b)? (ba b)a (Ca C); (da d)}
Clearly S is a po-semigroup.
Define a hesitant fuzzy subset H of S such that

H(a) = [0,1); H(b) = [0.1,0.9]; H(c)=0; H(d) = [0.2,0.8]
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Clearly

(¢,c)
H(b) if (z,y) :=¢ (d,d
d

,C

~—

H(zy) =

~—

H(a) otherwise

for every x and y of S. This implies that H(y) C H(zy) and H(x) C H(xy). Moreover
for all x,y € S, * <y we have H(z) 2O H(y). Hence H is a hesitant fuzzy ideal on S.

Definition 2.7. Let S be a po-semigroup. A hesitant fuzzy subsemigroup H of S is called
a hesitant fuzzy bi-ideal of S if it satisfies:

(1) (Va,yeS)z<y= H(zr) 2 H(y)

(2) (VY xz,y,z € S) (H(xyz) 2 H(z)N H(2))

Definition 2.8. A po-semigroup S is called left(right) regular if for every a € S there
exists © € S such that a < xa® (resp., a < a’z ).

Definition 2.9. A po-semigroup S is called regular if for every a € S, there exists x € S
such that a < aza.

Definition 2.10. A po-semigroup S is called intra regular if for every a € S there exists
x,y € S such that a < za’y.

Lemma 2.1. [1] Let S be left regular po-semigroup. Then for every hesitant fuzzy left
ideal H of S, H(a) = H(a?) holds for all a € S.

Proof. Let H be any hesitant fuzzy ideal of S and a be any element of S. Then, since S
is left regular, there exist an element x in S such that a < xa?. Then we have
H(a?) D H(a) 2 H(x(a?)) 2 H(a?) and so H(a) = H(a?). O

3. HESITANT FUZZY IDEALS EXTENSIONS IN PO-SEMIGROUPS

Definition 3.1. Let S be a po-semigroup, H a hesitant fuzzy subset of S,z € S. The
hesitant fuzzy subset < x, H > of S defined by:

<z, H>(y)=H(zy),Vy €S
18 called the extension of H by x.

Example 3.1. Let S = {a, b, c,d} be the po-semigroup with the following multiplication
table and the order below:

.‘abcd
ala a a a
bla a a a
cla a b a
dla a b b

<= {(aa a); (a7 b)7 (ba b)a (Cv C); (da d)}
Clearly S is a po-semigroup.
Let H be a hesitant fuzzy subset of S such that
[0,1] fx=a
H(x)=<¢ {0.1,0.2}ifx =10
{0.2} ifx=cd
For x = a, the hesitant fuzzy subset < a, H > of S is defined by

<a,H>(y) = [0,1]Vyebs.
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For x = b, the hesitant fuzzy subset < b, H > of S is defined by
<bH>(y) = [0,1]Vyes.
For = = ¢, the hesitant fuzzy subset < ¢, H > of S is defined by
_ 0,1] ify=a,b,d
<eH>(y) = { {0.1,0.2} if y = c
For = = d, the hesitant fuzzy subset < d, H > of .S is defined by

0,1 ify=a,b

<d,H > (y) :{ {0.1,0.2} if y = ¢, d

Lemma 3.1. Let S be a commutative po-semigroup. If H is a hesitant fuzzy ideal of S
and x € S, then the extension of H by x is a hesitant fuzzy ideal of S.

Proof. Let H be a hesitant fuzzy ideal of S. For any = € S, < x, H > is a hesitant fuzzy
subset of S. Let y,z € S such that y < z. Then

xy <xzz= H(xy) D H(xz) =< z,H > (y) O< z,H > (2).
Also,
<z, H > (yz) = H(zyz) 2 H(zy) =<z, H > (y).
Thus < x, H > is a hesitant fuzzy right ideal of S. Hence S being commutative < x, H >
is a hesitant fuzzy ideal of S. g

Remark 3.1. Commutativity of a po-semigroup S is not necessary to prove that< x, H >
15 a hesitant fuzzy right ideal of S, when H is a hesitant fuzzy right ideal of S.

Definition 3.2. Let S be a po-semigroup and H be a hesitant fuzzy subset of S. Then we
define
supp H = {x € S: H(x) # 0}.

Theorem 3.1. Let S be a po-semigroup and H be a hesitant fuzzy ideal of S and x € S.
Then the following hold:
(1) H C<z,H > .
(2) < 2", H >C< a""1 H > Vn e N.
(3) If H(x) # 0, then supp < x, H >=S.
(4) If <y, then <z, H >D<y,H >.
Proof. (1) Let y € S. Since H is a hesitant fuzzy ideal of S, we have
<z H>(y)=H(zy) 2 H(y).
Hence H C< z,H > .
(2) Let n € N and y € S. Since H is a hesitant fuzzy ideal of S, we have
<z"™LH>(y) = H@"y)
= H(za")y
H(z"y)
<z", H > (y)

U

Hence < 2", H >C< 2" H >,Vn € N.
(3) Let H(xz) # 0. Since < z,H > is a hesitant fuzzy subset of S, we have supp
<z, H>CS. Let y € S. Since H is a hesitant fuzzy ideal of S, we have

<z,H > (y) = H(zy) 2 H(z) # 0.
This implies that < 2, H > (y) # () and so y € supp < x, H >. Hence supp < z, H >= 5.
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(4) Let x < y,V x,y € S and S is a po-semigroup, we have zz < yz V z € S. Then
<xz,H>(2)=H(xz) D H(yz) =<y,H > (z). Hence < x, H >D<y, H > . O

Definition 3.3. A hesitant fuzzy ideal H in a semigroup S is called hesitant fuzzy semiprime
if forallz € S,
H(z) D H(z?).
Definition 3.4. A hesitant fuzzy ideal H in a semigroup S is called hesitant fuzzy prime
if for all xz,y € S,
H(xy) = H(x) U H(y).
Theorem 3.2. Let S be a commutativity po-semigroup and H be a hesitant fuzzy prime

ideal of S. Then < x, H > is a hesitant fuzzy prime ideal of S and < x, H >=< x>, H >
Vr e S.

Proof. Let H be a hesitant fuzzy prime ideal of S. Then by Lemma 3.1, < x, H > is a
hesitant fuzzy ideal of S. Let y,z € S. Then
<z,H > (yz) = H(zyz) = H(zy)UH(2)
= H(x)UH(y)UH(2)
= (H(z)UH(y)) U (H(x)U H(z))
= H(xy)UH (z2)
= <z,H>(yUu<z H>(2).
Hence < x, H > is a hesitant fuzzy prime ideal of S.
Let #,y € S. We have < z, H > (y) := H(vy),< 2%, H > (y) := H(z%y). Since H is a
hesitant fuzzy prime subset of S, we have H(x) = H(z?). Then
<z,H>(y)=H(zy) = Hx)UH(y) = H(z*) U H(y) = H(z*y) =< 2* H > (y).
Hence < 2, H >=< 2>, H>Vz € 8. O

Theorem 3.3. Let S be a commutativity po-semigroup and H be a hesitant fuzzy semiprime
ideal of S. Then < x, H > is a hesitant fuzzy semiprime ideal of S.

Proof. Let H be a hesitant fuzzy semiprime ideal of S. Then by Lemma 3.1, < x, H > is
a hesitant fuzzy ideal of S. Let a € S. Then

<z,H>(a) = H(za) 2 H(za)?
= H(zaxa)
= H(zd’z)
D H(zad®)
= <uz,H > (d®
Hence < x, H > is a hesitant fuzzy semiprime ideal of S. g

Definition 3.5. [18] Let S be a po-semigroup and A C S and x € S. Then we define
<z, A>={yeS|axyec A}
Remark 3.2. Let S be a po-semigroup and ) # A C S. Let x,y € S. Then

[0,1] ifzy € A
<, Ha>(y) = Ha(zy) =
0 ifzy¢g A
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On the other hand,
0,1] ifye<z, A> ieifzye A
Hpas(y) =
0 ifyd<az, A> iejifay¢ A
Hence < x,Hp >= Hy A~ for every x € S.

Theorem 3.4. Let S be a po-semigroup. If H is a hesitant fuzzy prime subset of S and
x € S such that H(zx) = H(y), then < x,H >= H.
yeSs

Proof. Let H be hesitant fuzzy prime subset of S and x € S such that H(x) = (| H(y).
yeS

= H(x) CH(y)Vyes.

= H(x)UH(y)=H({y)VyeSs.
Since H is a hesitant fuzzy prime, we have
<, H > (y) = H(zy) = H(x) U H(y) = H(y).
Hence < 2, H >= H. O

Theorem 3.5. Let S be a commutative po-semigroup and H be a hesitant fuzzy subset of
S such that < x,H >= H for every x € S. Then H is a constant function.

Proof. Let x,y € S. Then by hypothesis we have
H(y) = <z,H > (y) = H(zy) = H(yz) = <y, H > (z) = H(x).
Hence H is a constant function. O

If H is a hesitant fuzzy ideal of S, we denote by H, the equivalent relation on S
defined by:
Hy,={(z,y) <z, H >=<y,H >}

Theorem 3.6. Let S be a commutative po-semigroup and H be a hesitant fuzzy ideal of
S. Then
(1) H, is congruence on S.
(2) If H is semiprime then H, is a semilattice congruence on S.
(3) If H is prime and x <y, then (z,zy) € H,.
Proof. (1) To show that H, is a congruence on S, we need to show that H, is compatible
with the operation on S. Let (z,y) € H,, a € S. Then Vz € S, we have
<za,H > (z) = H(zaz) =< z,H > (az) =< y,H > (az) = H(yaz) =< ya,H > (z)
Thus (za,ya) € H,. Similarly (az,ay) € H,. Hence H, is a congruence on S.
(2) Let S be a commutative semigroup and H be a hesitant semiprime fuzzy ideal of S.
Then for any y € S, we have
<z, H > (y) = H(zy) 2 H(zy)> = H(zyzy) = H(ya’y) 2 H(z%y) =< 2%, H > (y)
and so < 2%, H >C< z, H >. It follows from Theorem 3.1, < 22, H >=< z, H > . Hence
(z,2%) € H,.
(3) Let H be prime and x < y. Therefore, H(z) 2 H(y). Then Vz € S, we have
<z, H>(2)=H(zz) = H(y)UH(z)
= H(zx)UH(y)UH(z)
= H(zy)UH(z)
= H(zyz) =<uzy,H > (2).
Hence < z, H >=< zy,H >, i..e (z,zy) € H, . O
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Theorem 3.7. Let S be a po-semigroup and H be a hesitant fuzzy prime ideal of S. Then
Hg = H,,

where H, = {(z,y) : H(z) = H(y) or H(zz) = H(yz) Vz € S}

Proof. Let H be a hesitant fuzzy prime ideal of S and (z,y) € H,. Then < z, H >=<
y,H > . For any z € S, we have

<z, H>(z)=<y,H>(2)

This implies that H(xz) = H(yz) Vz € S. Therefore, (z,y) € H,.
Conversly, let (x,y) € H,. Then H(x) = H(y) or H(zz) = H(yz) Vz € S
If H(zz) = H(yz) Vz € S, implies that < z, H >=<y, H >. Hence (z,y) € H,.
If H(z) = H(y). Then for each z € S, we have
H(zz)=H(zx)UH(2)=H(y)UH(z2) = H(yz)
This implies that < 2, H >=< y, H >. Hence (z,y) € H,.
O

Theorem 3.8. Let S be a commutative reqular po-semigroup and H be a hesitant fuzzy
right ideal of S. Then for any x € S, < x, H > is hesitant fuzzy semiprime in S.

Proof. Let H be a hesitant fuzzy ideal of S and a € S. Then, since .S is regular, there exists
an element y in S such that a < aya. Then for any = € S,za < zxaya, we have H(za) D
H(zaya). Therefore, < z, H > (a) = H(za) 2 H(zaya) = H(xa’y) D H(xa?) =< z,H >
(a?). Hence< x, H > is hesitant fuzzy semiprime in S. O

The left-right dual of Theorem 3.8 reads as follows:

Theorem 3.9. Let S be a commutative reqular po-semigroup and H be a hesitant fuzzy
left ideal of S. Then for any x € S, < x, H > is hesitant fuzzy semiprime in S.

Theorem 3.10. Let S be a commutative left reqular po-semigroup and H be a hesitant
fuzzy ideal of S. Then for any x € S, < x, H > is hesitant fuzzy semiprime in S.

Proof. Let H be a hesitant fuzzy ideal of S and a € S. Then, since S is left regular,
there exists an element y in S such that a < ya®. Then for any = € S,za > zya®, we
haveH (va) D H(xya?). Therefore,< x,H > (a) = H(za) 2 H(zya?) = H(za%y) 2
H(wa?) =< x,H > (a?). Hence < x, H > is hesitant fuzzy semiprime in S. O

Remark 3.3. Commutativity of a po-semigroup S is not necessary to prove that< x, H >
s a hesitant fuzzy semiprime in S, when S is a right regular po-semigroup.

Theorem 3.11. Let S be an intra-regular commutative po-semigroup and H be a hesitant
fuzzy ideal of S. Then for any x € S, < x, H > is hesitant fuzzy semiprime in S.

Proof. Let H be a hesitant fuzzy ideal of S and a € S : Then, since S is intra regular,
there exist elements 3 and z in S such that a < ya®z. Then for any z € S, za < zya®z, we
have H(za) 2 H(wya®z). Therefore < z, H > (a) = H(va) = H(xya?z) = H(yra?z) 2
H(wa?) =< x, H > (a?). Hence < x, H > is hesitant fuzzy semiprime in S. O

Theorem 3.12. If S is a po-semigroup and H a hesitant fuzzy semiprime ideal of S.
Then H= () <z,H >.

zeS
Proof. Let H be a hesitant fuzzy semiprime ideal of S. By Theorem 3.1, H C< z, H >

Va € S. This implies that H C (| <z, H > . Let G be a hesitant fuzzy subset of S such
€S
that G C< z, H > Vx € S. Since H is semiprime, for any y € S we have

G(y) C<y,H > (y) =H(y*) C H(y).
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Therefore, G C H. Hence H = (| <z, H > . O
zes

Theorem 3.12 is illustrated by the following example:

Example 3.2. Let S = {0,1,2} be a semigroup with the following cayley table .

Let H be a hesitant fuzzy subset of S such that
0,1 if z=0
H(x) = {0.1} ifzx=1
{0.1,0.2}if z =2

For any x,y € S. Let one of x,y be 0 then we have
H(zy) = H(0) 2 H(z) and H(xy) = H(0) 2 H(y).
In case z,y be different from 0. Then H (zy) has the following cases:

H(11) = H(1)2 H(1)
H(12) = H(2)D H(1)
H(21) = H(2) D H(1)
H(22) = H(2)

Thus H(zy) 2 H(xz) and H(xy) 2 H(y) Vz,y € S

Hence H is a hesitant fuzzy ideal of S.

Further H(z?) C H(x)Vx € S. Hence H is a hesitant fuzzy semiprime ideal of S. For
x = 0, we have

<0,H>(y)=[0,1]VyeS.

For x = 1, we have

0,1 if y=0
<1,H>(@) ={ {01} if y=1
{0.1,0.2}if y=2

For x = 2, we have

0,1 if y=0
<LH>(y { 102}1fy—12
Clearly
0,1] if y=0
() <z H>= {01} if y=1
zes {0.1,0.2}if y=2
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4. HESITANT 3-PRIME FUZZY IDEALS IN PO-SEMIGROUPS

Definition 4.1. A hesitant fuzzy subset H of a po-semigroup S is called 3-prime if for
any x,y,z € 9,
H(xyz) = H(xy)UH(x2)
= H(yz)U H(yz)
= H(zzx)UH/(zy)

Theorem 4.1. Let S be a po-semigroup and H a hesitant fuzzy ideal of S. If H is prime,
then H is 3-prime.

Proof. Let H be any hesitant fuzzy prime ideal of S. Then for any z,y, z € S, we have
H(zyz) = H((zy)z) = H(zy)UH(2)

C H(xy)UH(zz2)
= H(z)UH(y)UH(z)
= H(zyz)
Therefore, H(zyz) = H(xy) U H(zz).
In the same way, we have
H(zyz) = H(x(yz)) = H(x)UH(yz)
C H(xy)UH(yz)
= H(z)UH(y)UH(z)
= H(xzyz)
Therefore, H(zyz) = H(zy) U H(yz) = H(yx) U H(yz).
Since H is prime, we have H(zyz) = H(yzx)
H(xzyz) = H(yzz) = H(y(zr)) = H(y)U H(zx)
C H(zy)UH(z2x)
H(x)UH(y) U H(2)
= H(xyz)
Therefore, H(zyz) = H(zy) U H(zx).
Hence H is 3-prime. U

In general the 3-prime hesitant fuzzy ideal need not necessarily hesitant fuzzy prime
ideal as shown in the following example:

Example 4.1. Let S = {0,1,2} be a po-semigroup with the following cayley table and
the order below:

<:={(0,0);(0,1); (1,1);(2,2)}
Let H be a hesitant fuzzy subset of S such that

_ [0,1] if =0
H(w) = { @ otherwise

For any z,y € S. Let one of x,y be 0 then we have
H(zy) = H(0) 2 H(z) and H(zy) = H(0) 2 H(y).
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In case x,y be different from 0. ThenH (zy) has the following cases:

H(11) = H(1)2H(Q)
H(12) = H(0)D H(1)
H(21) = H(0)2 H(1)
H(22) = H(2)

(

Moreover for all z,y € S,z <y H(x) O H(y). Hence H is a hesitant fuzzy ideal of S.
For any x,y and z € S, let one of x,y and z be 0 then we have
H(xyz) = H(0)=[0,1] = H(xy)UH (zz)
= H(yz)U H(yz)
= H(zx)U H(zy)

In case x,y and z be different from 0. Then H(zyz) has the following cases:

H(111) = H(1) = H(11)U H(11)
H(112) = H(0) = H(11)U H(12) = H(12) U H(21)
H(222) = H(2) = H(22)U H(22)
H(221) = H(0) = H(22)U H(21) = H(21) U H(12)

Hence H is a hesitant fuzzy 3-prime ideal of S.
But H(12) :=[0,1] # H(1) UH(2) := 0
Therefore, H is not hesitant fuzzy prime.

Theorem 4.2. Let S be a commutative po-semigroup and H a hesitant fuzzy subset of S.
Then H is 3-prime if and only if for each x € S, < x, H > is prime.

Proof. Let H be 3-prime. Then for any y, z € S, we have

<z,H>(yz) = H(zyz)
= H(zy) U H(x2)
= <z,H>(y) U <z,H>(z)
Hence < x, H > is prime.

Conversely, Let S be a commutative po-semigroup and for each x € S, < z, H > is
prime. Then V y,z € S.

H(zyz) = <uz,H > (yz)
= <z,H>y)U <z,H>(2)
= H(xy)UH (z2)
Since S is commutative, H(zyz) = H(yrz) = H(zxy) we have
H(zyz) = <y,H > (z2)
<y,H>(z)U <y,H > (2)
= H(yz)U H(yz)
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In the same way we have
H(zyz) = <z H> (vy)
<z,H>(@x)U <z H>(y)
= H(zx)UH(zy)
Hence H is 3-prime. O

Remark 4.1. Commutativity of a po-semigroup S is not necessary to prove that any ex-
tension of H is prime, when H is 3-prime.

Theorem 4.2 is illustrated by the following example.

Example 4.2. Let S = {z,y, z, e} be commutative po-semigroup with the following mul-
tiplication table and the order below:

. \ T Yy z e€
Ty y e e
yly y e e
z|le e z e
ele e e e

<= {(=,2); (4,9); (2, 2); (e, e)}.

Define a hesitant fuzzy subset H on S as follows:

{0.1}if a = ¢
® otherwise

H(a) = {

For any a,b € S, we have H(ab) O H(a) and H(ab) O H(b). Moreover for all a,b €
S, a < b we have H(a) D H(b). Hence H is a hesitant fuzzy ideal of S.
Now we will show for each a € S, < a, H > is prime; i,e for any a,b,c € S

<a,H > (bc)=<a,H> (b)U <a,H > (c).
If any of a,b and ¢ is e. Then we have
<a,H> (bc)=H(e) ={0.1} =< a,H > (b) U <a,H > (c).

Now, assume that a,b and c be different from e. Then we have the following cases:

<z,H>(@xz) = 0 =<z, H>(z)U <z, H>(x);
<z, H>(xy) = 0 =<z,H>(x)U <z, H>(y);
<y,H>@yz) = 0 =<y, H>(y U <y,H > (z);
<y, H>(yy = 0 =<y H>(y U <y H>(y);
<z,H>(z2z) = 0 =<zH>() U <z H>(2),
<z, H>(zz) = {01}=<z,H>(x) U <z, H>(2);
<z, H>(yz) = {01}=<z,H>(y) U <z,H>(2);
<y, H>(yz) = {01} =<y, H>(y) U <y, H>(2);
<z,H>(zx) = {01}=<zH>(2) U <z H>(z);
<z H > (zy) {01} =<2,H>(2) U <z, H > (y).
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Hence, in any case
<a,H > (bc)=<a,H>(b)U <a,H > (c)Va,bes.
Finally, we will show H is 3-prime; i,e for any a,b,c € S
H(abc) = H(ab) U H (ac).
If any of of a,b and c is e. Since S is commutative and ae = ea = e, we have
H(abc) = H(e) ={0.1} = H(ab) U H(ac).

In case, a,b and c be different from e. Then H(abc) has the following cases:

H(z’) = 0 = H(z*) U H(2?%);
H(y’) = 0 = H(y") U H(y*);
H(z*) = 0 = H(:? U H(Z);
H(z%y) = 0 = H(zy) U H(ay);
H(y’z) = 0 = H(yz) U H(yx);
H(z?2) = {01} =H(zz) U H(zz);
H(y’2) = {01} =H(yz) U H(yz);
H(z*z) = {0.1} = H(zzx) U H(zz);
H(z%y) = {0.1} = H(zy) U H(zy);
H(zyz) {0.1} = H(zxy) U H(xz2).

Hence, in any case H(abc) = H(ab) U H(ac) ¥V a,b,c € S.

Theorem 4.3. Let S be a po-semigroup with an identity e and H be any hesitant fuzzy
set of S. Then H is 3-prime if and only if H is prime.

Proof. The proof follows from Theorem 4.1 and Theorem 4.2. O
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