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SOLUTION OF CONSTANT COEFFIENTS PARTIAL DERIVATIVE

EQUATIONS WITH ELZAKI TRANSFORM METHOD

M. DUZ1, T. M. ELZAKI2, §

Abstract. In this study, we apply Elzaki Transform method, which is the modified
version of Laplace and Sumudu transforms, for general n.th order constant coefficients
partial diferential equations. With this method we can solve all the equations that
can be solved by the method of undeterminated coefficients.That is, this method is an
alternative to the undetermined coefficients method.
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1. Introduction

Partial differential equations are used in many areas of engineering and basic sciences.
For example, the heat equation, the wave equation and the Laplace equation are some of
the well known partial differential equations used in these fields. There are some methods
for solution of partial differential equations. Lagrange method, undetermined coefficients
method, inverse operator method are some of the methods used to and special solutions
of constant coefficients partial differential equations. Apart from these methods, partial
differential equations can also be solved by means of Adomian decomposition, differential
transformation, variational iteration methods, etc. [8, 9, 10, 11]. These equations also can
be solved with aid of integral transforms such as Laplace transform, Fourier transform. In
this paper, we have studied to obtain a formula for a special solution of in the most general
case nth order partial differential equation which is two-variable, constant-coefficient, non-
homogeneous. We have found the solution with Elzaki Transform Method.

The Elzaki transform, method which is used in several areas of mathematics is an in-
tegral transform. We can solve linear differential equations with Elzaki transform [1, 2, 3].
Moreover; integral equations and integro differential equations can be solved Elzaki Trans-
form Method [6]. This method can not be suitable for solution of nonlinear differential
because of nonlinear terms. However; nonlinear differential equations can be solved by
using Elzaki transform aid with differential transform method and homotopy perturba-
tion method [4, 5]. This paper is organized as follows: in Section 2, basic definitions and
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theorems are given. In Section 3, we get a formalization to solve the constant coeffients
partial differential equations nth order and some examples.

2. Basic Definitions and Theorems

Definition 2.1. Let F (t) be a function for t > 0. Elzaki transform of F (t) is defined as
follows:

E(F (t)) = v

∫ ∞
0

e−
t
v .f (t) dt

Theorem 2.1. [1, 5]Elzaki transforms of some functions are given in following;

F (x, t) E(f(t)) = T (x, v)
f(x) f(x).v2

f(x).t f(x).v3

f(x).tn f(x).n!vn+2

f(x).eat f(x). v2

1−av
f(x). cos at f(x). v2

1+a2v2

f(x). sin at f(x). av3

1+a2v2

Theorem 2.2. [2] Elzaki transforms of partial derivatives from first order of f(x, t) are
following:

i) E

[
∂f

∂t

]
=

1

v
T (x, s) − vf(x, 0),

ii) E

[
∂f

∂x

]
=

∂T (x, v)

∂x
, (1)

where T (x, v) = E [f(x, t)].

Theorem 2.3. [2] Elzaki transforms of partial derivatives from second order of f(x, t) are
following.

i) E

[
∂2f

∂t2

]
=

1

v2
T (x, v) − f(x, 0) − v

∂f

∂t
(x, 0) ,

ii) E

[
∂2f

∂x2

]
=

∂2T (x, v)

∂x2
,

iii) E

[
∂2f

∂x∂t

]
=

∂

∂x

(
1

v
T (x, v) − vf(x, 0)

)
, (2)

where T (x, v) = E [f(x, t)].

Proof. There are proofs of (i) and (ii) in [2] .We get proof of (iii);

E

[
∂2f

∂x∂t

]
= v

∫ ∞
0

e−
t
v .

∂2f

∂x∂t
dt

= v.
∂

∂x

∫ ∞
0

e−
t
v .
∂f

∂t
dt

=
∂

∂x
E

[
∂f

∂t

]
=

∂

∂x

(
1

v
T (x, v) − vf(x, 0)

)
.

�
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Lemma 2.1. Elzaki transforms of partial derivatives n.th order of f(x, t) are following.

i)E

[
∂nf

∂tn

]
=

1

vn
T (x, v) − 1

vn−2
f(x, 0) − 1

vn−3
∂f

∂t
(x, 0) − ...− ∂n−2f

∂tn−2
(x, 0) − v

∂n−1f

∂tn−1
(x, 0)

ii)E

[
∂nf

∂xn

]
=

∂nT (x, v)

∂xn
(3)

Proof. i) Let’s do proof with induction.
If n = 1 than

E

[
∂f

∂t

]
=

1

v
T (x, s) − vf(x, 0).

Lemma is true for n = 1.
We assume that lemma is true for n = k. Let’s

E

[
∂kf

∂tk

]
=

1

vk
T (x, v) − 1

vk−2
f(x, 0) − 1

vk−3
∂f

∂t
(x, 0) − ...− ∂k−2f

∂tk−2
(x, 0) − v

∂k−1f

∂tk−1
(x, 0)

We must show that lemma is true n = k + 1.

E

[
∂k+1f

∂tk+1

]
= v.

∫ ∞
0

e−
t
v .
∂k+1f

∂tk+1
dt

If we apply partial integration method than we get that

E

[
∂k+1f

∂tk+1

]
= v

[(
lim
t→∞

e−
t
v
∂kf

∂tk

)
− ∂kf

∂tk
(x, 0) +

1

v

∫ ∞
0

e−
t
v .
∂kf

∂tk
dt

]
=

1

v
E

[
∂kf

∂tk

]
− v

∂kf

∂tk
(x, 0)

=
1

v

[
1

vk
T (x, v) − 1

vk−2
f(x, 0) − ...− ∂k−2f

∂tk−2
(x, 0) − v

∂k−1f

∂tk−1
(x, 0)

]
− v

∂kf

∂tk
(x, 0)

=
1

vk+1
T (x, v) − 1

vk−1
f(x, 0) − ...− 1

v

∂k−2f

∂tk−2
(x, 0) − ∂k−1f

∂tk−1
(x, 0) − v

∂kf

∂tk
(x, 0)

Thus proof of (i) is completed.
Now let’s prove proof of (ii) .
If n = 1 then from Theorem 2.2

E

[
∂f

∂x

]
=

∂T

∂x
.

Lemma is true for n = 1.
We assume that lemma is true for n = k. Let’s

E

[
∂kf

∂xk

]
=

∂kT (x, v)

∂xk

We must show that lemma is true n = k + 1.

E

[
∂k+1f

∂xk+1

]
= v.

∫ ∞
0

e−
t
v .
∂k+1f

∂xk+1
dt

=
∂

∂x

(
v

∫ ∞
0

e−
t
v .
∂kf

∂xk
dt

)
=

∂

∂x

∂kT (x, v)

∂xk
=

∂k+1T (x, v)

∂xk+1

�
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Theorem 2.4. ELzaki transforms of partial derivatives (n + m).th order of f(x, t) are
following.

E

[
∂n+mf

∂xn∂tm

]
=

∂n

∂xn

(
1

vm
T (x, v) − 1

vm−2
f(x, 0) − ...− ∂m−2f

∂tm−2
(x, 0) − v

∂m−1f

∂tm−1
(x, 0)

)
(4)

Proof.

E

[
∂n+mf

∂xn∂tm

]
= v.

∫ ∞
0

e−
t
v .

∂n+mf

∂xn∂tm
dt

= v.
∂n

∂xn

∫ ∞
0

e−
t
v .
∂mf

∂tm
dt

=
∂n

∂xn
E

[
∂mf

∂tm

]
=

∂n

∂xn

(
1

vm
T (x, v) − 1

vm−2
f(x, 0) − ...− ∂m−2f

∂tm−2
(x, 0) − v

∂m−1f

∂tm−1
(x, 0)

)
�

3. Solution of constant coeffients partial derivative equations from nth
order

Theorem 3.1. Let Ai,j are real constants (1 ≤ i ≤ n, 1 ≤ j ≤ n, i + j ≤ n), u = u(x, y)
is a polynomial of x, y. Then a solution of

An,0
∂nu

∂xn
+ An−1,1

∂nu

∂xn−1∂y
+ An−2,2

∂nu

∂xn−2∂y2
+ ... + A0,n

∂nu

∂yn

+An−1,0
∂n−1u

∂xn−1
+ An−2,1

∂n−1u

∂xn−2∂y
+ An−3,2

∂n−1u

∂xn−3∂y2
+ ... + A0,n−1

∂n−1u

∂yn−1

+... + A1,0
∂u

∂x
+ A0,1

∂u

∂y
+ A0,0u

= F (x, y)

∂ku

∂yk
(x, 0) = fk (x) , 0 ≤ k ≤ n− 1

is

u =
H(x, v)

L(D)
.

Here

H(x, v) = E (F (x, y))

+
∑

An−k,k
∂n−k

∂xn−k

[
u (x, 0)

vk−2
+

1

vk−3
∂u

∂y
(x, 0) + ... +

∂k−2u

∂yk−2
(x, 0) + v.

∂k−1u

∂yk−1
(x, 0)

]
+
∑

An−1−k,k
∂n−1−k

∂xn−1−k

[
u (x, 0)

vk−2
+

1

vk−3
∂u

∂y
(x, 0) + ... +

∂k−2u

∂yk−2
(x, 0) + v.

∂k−1u

∂yk−1
(x, 0)

]
+... +

∑
A1−k,k

∂1−k

∂x1−k

[
u (x, 0)

vk−2
+

1

vk−3
∂u

∂y
(x, 0) + ... +

∂k−2u

∂yk−2
(x, 0) + v.

∂k−1u

∂yk−1
(x, 0)

]
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L(D) = An,0D
n +

(
An−1,1

v
+ An−1,0

)
Dn−1 +

(
An−2,2
v2

+
An−2,1

v
+ An−2,0

)
Dn−2 + ...

+

(
A1,n−1
vn−1

+
A1,n−2
vn−2

+ ... +
A1,1

v
+ A1,0

)
D +

(
A0,n

vn
+

A0,n−1
vn−1

+ ... +
A0,1

v
+ A0,0

)
Proof.

n∑
k=0

An−k,k
∂nu

∂xn−k∂yk
+

n−1∑
k=0

An−1−k,k
∂n−1u

∂xn−1−k∂yk
+...+

1∑
k=0

A1−k,k
∂u

∂x1−k∂yk
+A0,0u = F (x, y)

We let’s use Elzaki transform for above equality.

n∑
k=0

An−k,kE

(
∂nu

∂xn−k∂yk

)
+

n−1∑
k=0

An−1−k,kE

(
∂n−1u

∂xn−1−k∂yk

)
+ ...+A0,0E (u) = E (F (x, y))

From Lemma 2.1.
n∑

k=0

An−k,k
∂n−k

∂xn−k

(
T

vk
− u (x, 0)

vk−2
− 1

vk−3
uy (x, 0) − ...− ∂k−2u

∂yk−2
(x, 0) − v.

∂k−1u

∂yk−1
(x, 0)

)

+

n−1∑
k=0

An−1−k,k
∂n−1−k

∂xn−k

(
T

vk
− u (x, 0)

vk−2
− 1

vk−3
uy (x, 0) − ...− ∂k−2u

∂yk−2
(x, 0) − v.

∂k−1u

∂yk−1
(x, 0)

)
+... + A1,0

∂T

∂x
+ A0,1

(
T

v
− v.u (x, 0)

)
+ A0,0T

= E (F (x, y))

From above equality, we can write following equality[
An,0D

n +

(
An−1,1

v
+ An−1,0

)
Dn−1 + ... +

(
A0,n

vn
+

A0,n−1
vn−1

+ ... +
A0,1

v
+ A0,0

)]
T

= E (F (x, y)) +
n∑

k=0

An−k,k
∂n−k

∂xn−k

[
u (x, 0)

vk−2
+

1

vk−3
∂u

∂y
(x, 0) + ... +

∂k−2u

∂yk−2
(x, 0) + v.

∂k−1u

∂yk−1
(x, 0)

]

+

n−1∑
k=0

An−1−k,k
∂n−1−k

∂xn−1−k

[
u (x, 0)

vk−2
+

1

vk−3
∂u

∂y
(x, 0) + ... +

∂k−2u

∂yk−2
(x, 0) + v.

∂k−1u

∂yk−1
(x, 0)

]

+... +
1∑

k=0

A1−k,k
∂1−k

∂x1−k

[
u (x, 0)

vk−2
+

1

vk−3
∂u

∂y
(x, 0) + ... +

∂k−2u

∂yk−2
(x, 0) + v.

∂k−1u

∂yk−1
(x, 0)

]
Therefore,

H(x, v) = E (F (x, y)) +
n∑

k=0

An−k,k
∂n−k

∂xn−k

[
u (x, 0)

vk−2
+

1

vk−3
∂u

∂y
(x, 0) + ... + v.

∂k−1u

∂yk−1
(x, 0)

]

+

n−1∑
k=0

An−1−k,k
∂n−1−k

∂xn−1−k

[
u (x, 0)

vk−2
+

1

vk−3
∂u

∂y
(x, 0) + ... +

∂k−2u

∂yk−2
(x, 0) + v.

∂k−1u

∂yk−1
(x, 0)

]

+... +

1∑
k=0

A1−k,k
∂1−k

∂x1−k

[
u (x, 0)

vk−2
+

1

vk−3
∂u

∂y
(x, 0) + ... +

∂k−2u

∂yk−2
(x, 0) + v.

∂k−1u

∂yk−1
(x, 0)

]
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L(D) = An,0D
n +

(
An−1,1

v
+ An−1,0

)
Dn−1 +

(
An−2,2
v2

+
An−2,1

v
+ An−2,0

)
Dn−2

+... +

(
A1,n−1
vn−1

+
A1,n−2
vn−2

+ ... +
A1,1

v
+ A1,0

)
D +

(
A0,n

vn
+

A0,n−1
vn−1

+ ... +
A0,1

v
+ A0,0

)

T (x, v) =
H(x, v)

L(D)

u (x, y) = E−1 [T (x, v)]. �

Conclusion 3.1. Let A,B,C are real constants, u = u(x, y) is a polynomial of x, y .
Then a solution of

A
∂u

∂x
+ B

∂u

∂y
+ Cu = F (x, y)

u (x, 0) = f (x)

is

u = E−1
[

1

e
x
A(B

v
+c)

∫
(
F ∗

A
+

B

A
v.f(x))e

x
A(B

v
+c)dx

]
(5)

Conclusion 3.2. Let A,B,C,E, F,G be real constants and let H(x, y) be a polynomial of
x, y . Then a solution of

A
∂2u

∂x2
+ B

∂2u

∂x∂y
+ C

∂2u

∂y2
+ E

∂u

∂x
+ F

∂u

∂y
+ Gu = H (x, y)

u (x, 0) = f (x) , uy (x, 0) = g (x)

is

u (x, y) = E−1 (T (x, v)) = E−1

[
H∗ (x, v) + Bv.df(x)dx + Cf (x) + Cv.g (x)

A.D2 +
(
B
v + E

)
D +

(
C
v2

+ F
v + G

) ]
Example 3.1. Find the solution of initial value problem in following

∂u

∂x
= 2

∂u

∂y
− u (6)

u (x, 0) = 6.e−3x

Solution 3.1. From Conclusion 3.1 coefficients of equation are A = 1, B = −2, C = −1
and F (x, y) = 0. By Conclusion 3.1 following solution is obtained

u = E−1
[

1

e
x
1 (−2

v
+1)

∫
−2

1
v.6.e−3xe

x
1 (−2

v
+1)dx

]
= E−1

[
−12v.ex(

2
v
−1)

∫
e(−2−

2
v )xdx

]
= E−1

[
−12v

−2 − 2
v

.e−3x

]
= 6e−3xE−1

[
v2

1 + v

]
= 6.e−3x.e−y

Example 3.2. [2, 7] Consider the following Laplace equation uxx + uyy = 0 with the
conditions u (x, 0) = 0, uy (x, 0) = cosx.
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Solution 3.2. From conclusion 3.2 coefficients of equation are A = 1, C = 1, B = D =
E = F = G = 0, H (x, y) = 0. Moreover boundary conditions of equation are u (x, 0) =
f(x) = 0, ut (x, 0) = g(x) = cosx. If these variables and constants are written at solution
then solution is obtained as that

u (x, y) = E−1

(
v. cosx

D2 + 1
v2

)

= E−1
[

v3

1 + v2D2
(cosx)

]
= E−1

[
v3
(
1 − v2D2 + v4D4 − v6D6 + ...

)
(cosx)

]
= cosx.E−1

(
v3

1 − v2

)
=

cosx

2
E−1

(
v2

1 − v
− v2

1 + v

)
= cosx

(
ey − e−y

2

)
= cosx. sinh y

Example 3.3. [11] Find the solution of initial value problem in following

∂2u

∂x2
− 16

∂2u

∂y2
= x2y2

u (x, 0) =
4

45
x6

uy (x, 0) = 0

Solution 3.3. From Conclusion 3.2 coefficients of equation are A = 1, B = 0, C =
−16, D = E = F = 0, G = x2y2. Therefore we can solution of equation as follow:

u(x, y) = E−1

[
2x2v4 − 64

45x
6

D2 − 16
v2

]

= E−1
[
−v2

16

(
1 +

v2D2

16
+

v4D4

162
+

v6D6

163
+ ...

)(
2x2v4 − 64

45
x6
)]

= E−1
[
−v2

16

(
2x2v4 − 64

45
x6 +

v2

16

(
4v4 − 64.6.5.x4

45

)
+

v4

162

(
−64.6.5.4.3.x2

45

)
− v6.64.6!

163.45

)]
= E−1

[
4

45
v2x6 +

1

6
v4.x4

]
=

4

45
x6 +

y2x4

12

4. Conclusion

Elzaki transform method is applied for general nth order constant coefficients partial
differential equations. It may be concluded that the proposed technique is very powerful
and efficient in finding the analytic solutions for a large class of partial differential equations
explicitly and efficiency of the proposed method.
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