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APPROXIMATION BY STANCU TYPE
JAKIMOVSKI-LEVIATAN-PALTANEA OPERATORS

ALOK KUMAR', VANDANA?, §

ABSTRACT. The present article deals with the general family of summation-integral type
operators. Here, we introduce the Stancu type generalization of the Jakimovski-Leviatan-
Paltanea operators and study Voronovskaja-type asymptotic theorem, local approxima-
tion, weighted approximation, rate of convergence and pointwise estimates using the
Lipschitz type maximal function. Also, we propose a king type modification of these
operators to obtain better estimates.

Keywords: Voronovskaja-type theorem, K-functional, Appell polynomials, rate of con-
vergence, modulus of continuity, weighted approximation.

AMS Subject Classification: 41A25; 26A15; 40A35.

1. INTRODUCTION

In approximation theory, the positive approximation processes discovered by Korovkin
play a central role and arise in a natural way in many problems connected with functional
analysis, harmonic analysis, measure theory, partial differential equations and probability
theory. The most useful examples of such operators are Szdsz [33] operators.

Szasz [33] defined the positive linear operators:

S0 S0 (8,

k=0

where z € [0,00) and f € C[0,00) whenever the above sum converges. Motivated by

this work, many researchers have investigated several important properties of the above

operators.

Later, Jakimovski and Leviatan [9] gave a generalization of Szdsz operators by using the
(o.9]

Appell polynomials. Let g(z) = Zakzk(ao # 0) be an analytic function in the disk
k=0
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|z| < R,(R > 1) and g(1) # 0. It is well known that the Appell polynomials py(x) are
defined by the following generating functions

= Zpk(l’)uk, (1)
k=0

with the condition that pg(x) > 0 for every z € [0,00). Jakimovski and Leviatan [9]
introduced the following positive linear operators:

Pu(f,z) = _mcipkn:c <>

For the special case g(z) = 1 the operators Pn reduced to Szdsz operators. Karaisa [10] gave
Durrmeyer type generalization of these operators and investigate different approximation
properties. In order to modify the Phillips operators based on parameter p > 0 Paltanea
[29] proposed the generalization of the well known Phillips operators [30], which provide
the link with Szdsz operators as p — oc.

For f € C[0,00), Verma and Gupta [34] introduced the Jakimovski-Leviatan-Paltanea
operators:

Mo () Zznk /e F(t)dt + Lo(2) £(0), (2)

e p _ P —npt kp—1
where [, () = D pr(nx) and O] ; (z) = T(kp ) P (npt)™P".

For g(z) =1 and p = 1 the operators (2) reduced to Phillips operators. In [34] Verma and
Gupta studied some approximation properties and asymptotic formula for the operators
M, ,. Very recently, Goyal and Agrawal [8] studied direct approximation theorem and
rate of convergence for the functions having a derivative of bounded variation for these
operators.

In the recent years, Stancu type generalization of the certain operators introduced by
several researchers and obtained different type of approximation properties of many oper-
ators, we refer some of the important papers in this direction as [1], [11], [15], [17], [21],
[32], [35] etc.

Inspired by the above work, We introduce the Stancu type generalization of the Jakimovski-
Leviatan-Paltanea operators as follows:

MES(f Zznk /@Z’k(x)f<m>dt+ln,o(x)f(niﬂ). (3)

Taking o = =0 in (3), we get the Jakimovski-Leviatan-Paltanea operators (2).

The aim of this paper is to study the basic convergence theorem, Voronovskaja-type as-
ymptotic formula, rate of convergence, weighted approximation and pointwise estimation
of the operators (3). Further, to obtain better approximation, we also propose modification
of the operators (3) using King type approach.

2. AUXILIARY RESULTS

In this section we collect some results about the operators My, ’,38 useful in the sequel.
Let e;(t) =t*, i=0,1,2.

Lemma 2.1. [34] For M, ,(t",xz),m =0,1,2, we have
(1) My p(eq,z) =1,
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(2) Mn,p(el,aj‘) =z + %(11))7

n2x2+nx(1+ 2nz+1)+1 ¢'(1 (1
(8) My plen,a) = 22 E00) | plonil gt 4 )

Lemma 2.2. For the operators Mﬁi’pﬂ(f, x) as defined in (3), the following equalities holds
(1) Mgy (e, x) = 1; /
(2) Miy (o1 @) = "te + o)

B o (”+5)9(1);) ( ) (1) 1) (D+a”g(1)
a, _ pn2x?+nz(1+p+2ap p(2nz+1)+1 ¢’(1 g (1)+2ag’(1)+a?g(1
(3) My (e2,) = == 00ige— + S ptanr o0 Grr gl

Proof. For x € [0,00), in view of Lemma 2.1, we have Mﬁ’pﬁ(eo,x) =1.
The first order moment is given by

n o nr+ o (1
Miplens) = opMulen)+ s =553 (n—fé))g(l)'
The second order moment is given by
B n o \? 2na a \?
Mp(eg,x) = (n n 5) M, ,(e2,z) + mMn,p(el,w) + (W)
pn’x? +nx(l+p+2ap)  pnz+1)+14(1)  ¢"(1) +2ag' (1) + a?g(1)
p(n+ B)? p(n+p)*  g(1) (n+8)%g(1)
]

Lemma 2.3. For f € Cg[0,00) (space of all real valued bounded and uniformly con-
tinuous functions on [0,00) endowed with the norm || f ||= sup{|f(z)| : = € [0,00)}),
[RAGNFAT
Proof. In view of (3) and Lemma 2.2, the proof of this lemma easily follows. O

Remark 2.1. From Lemma 2.2 it follows

o — Pz N g'(1)

Bt g ox) =
Mup t=m2) = g T g B9

n?
and

M,fff ((t — x)2, :c) =

B2 +,{n0~+p)—2paﬁ__ 28 9%1)}x

(n+ B)? p(n+ B)? (n+B)? g(1)
L lg"(1) +2ag'(1) + o?g(1) + (p+1)g'(1)
p(n + B)%g(1) '

3. MAIN RESULTS

In this section we establish some approximation properties in several settings. For the
reader’s convenience we split up this section in more subsections.
Theorem 3.1. Let f € C[0,00). Then lim Mv‘j"f(f,x) = f(x), uniformly in each compact
n—o0 ’
subset of [0, 00).
Proof. In view of Lemma 2.2, we get lim, s Mﬁ‘f(ei,x) = 2%, i = 0,1,2, uniformly

in each compact subset of [0,00). Applying Bohman-Korovkin Theorem, it follows that
lim Mﬁ‘pﬂ (f,x) = f(z), uniformly in each compact subset of [0, 00). O
n—o0 ’
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3.1. Voronovskaja-type theorem. In this section we prove Voronvoskaja-type asymp-
totic theorem for the operators Mﬁ‘pﬁ

Theorem 3.2. Let f € Cp[0,00). If ', f" exists at a fived point x € [0,00), then we have

i 1 (ME(0.0) — 1) = (t@ - o)+ 20 r0)+ 5 (141) 10

n—o0 g(1)
Proof. Let x € [0,00) be fixed. By Taylor’s expansion of f, we can write
(t —2)?

F(t) = f@) + (t = 2) f'(2) + == f" (@) +r(t,2)(t = )%, (4)
where 7 (¢, x) is the Peano form of remainder, r(t,x) € Cp[0, c0) and tlgn r(t,z) = 0.
Applying M,ffjpﬁ on both sides of (4), we have

n (Mg (fa) = @) = nf @M (t—2.2)+ f;fe)nMgf ((t - )% 2)

+anL“7’pﬁ (r(t, x)(t — z)%, 7).

In view of Remark 2.1, we have

im nM®P (t—z,2) = ( (o — Bx g(1)
i g (¢ o) = (@ o)+ 20 5)
and

im nM®P —2). ) =2 1 )

Tim M (¢ — )2, 2) <1+ p) (6)

Now, we shall show that

n—oo

lim nMﬁ"’pﬁ (r(t, x)(t — x)?, x) =0.

By using Cauchy-Schwarz inequality, we have

wzp (e —arie) < (zpereao)” (e -ot0) @
We observe that r2(z,z) = 0 and r2(.,z) € Cg[0,c). Then, it follows that
nlgrolo Mﬁf(ﬂ(t, z),z) =r(z,z) =0, (8)
in view of fact that Mg ((t — z)*,z) = O (nlz>
Now, from (7) and (8) we obtain
nh_)rlgo anj‘f (r(t, =) (t - l‘)2,l’) =0. (9)
From (5), (6) and (9), we get the required result. O

3.2. Local approximation. For Cp[0, ), let us consider the following K-functional:

Ko(f.0) = int {1 f-gl+0g" I}

where § > 0 and W? = {g € Cg[0,0) : ¢',¢" € Cp[0,00)}. By, p. 177, Theorem 2.4 in
[2], there exists an absolute constant C' > 0 such that

Ka(f,6) < Cwa(f,V5), (10)
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where wo(f, V) = SUP) < /5 SWPeef0,00) | f(@ +2Rh) = 2f(x + h) + f(z) | is the second
order modulus of smoothness of f. By wi(f,0) = supgcp<s SUPzeo,00) | f(z +h) = f(2) |
we denote the first order modulus of continuity of f € Cp[0, c0).

Theorem 3.3. For f € Cp[0,00), we have

| MEE (fox) — f@) | < Cw2<f,a>+w1(,

a,B o — ,Bil? g/(l) ?
¢M (=) )+<n+ﬂ*wn+mmw)'

Proof. For x € [0,00), we consider the auxiliary operators sz as follows:

O;_f; T fg))gm D /

where

nr+ « g (1)
n+p  (n+pP)g(1)
From Lemma 2.2, we observe that the operators Mzg are linear and preserve the linear

functions.
Hence

MO (frx) = MOH(fox)— f ( ) i@ A

Mt —a,x) = 0. (12)

Let h € W2 and z,t € [0,00). By Taylor’s expansion we have
t
h(t) = h(z) + (t — 2) (z) + / (t — o) (0)dv.
x
Applying Mzg on both sides of the above equation and using (12), we get

My (hyx) = h(z) = Do < /z t(t - v)h”(v)dv,x) .

Thus, by (11) we get

) bl < Mg (] [ or o) o)
A e (57 + i > M
< gMgf((t—x)Z,xH @‘f; o flél))gu» ) [l
< P

Since [0 (f,) <[ f I, it follows
M P (f,2) — fa)] < M0 (F = o)+ |(f — h)(@)]
HIT ) = hio)l |7 (8 2 ) - )

< I f=h|+e Hh”ll+‘f(

A
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Taking infimum over all h € W2, we get

| Motﬂ( ) f(a/}) | < K (fv 52) Twr <f’ O;L_—Fl‘;x + (TL f//(Bl)?Q(l) ) ‘

In view of (10), we get

| MR (f,2) = f@) | < cm(ﬁgle(ﬁ a—fr 4O >

n+f - (n+P)g(1)
O

3.3. Rate of convergence. Let w,(f,d) denote the usual modulus of continuity of f on
the closed interval [0, a],a > 0 and it is given by the relation

wa(f,0) = sup sup |f(t) — f(z)]-

[t—z| <8 x,t€[0,a]

We observe that for a function f € Cg[0,00), the modulus of continuity w,(f,d) tends to
zero.

Theorem 3.4. Let f € Cp[0,00) and wat1(f, ) be its modulus of continuity on the finite
interval [0,a + 1] C [0,00), where a > 0. Then, we have

MEE(f,2) — F(@)] < 6Mp(1+ a)MEE((t - )%, 2) + 2w (f, N x)z,m),
where My is a constant depending only on f.

Proof. For x € [0,a] and t > a + 1. Since t —x > 1, we have

1f(t) — f(2)] < Mp(2+ 2% + %) < My(t — 2)*(2 + 32 + 2(t — x)?) < 6My(1 + a?)(t — x)°.
For x € [0,a] and t < a + 1, we have

F(0) = F@)] < wars (£ ]t — 2) < (1 + 't;f’“") s (f.6).6 > 0.

From the above, we have

16~ @) < 0051+ a)e = o+ (145 N (10),

for x € [0,a] and ¢ > 0. Thus
IMJ(foa) = f(a)] < 6My(L+a®) (M ((t - x)%,2))
rana(£0) (14 §OIE(— aP )} )

Applying Cauchy-Schwarz’s inequality, we get

MEB(fa) — f@)| < 6My(1+a®)MEE((t — )7, )+2wa+1<fa\/M3’f (t - 2)? x>),

on choosing § = \/ Mﬁ‘,’p t — x)2, ). This completes the proof of theorem. O
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3.4. Weighted approximation. Let B,[0,00) denote the weighted space of real-valued
functions f defined on [0, 00) with the property |f(z)| < Myv(x) for all z € [0, 00), where
v(zx) is a weight function and M is a constant depending on the function f. We also
consider the weighted subspace C,[0, 00) of B,[0,c0) given by C,[0,00) = {f € B,[0,00) :
f is continuous on [0, c0) } and C}[0, 00) denotes the subspace of all functions f € C,[0, o)
for which lim f(@)

|z| =00 I/(.’L‘)
It is obvious that C}[0,00) C C,[0,00) C By[0,00). The space B, [0, 00) is a normed linear
space with the following norm:

exists finitely.

|/ ()]
z€[0,00) V(l‘) .

The following results on the sequence of positive linear operators in these spaces are given
in [3], [4].

1=

Lemma 3.1. ([3], [4]) The sequence of positive linear operators (Ly)n>1 which act from
Cy[0,00) to B,[0,00) if and only if there exists a positive constant k such that L, (v, x) <
kv(x), i.e. || Ln(v) ||,< k.

Theorem 3.5. ([3], [4]) Let (Ly)n>1 be the sequence of positive linear operators which act
from C,]0,00) to B,[0,00) satisfying the conditions

h_>m || Ln(tk) - xk ||l/: 0, k= 0,1,2,
then for any function f € C}[0,00)
Jim || Ln(f) = f [lo= 0.
Lemma 3.2. Let v(z) = 1+ 22 be a weight function. If f € C,[0,00), then
| M (w) o 14 M,
Proof. Using Lemma 2.2, we have
na? N (n(l + p + 2ap) n 2n g’(1)> .
(n+B)? p(n+B)? (n+8)* g(1)
g"(1) +2ag'(1) + a*g(1) p+t1l 4'(1)
(n+5)%9(1) p(n+ )% g(1)

MP(va) = 1+

+

Then
n’p 4+ n(1+ p+ 2ap) L 2g(1)
p(n + B)? (n+ B)%g(1)
p(g" (1) +2ag'(1) + a®g(1) + (p + 1)g'(1)
p(n + B)?g(1)

1MW) [y < 1+

1

* (

)
1
there exists a positive constant M such that

I MgF (W) [b< 1+ M
so the proof is completed. O

By using Lemma 3.2 we can easily see that the operators My, ’pﬁ defined by (3) act from
Cy[0,00) to B,[0,00).

Theorem 3.6. For every f € C}[0,00), we have
1 Oé,ﬁ _ _
Jim || MR (f) = f [lv= 0.
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Proof. From [3], we know that it is sufficient to verify the following three conditions
lim || MP(t%) — 2 ||l,= 0, k=0,1,2. (13)
n—r00 ’

Since Mﬁ‘,’pﬁ(l, x) = 1, the condition in (13) holds for k£ = 0.
For k£ =1, we have

o Ié] x ag(1)+4'(1 1
| M@ < sup 4| SWWEIWD G, L
n+ 03 z€[0,00) l+x (n—I—ﬁ)g(l) z€[0,00) l+x
(a+pB)g(1) +4'(1) ’
- (n+B)g(1)
which implies that lim || Mﬁ‘/’)g(t) —z |l,=0.
n—o0 ’
Similarly, we can write for k = 2
2 1+ p+2ap) 2n (1
MS’B ) -2, < p n + ‘
N 1 a7 B e T e

+‘p(g”(l) +2ag'(1) + &®g(1)) + (p+ 1)g'(1)
p(n+ B)%g(1) ’

which implies that lim || M2 (¢%) — 2° ||,= 0.
n—oo ’
This completes the proof of theorem. O

3.5. Pointwise Estimates. We know that a function f € C[0,00) is in Lipps(n) on E,
€ (0,1], EC [0, 00) if it satisfies the condition
[f(t) = f(2)] < M|t —z[", ¢ €[0,00) and = € E,
where M is a constant depending only on 7 and f.

Theorem 3.7. Let f € C[0,00) N Lipas(n), E C [0,00) and n € (0,1]. Then, we have

|M5‘;f(f,x) — flz)] < M( (Mf;f((t _ $)27x)>77/2 N 2d"(x,E)), v e [0,00).

where M is a constant depending on n and f and d(z, E) is the distance between x and E
defined as d(z, F) = inf{|t — x| : t € E}.

Proof. Let E be the closure of E in [0,00). Then, there exists at least one point g € F
such that d(z, E) = |x — z¢|. By our hypothesis and the monotonicity of Mﬁf’,ﬁg, we get

M (f2) = f@)] < MEZ(F() = flao)l,@) + MEJ (I (@) = f@o)l, o)
M (Mg (1t = wol", @) + |z — ao]")

IN

< M (Mgf(\t — 2" z) + 20z — xoy”) .

2 2
Now, applying Holder’s inequality with p = — and ¢ = Cy we obtain
n —-n

M)~ @) < 0 (b0 - o))" 4 200, )).

from which the desired result immediate. O
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Next, we obtain the local direct estimate of the operators defined in (3), using the
Lipschitz-type maximal function of order n introduced by B. Lenze [19] as

‘:’n(fa r) = sup M

B A v T € [0,00) and 7 € (0,1]. (14)
z, t€l0,00

Theorem 3.8. Let f € Cp[0,00) and 0 < n < 1. Then, for all x € [0,00) we have

~ /
M) — F(@)] < By(F.2) (MR- 2))) "
Proof. From the equation (14), we have
MR (fo) = F@)] < Byl f, ) MF (e~ o, ).

2
Applying the Holder’s inequality with p = — and ¢ = ——, we get
n

2 —

3\[\3

NS

~ n/2
< Gy(f.0) (Mef (- 2)%2) "
Thus, the proof is completed. O

M) (f,2) = f ()] < Gy (f,0) M (2 = @)%, )

For a,b > 0, Ozarslan and Aktuglu [28] consider the Lipschitz-type space with two
parameters:

Lip\%? (n) = (f € C0,00) : |f(t) — fz)| < M It — x|"

(t + az? + bx)

i ot :0).
where M is any positive constant and 0 < n < 1.

Theorem 3.9. For f € Lz’pg\(/l[’b)(n). Then, for all x > 0, we have

2
MEE (- )2, 2)\"
ax? + bx '

M2 (f, @) — f(z)| < M (

Proof. First we prove the theorem for 7 = 1. Then, for f € Lipg\?b)(l), and z € [0,00), we
have

IN

M) (fox) = f(x)] < MM ﬁ<(t+a‘fc§ fl,x)l/ga)

My wl (|t — x|, z)
(ax2+bac)1/2 T

Applying Cauchy-Schwarz inequality, we get

M)~ F@] € s (MR- 2.2)

< M (M%f((t—xﬂx))m.

- azr? + bx

1/2

Now, we prove that the result is true for 0 < n < 1. Then, for f € Lipg\(}’b)(n), and
z € [0,00), we get

MOS(f,2) - f(x)] M

- t— "
(az? + bx)n/? (| 2" ).
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Taking p = % and g = ﬁ, applying the Holder’s inequality, we have

M) = F@)] € s (ME = 2], 2))”

Finally by Cauchy-Schwarz inequality, we get

M) - 1) < M<Mﬁﬁ@—m%@)wa

az? + bx

4. KING’S APPROACH

To make the convergence faster, King [18] proposed an approach to modify the classical
Bernstein polynomial, so that the sequence preserve test functions eg and ea, where e;(t) =
t',i =0,1,2. After this approach many researcher contributed in this direction.

As the operator Mﬁ‘f( f,x) defined in (3) preserve only the constant functions so further
modification of these operators is proposed to be made so that the modified operators
preserve the constant as well as linear functions.

For this purpose the modification of (3) is defined as

t+« «Q
s (s §jukm ) [T onr (B8 )+ e s (5 ))
where 7, (x) = ("Hizw_a - gg((ll)) for z € I, = [;%5, 00).

Lemma 4.1. For every x € I,,, we have
(1) Mgy (eo,z) = L;

(2) Mﬁ’f(el,x) = )

- 1+p ?pt+apt+a 1+ p+3apg(1)

3) M e, ) = 22+ x— — )

() Mnilea, ) = o 8 ™ o+ B s+ B o) \(nt DD

Consequently, for each x € I,,, we have the following equalities

M,‘Z’f(t—x,x) =0

TS e~ Lt aptapta 1+p+3apg(1) OIS
Mup (=20 = B ™ ot B pnt AR g() << <>>'

Theorem 4.1. For f € Cp(l,),C" > 0, we have

ME3(7.) - S(@)| < Clon (V33 (0 = 02.2)).

Proof. Let h € W? and z,t € I,,. Using the Taylor’s expansion we have
t
h(t) = hx) + (t — )b (z) + / (t — v)h" (v)do.

Applying ]\}[ﬁ‘f on both sides and using Lemma 3.1, we get

t
NS (h,x) — hiz) = ijf( / (t—v)h”(v)dv,a:).
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/z t(t — o) (v)dv

Tra, B Tra, 2
’ Mn,p (h,.??) - h(x) ’S MTL,P ((t - .%') ,.%‘) H h” H .

Obviously, we have < (t—az)*||n"|.

Therefore

Since | M) (f, ) |< || £Il, we get
| VP (f2) = f) | < | M —hoa) |+ | (f = h)(@) | + | Mg (h,x) = h(z) |

< |If = bl + M J((E = )2, )[R
Finally, taking the infimum over all h € W2 and using (10) we obtain

M) - 1(0) 1 Clon (2N (0~ 2)20) )

Theorem 4.2. Let f € Cg(l,). If f exists at a fixed point x € I,,, then we have

lim 7 (Maﬂ( for) — f(x)) - g (1 + ;) ().

n—oo

The proof follows along the lines of Theorem 3.2.
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