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INTEGRAL INVOLVING ALEPH-FUNCTION AND THE

GENERALIZED INCOMPLETE HYPERGEOMETRIC FUNCTION

D. KUMAR1, F.Y. AYANT2, F. UÇAR3, §

Abstract. The aim of this paper is to establish a general definite integrals involving
product of the Aleph function and generalized incomplete hypergeometric function with
general arguments. Being unified and general in nature, this integral yield a number of
known and new results as special cases. For the sake of illustration, several corollaries
are also recorded here as special case of our main results.
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1. Introduction and Preliminaries

Fractional calculus is one of the generalizations of classical calculus and it has been
used successfully in various fields of science and engineering. Many earlier works on the
subject of fractional calculus contain interesting description of the theory and applica-
tions of fractional calculus operators in a number of areas of mathematical analysis and
mathematical physics, for example ordinary and partial differential equations, mathemat-
ical modeling, integral equations, summation of series, etc. Special functions of fractional
calculus constitute a old branch of mathematics; the origins of their unified and rather
complete theory date to the nineteenth century. From the point of view of the applied
scientists and engineers dealing with the practical application of differential equations, the
role of special functions as an important tool of mathematical analysis.
The ℵ-function was introduced by Südland et al. [1, 2], however the notation and complete
definition is presented here in the following manner in terms of the Mellin-Barnes type
integral (see also, [3, 4, 5, 6, 7, 8, 9, 10]):

ℵ [z] = ℵ m,npi,qi,ci; r

[
z

∣∣∣∣(aj ,Aj)1,n,...,[cj(aj ,Aj)]n+1,pi;r

(bj ,Bj)1,m,...,[cj(bj ,Bj)]m+1,qi;r

]
:=

1

2πω

∫
L

Ω m,n
pi,qi,ci;r (ξ) z−ξ dξ, (1)
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Istanbul, Turkey.
e-mail: fucar@marmara.edu.tr; ORCID: https://orcid.org/0000-0002-9180-3102.
§ Manuscript received: November 4, 2018; accepted: September 3, 2019.

TWMS Journal of Applied and Engineering Mathematics, Vol.10, No.3© Işık University, Department
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for all z ∈ C, z 6= 0, where ω =
√
−1 and

Ω m,n
pi,qi,ci; r (ξ) =

∏m
j=1 Γ (bj +Bjξ)

∏n
j=1 Γ (1− aj −Ajξ)∑r

i=1 ci

{∏qi
j=m+1 Γ (1− bji −Bjiξ)

∏pi
j=n+1 Γ (aji +Ajiξ)

} (2)

The integration path L = Lω γ∞ (γ ∈ R) ranging from γ−ω∞ to γ+ω∞ is a contour of
the Mellin-Barnes type integral, and is such that the poles of Γ (1− aj −Ajξ) , j = (1, n)
(the symbol

(
1, n
)

is used for 1,2,. . . ,n) do not coincide with the poles of Γ (bj +Bjξ) , j =

(1,m). The empty product in (2) is interpreted as unity. The parameters pi, qi ∈ N0 with
0 ≤ n ≤ pi, 1 ≤ m ≤ qi, ci > 0 for i = (1, r). The parameters Aj , Bj , Aji, Bji >
0 and aj , bj , aji, bji ∈ C. The existence of the Aleph-function defined on (1) depends on
the following conditions:

ϕl > 0, |arg(z)| < π

2
ϕl, l = 1, r ; (3)

ϕl ≥ 0, |arg(z)| < π

2
ϕl and <{ζl}+ 1 < 0 , (4)

where

ϕl =

n∑
j=1

Aj +

m∑
j=1

Bj − cl

 p
l∑

j=n+1

Ajl +

q
l∑

j=m+1

Bjl

 , (5)

ζl =
m∑
j=1

bj −
n∑
j=1

aj + cl

 q
l∑

j=m+1

bjl −
p
l∑

j=n+1

ajl

 +
1

2
(pl − ql) , l = 1, r. (6)

The Aleph function is a new special function which is an extension of the I-function,
which itself is a generalization of the well-known and familiar G- and H-functions in one
variable. A special case of the Aleph function arises naturally in the study of fractional
driftless Fokker–Planck equations with power law diffusion coefficients.

Remark 1.1. Take ci = 1
(
i = 1, r

)
in (1), yields the I-function due to Saxena [11]

defined in the following manner:

Im,npi,qi;r(z) = ℵm,npi,qi,1;r(z) = ℵm,npi,qi,1;r

[
z

∣∣∣∣ (aj , Aj)1,n , [1 (aji, Aji)]n+1,pi;r

(bj , Bj)1,m , [1 (bji, Bji)]m+1,qi;r

]
=

1

2πω

∫
L

Ωm,n
pi,qi,1;r (ξ) z−ξdξ, (7)

where the kernel Ωm,n
pi,qi,1;r(s) is given in (2). The existence conditions for the integral (7)

are the same in (3)-(6) with ci = 1 (i = 1, r).

Remark 1.2. Further, if we set r = 1 in (7), then (1) reduces to H-function defined by
Fox [12] (see also, [13, 14]).

Hm,n
p,q (z) = ℵm,npi,qi,1;1(z) = Hm,n

p,q

[
z

∣∣∣∣ (aj , Aj)1,p

(bj , Bj)1,q

]
=

1

2πω

∫
L

Ωm,n
pi,qi,1;1 (ξ) z−ξdξ, (8)

where the kernel Ωm,n
pi,qi,1;r(s) is given in (2). The existence conditions for the integral in

(8) are the same in (7) with r = 1.
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The generalized incomplete hypergeometric function introduced by Srivastava et al. [15,
p. 675, Eqn. (4.1) and Eqn. (4.2)] is represented in the following manner:

pγq

 (e1;σ) , (e2) , · · · , (ep)
· · ·

(f1) , · · · , (fq)

∣∣∣∣∣∣ z
 =

∞∑
n=0

(e1;σ)n (e2)n · · · (ep)n
(f1)n · · · (fq)n

zn

n!
, (9)

where the incomplete Pochhammer symbols is defined as follows:

(λ;σ)n =
γ (λ+ n;σ)

Γ (λ)
(λ ∈ C,n ∈ N;σ ≥ 0) , (10)

and the closely-related incomplete Gamma function γ(s, σ) is defined by

γ(s, σ) =

∫ σ

0
ts−1 e−t dt (<(s) > 0, σ ≥ 0) . (11)

The gamma function and the incomplete gamma function γ(s, σ) defined by (11) are known
to play important and useful roles in the study of the analytic solutions of a variety of
problems in diverse areas of science and engineering, see, for example, Srivastava et al.
[15], Srivastava and Choi [16, 17], Kumar [18] and others.

2. Required Integral

We will require the following integral to obtain our main result (see, Brychkov [19,
Section (4.1.5), P. 136, Eqn. (37)]):

Lemma 2.1.∫ a

0
xs+

1
2 (a− x)s ln

(
b 4
√
x (a− x) +

√
1 + b2

√
x (a− x)

)
dx

= 2−2s−3√π a2s+2 Γ
(
2s+ 5

2

)
Γ(2s+ 3)

3F2

 1
2 ,

1
2 , 2s+ 5

2

3
2 , 2s+ 3

∣∣∣∣∣∣ −ab
2

2

 , (12)

where a > 0, b ∈ C, <(s) > −5
4 ,
∣∣arg

(
2 + ab2

)∣∣ < π.

3. Main Integral

In this section, we define a general definite integrals involving product of the Aleph-
function and generalized incomplete hypergeometric function with general arguments.
Here, we note

X = x (a− x) , (13)

and

bn =
(e1;σ)n (e2)n · · · (ep)n

(f1)n · · · (fq)n
. (14)

Then, we have the following formula

Theorem 3.1.∫ a

0
xs+

1
2 (a− x)s ln

(
b 4
√
x (a− x) +

√
1 + b2

√
x (a− x)

)
pγq (yXc) ℵ (zXe) dx

= 2−2s−3√π a2s+2
∞∑

n,r=0

bn y
n

n!

(a
2

)2cn
(
−ab2

)r (1
2

)
r

(
1
2

)
r

2r
(

3
2

)
r
r!

× ℵm,n+1
pi+1,qi+1,ci;r

[(a
2

)2e
z

∣∣∣∣ A, (aj , Aj)1,n , [ci (aji, Aji)]n+1,pi;r

B, (bj , Bj)1,m , [ci (bji, Bji)]m+1,qi;r

]
, (15)
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where bn is defined by (14), and

A =

(
−3

2
− r− 2 (s+ nc) ; 2e

)
; B = (−2− r− 2 (s+ nc) ; 2e) . (16)

Also, provided that

(i) a, e, c > 0, b ∈ C,<(s) > −5

4
,
∣∣arg

(
2 + ab2

)∣∣ < π.

(ii) < (s+ nc) + e min
1≤j≤m

<
(
bj
Bj

)
> −5

4
.

(iii) |arg (z Xe)| < 1

2
πϕl

(
l = 1, r

)
, where ϕl is defined by (5); and

(iv) (e1, · · · , ep, f1, · · · , fq ∈ C, n ∈ N; σ ≥ 0) .

Proof. Expressing extension of the generalized incomplete hypergeometric function pγq(.)
with the help of the equation (9), and the Aleph-function in Mellin-Barnes integral con-
tour with the help of equations (1) and (2); also changing the order of integration and
summation (which is easily seen to be justified due to the absolute convergence of the
integral and summation involved in the process. Then, we obtain (say I)

I =

∞∑
n=0

bny
n

n!

∫ a

0
xs+cn (a− x)s+cn+ 1

2 ln

(
b 4
√
x (a− x) +

√
1 + b2

√
x (a− x)

)
×
[

1

2πω

∫
L

Ωm,n
pi,qi,ci;r (u) z−u x−eu (a− x)−eu du

]
dx. (17)

Interchanging the order of x-integral and u-integral (which is permissible under the given
conditions), we arrive at

I =
∞∑
n=0

bn y
n

n!

1

2πω

∫
L

Ωm,n
pi,qi,ci;r (u) z−u

[∫ a

0
xs+cn−eu (a− x)s+cn−eu+ 1

2

× ln

(
b 4
√
x (a− x) +

√
1 + b2

√
x (a− x)

)
du

]
dx. (18)

We evaluate the inner integral with the help of lemma 2.1, then we obtain∫ a

0
xs+cn−eu (a− x)s+cn−eu+ 1

2 ln

(
b 4
√
x (a− x) +

√
1 + b2

√
x (a− x)

)
dx = 2−2(s+cn−eu)−3

×
√
π a2(s+cn−eu)+2 Γ

(
2 (s+ cn− eu) + 5

2

)
Γ (2 (s+ cn− eu) + 3)

3F2

 1
2 ,

1
2 , 2 (s+ cn− eu) + 5

2

3
2 , 2 (s+ cn− eu) + 3

∣∣∣∣∣∣− ab2

2

 .
(19)

Now, we substitute (19) in (18), we get

I =

∞∑
n=0

bny
n

n!

1

2πω

∫
L

Ωm,n
pi,qi,ci;r (u) z−u 2−2(s+cn−eu)−3√π a2(s+cn−eu)+2

×
Γ
(
2 (s+ cn− eu) + 5

2

)
Γ (2 (s+ cn− eu) + 3)

3F2

 1
2 ,

1
2 , 2 (s+ cn− eu) + 5

2

3
2 , 2 (s+ cn− eu) + 3

∣∣∣∣∣∣− ab2

2

 . (20)
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We express the hypergeometric function 3F2(.) in series, we have

I =

∞∑
n=0

bny
n

n!

1

2πω

∫
L

Ωm,n
pi,qi,ci;r (u) z−u 2−2(s+cn−eu)−3√π a2(s+cn−eu)+2

×
∞∑
r=0

(
1
2

)
r

(
1
2

)
r

Γ
(
2 (s+ cn− eu) + r + 5

2

)(
3
2

)
r

Γ(2(s+ cn− eu) + 3 + r)r!

(
−ab

2

2

)r

du

= 2−2s−3√π a2s+2
∞∑
n=0

bny
n

n!

1

2πω

∫
L

Ωm,n
pi,qi,ci;r (u) z−u 2−2(cn−eu)√π a2(cn−eu)

×
∞∑
r=0

(
1
2

)
r

(
1
2

)
r

Γ
(
2 (s+ cn− eu) + r + 5

2

)(
3
2

)
r

Γ (2 (s+ cn− eu) + 3 + r) r!

(
−ab

2

2

)r

du. (21)

Now, we change the order of integration and summation (which is easily seen to be justified
due to the absolute convergence of the u-integral and the n-series involved in the process),
then we obtain

I = 2−2s−3√π a2s+2
∞∑

n,r=0

bny
n

n!

(
−ab2

)r (1
2

)
r

(
1
2

)
r

2r
(

3
2

)
r
r!

(a
2

)2cn

× 1

2πω

∫
L

Ωm,n
pi,qi,ci;r (u) z−u 22eu a−2eu Γ

(
2 (s+ cn− eu) + r + 5

2

)
Γ (2 (s+ cn− eu) + 3 + r)

du. (22)

Finally, interpreting the result (22) thus obtained with the Mellin-barnes integral contour,
we arrive at the desired formula (15). �

4. Particular Cases

In this section, we shall obtain two corollaries concerning I- and H- function.

Corollary 4.1. Take relation (7) account in (15), then we obtain integral involving I-
function [11] and the generalized incomplete hypergeometric function, defined by∫ a

0
xs+

1
2 (a− x)s ln

(
b 4
√
x (a− x) +

√
1 + b2

√
x (a− x)

)
pγq (yXc) I (zXe) dx

= 2−2s−3√π a2s+2
∞∑

n,r=0

bny
n

n!

(a
2

)2cn
(
−ab2

)r (1
2

)
r

(
1
2

)
r

2r
(

3
2

)
r
r!

× Im,n+1
pi+1,qi+1;r

(a
2

)2e
z

∣∣∣∣∣∣
A, (aj , Aj)1,n , (aji, Aji)n+1,pi;r

B, (bj , Bj)1,m , (bji, Bji)m+1,qi;r

 , (23)

under the same notations and conditions (i), (ii) and (iv) that stated in (15); also satisfy

|arg (z Xe)| < 1

2
πϕ′l

(
l = 1, r

)
, where ϕ′l =

n∑
j=1

Aj −
pi∑

j=n+1

Aji +
m∑
j=1

Bj −
qi∑

j=m+1

Bji.

Next, we use the relation (8) in the above corollary, then the I-function of one variable
reduces to the Fox’s H-function [12] (see also, [13, 14, 5]), then we arrive at the following
corollary concerning the integral involving H-function and the generalized incomplete
hypergeometric function, given as
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Corollary 4.2.∫ a

0
xs+

1
2 (a− x)s ln

(
b 4
√
x (a− x) +

√
1 + b2

√
x (a− x)

)
pγq (yXc) H (zXe) dx

= 2−2s−3√π a2s+2
∞∑

n,r=0

bny
n

n!

(a
2

)2cn
(
−ab2

)r (1
2

)
r

(
1
2

)
r

2r
(

3
2

)
r
r!

× Hm,n+1
p+1,q+1;r

[(a
2

)2e
z

∣∣∣∣ A, (aj , Aj)1,p

B, (bj , Bj)1,q

]
, (24)

under the same notations and conditions (i), (ii) and (iv) that stated in (15); and satisfy

|arg (z Xe)| < 1

2
πϕ, where ϕ =

n∑
j=1

Aj −
p∑

j=n+1

Aj +
m∑
j=1

Bj −
q∑

j=m+1

Bj .

Remark 4.1. By using the similar methods, we can obtain the analog relations with the
I-function of one variable defined by Rathie [20], the H-function defined by Buschman and
Srivastava [21], Inayat [22], the A-function of one variable defined by Gautam et al.[23].

5. Concluding Remarks

We conclude our present study by remarking that the several further consequences of our
results can easily be derived by using some known and new relationships between Aleph-
functions, which is an elegant unification of various special functions such as Fox H- and
I-function (see [11, 12, 13, 14, 24]), after some suitable parametric replacements. Secondly,
specializing the parameters of the generalized incomplete hypergeometric function pγq(.),
we can obtain others special functions. The integral obtained in this paper is of the general
nature, we can get known and new integrals by specializing the different parameters.

References
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