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ASSOCIATED FUNCTIONS OF NON-SELFADJOINT
STURM-LIOUVILLE OPERATOR WITH OPERATOR COEFFICIENT

G. MUTLU, §

ABSTRACT. Sturm-Liouville operator equation with selfadjoint operator coefficent has

been studied in detail. In this paper, we consider the Sturm-Liouville operator equation

with non-selfadjoint operator coefficent. Namely, we examine the non-selfadjoint Sturm-

Liouville operator L which is generated in L2 (R4, H) by the differential expression
LY)=-Y"+Q(z)Y, 0<z< oo,

with operator coefficient together with the boundary condition Y (0) = 0, where Q(x)
is a non-selfadjoint, completely continuous operator in a separable Hilbert space H for
each z € (0,00). We find the associated functions corresponding to the eigenvalues and
spectral singularities of L. Moreover, we prove that the associated functions correspond-
ing to the eigenvalues belong to Ly (R4, H) while the associated functions corresponding
to the spectral singularities do not.

Keywords: Sturm-Liouville operator equation, associated functions, operator coefficient,
non-selfadjoint operators.
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1. INTRODUCTION

Spectral analysis of non-selfadjoint differential and difference operators have been stud-
ied intensively in last decades. In particular, non-selfadjoint operators with a continuous
spectrum were first investigated by Naimark [22, 23]. He showed that the continuous spec-
trum of the non-selfadjoint Sturm-Liouville operator on the half line is [0,00) and there
are some points in the continuous spectrum called spectral singularities which are not the
eigenvalues of the operator. He also obtained the sufficient conditions which guarantee
the finiteness of the eigenvalues and spectral singularities. Lyance used the spectral singu-
larities in the spectral expansion in term of the associated functions of this operator [19].
More information can be found in [21, 25] about non-selfadjoint differential operators and
in [12, 20] about spectral singularities. Keldysh developed a new method for evaluating
the resolvent of an abstract completely continuous non-selfadjoint operator of finite or-
der and also proved the completeness of eigenfunctions for some classes of non-selfadjoint
operators [13, 14].
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Spectral properties of the selfadjoint matrix differential and difference equations are
studied in [7, 8, 11]. As for the non-selfadjoint case, discrete spectrum and the spectral
singularities of the non-selfadjoint Sturm-Liouville operator with matrix coeflicients were
investigated in [4, 9, 24]. Further, in [2, 5, 6], the authors examined the spectral properties
of a finite system of non-selfadjoint Sturm-Liouville differential operators.

For the Sturm-Liouville operator equations, first works were conducted in [10, 15, 16,
17, 18] in the selfadjoint case. More explicitly, the authors considered the following op-
erator. Let H be a separable Hilbert space (dim H < oo) and Lo (R4, H) denote the
space of vector-valued functions f(x) (0 < z < oo) which are strongly-integrable in each
finite subinterval of (0,00) and such that [;° | f (z)||* dz < co. Consider the differential
expression in Ly (Ry, H)

y)=—y +Qx)y, 0<z< oo, (1)

where Q(x) is a selfadjoint, completely continuous operator in H for each x € (0,00).
Expression (1) is called Sturm-Liouville operator equation. The discrete spectrum of the
operator generated by (1) and the boundary condition y(0) = 0 has been studied in detail
in [10, 15, 16, 17, 18].

In our previous paper [3], we investigated the spectral properties of the Sturm-Liouville
operator equation on the half-line with non-selfadjoint operator coefficients, on the con-
trary to [10, 15, 16, 17, 18] and also generalized the results in [2, 4, 9, 24] to the oper-
ator coefficient case. More explicitly, we considered the following non-selfadjoint Sturm-
Liouville operator equation. Let H be a separable Hilbert space (dim H < oo) and
Hy := Ly (R4, H) . Consider the differential expression in H;

L(y) = _y” + Q(x)y’ 0 <z < oo, (2)

where Q(z) is a non-selfadjoint, completely continuous operator in H for each z € (0,00).
We considered the operator L which is generated by (2) and the boundary condition
y(0) = 0. We found the point spectrum and spectral singularities of L and showed that L
has a finite number of eigenvalues and spectral singularities under the condition

o
/ e Q)] dt < 00, €> 0.
0

In this paper, we obtain the associated (principal) functions of L corresponding to the
eigenvalues and the spectral singularities. In particular, we prove that the associated
functions corresponding to the eigenvalues belong to Lo (R, H) whereas the associated
functions corresponding to the spectral singularities do not.

2. SOME NOTIONS ON THE NON-SELFADJOINT STURM-LIOUVILLE OPERATOR EQUATION

Let us recall some results obtained in [3] for the sake of completeness.
Let H be a separable Hilbert space and H; = Lo (R4, H) denote the space of vector-
valued funtions f(z) (0 < x < oo) which are strongly-integrable in each finite subinterval
of (0,00) and such that [ |f(z)||? dz < oo. Then, H; is a Hilbert space [26] with inner
product

(fa 9)1 = /Ooo(f(l’),g(aﬂ))]{dl‘

Consider the differential expression in H;

(y) = —y" +Q(z)y, 0<z< o0, (3)
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where Q(z) is a non-selfadjoint, completely continuous operator in H for each z € (0,00).
We consider the operator L which is generated by (3) and the boundary condition

y(0) = 0. (4)

The domain D(L) of L is the subspace of Hy, consisting all y € H; such that;
(1) y is twice strongly-differentiable,
(i) L(y) € Hu,
(i41) y(0) = 0.
Consider the equations

—y" +Q(x)y =Ny, 0<z<oo, (5)

~Y"+Q(2)Y =\, 0<z< 0. (6)
where y(z) is a vector-valued function and Y (x) is an operator-valued function i.e, Y (z)
is an operator in H for each z € (0,00).

Lemma 2.1. Every sequence of solutions of Equation (5) can be represented as an operator-
valued function which satisfies Equation (6). Conversely, one can construct a sequence of
vector-valued functions which satisfy Equation (5) for a given operator-valued solution of

the Equation (6).

Proof. Since H is a separable Hilbert space, there exists an orthonormal basis (uy),,cy -
Suppose vector-valued functions (y,(x)), ¢y satisfy Equation (5). We can construct an
operator-valued function Y (x) such that Y (z)u, = yn(z) for every n € N. It is obvious
that Y (x) satisfies Equation (6).

Conversely, suppose operator-valued function Y (z) satisfies Equation (6). Let y,(z) =
Y (x)uy, for every n € N. Then, it is clear that (y,(x)) satisfies Equation (5) for every
n € N. 0

As a result of above lemma, there is a one to one correspondance between the solutions
of (5) and (6). Therefore, it is enough to consider only one of the equations (5) and (6).
We shall use the notations

o) = | TlQ@ldt, ou(x) = / T Q)] .

T

Let us assume ~
/0 £1Q0)]] df < oo, (7)

Under the condition (7), Equation (6) has a bounded solution E(x, \) satisfying the con-
dition 4
lim e?*E(xz,\) =1, Im(\) <0. (8)

Tr—00
E(z,\) is called the Jost solution of Equation (6) (see Theorem 2 in [3]). We have the
representation

Bz, \) = e 4 / MK (@, t)dt, Tm(\) < 0. )
where the operator kernel satisfies
T+t
15 (2, )] < co(——) (10)

where ¢ > 0 is constant (see Theorem 3 in [3]).
The point spectrum of L is (see Theorem 6 in [3])

oq(L) = {N\* :Im(\) <0, E(\) := E(0,\) is not invertible} .
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Let us recall

E\) =1+ / e MK (0,t)dt, Tm(\) < 0.
0

Let

A(N) = /O h e MK (0,t)dt.

Then, A(\) € 0 for Im(A) < 0 and A(\) is analytic operator function in Im(\) < 0.
Definition 2.1. An operator R is called the resolvent [14] of the operator A if
I+R)(I—-A) =1

Now, we apply [14] into our case. Let R(A) denote the resolvent of —A(X). We have
IT+R\) =T +AN) " = (E(\) ™. According to [14], if T 4+ R()) exists for A = Ao,
i.e., E(\) is invertible, then I + R(\) exists over C_ except for a set of isolated points,
and is a meromorphic function of . Since o4(L) # C_, we have at least one A = )¢ such
that I + R()\) exists. As a result, I + R(\) exists over C_ except for a set of isolated
points which are the eigenvalues of L, and is a meromorphic function of A\. Hence, we can
represent

(EN) ' =T+R0\) = fl((;)), AeC_,

where S(\) is an analytic operator function and d()\) is an analytic scalar function in C_.
Further, these isolated singular points are poles of I + R(\) and they are the zeros of the
analytic function d(\). Therefore, we can rewrite the set

oa(L) = {X:Im(X\) <0, Xis a pole of I + R(\)}
= {A\:Im(\) <0, d(\) =0}.

Theorem 2.1. If [°t]|Q(t)|| dt < oo holds, then oq(L) is bounded and countable. More-
over, the limit points (if exist)of it lie in a bounded subinterval of the real line (see Theorem
8 in [3]).

Now let us assume

/OO Q)| dt < 0, €0, (11)
0

Theorem 2.2. Under the condition (11), L has a finite number of eigenvalues (see The-
orem 9 in [3]).

Theorem 2.3. The continuous spectrum of L is o.(L) = Ry (see Theorem 13 in [3])
Now, we introduce the set of spectral singularities o4s(L) of L according to [19, 21, 22].
0ss(L) = {3 : A€ R\ {0}, E(X):= E(0, ) is not invertible} . (12)

Theorem 2.4. Under the condition (11), L has a finite number of spectral singularities
(see Theorem 15 in [3]).

3. ASSOCIATED FUNCTIONS

Definition 3.1. Let B()\) be an operator function defined on D C C such that B(\) € 0
for each X\ € D. If the equation y = B(c)y has a non-trival solution in H then, y is an
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eigenelement and ¢ is an characteristic value of B(X). We call yj, an associated element of
order k to the eigenelement y if yy, is obtained as a result of solving the chain of equations

y = By,
1 0B(c)
= Byt 759
1 9B(c) 1 9"B(c)
yr = B(c)yx + T +o+ ek
In this case, we say that y,y1, ..., yr form a chain of associated elements. We denote the
mazimum order of elements associated to y by m. The number m + 1 is defined as the
multiplicity of the eigenelement y. We call yk,yf, ...,yfnk (k=1,2,...) a canonical system
of eigenelements and associated elements for A = c if;
i) yt,y2, ..., y* form a basis of the subspace of eigenelements corresponding to \ = c,
ii) y' is an eigenelement whose multiplicity attains the possible mazimum my + 1,
iii) y* is an eigenelement, not ewpressible as a linear combination of y', 42, ...,y*!
whose multiplicity attains the possible marimum my + 1,
i) y*, ¥, ...,y’ﬁlk form a chain of associated elements.
Note that the numbers myi, ma, ..., mi do not depend on the choice of the canonical

system. The number N = mj + 1+ mo+ 1+ ...4+my + 1 is defined as the multiplicity of
the characteristic value A = ¢ (see [14]).

It is obvious that c¢? is an eigenvalue or a spectral singularity of L iff ¢ is a characteristic
value of A()\). We define the multiplicity of the eigenvalue or the spectral singularity A = ¢?
as the multiplicity of the characteristic value A = c.

Theorem 3.1. Let ¢ be an eigenvalue of L. Then, the multiplicity of the eigenvalue
X\ = 2 is finite.

Proof. Tt is well known for a completely continuous operator A(A) and a given character-
istic value that the number of linearly independent eigenelements is finite. Also, the order
of the associated elements for an eigenelement doesn’t exceed the order of the pole of the
resolvent I + R(\) at A = ¢ [14]. Hence, each canonical system has a finite number of
elements and ¢ has finite multiplicity. O

Corollary 3.1. Under the condition

/ Q) di < 00, €0,
0

L has a finite number eigenvalues and spectral singularities with finite multiplicity.

Proof. The result is a combination of Theorems 2.2, 2.4 and 3.1. U

Let A2, \2, ...,A? and )\? +1,)\? L2 ..., A2 denote the eigenvalues and spectral singulari-
ties with multiplicities m,ma, ...,m; and m;y1,mj12, ..., m,, respectively. We define the
operator functions

1 (O"E(x,\) .
upk(z) = n'{a)\”})\ L n=0,1,... mpg—1, k=1,2,...,j
Ak
Unp(T) = 1 [E@,A) ,n=0,1,...., mp—1, k=j+1,j+2,...,0
’ n! OA" A=A
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Then, for A\ =X, (k=1,2,...,5) we have

l(uO,k) =Y,
10
I (u1,) +ﬁal (uok) =0,
l L 9 l 1 & l =0 =2,3 1
(un,k) +Fa (un—l,k) + QW (un—Q,k) =U, N=2%9..., Mg —

where
L(u) = —u + Q(z)u — \u,

and aa)\—mml (u) denotes the differential expressions whose coefficients are the m-th derivatives
with respect to A of the corresponding coefficients of the differential expressions I (u).
Then, ug () is the eigenfunction corresponding to the eigenvalue A = )\i and uy i (z),
U2 (), ..., Um,—1.x(x) are the associated elements of ug(z) for k = 1,2,...,5 (see [14]).
ug (), u1 (), ..., Um, —1,k(x) are called the principal functions corresponding to the eigen-
value A = )\z for k = 1,2,...,5. Similarly, the principal functions corresponding to the
spectral singularities A = )\% are vo k() ,v1 k() ,.o, V1 k(x) for k=7+1,74+2,...,0.

Theorem 3.2. u,; € Ly (Ry,H), n=0,1,2,..., my—1, k=1,2,...,5 and
Ungk &€ Lo(Ry,H), n=0,1,2,..., mp—1, k=7+1,7+2,...,0.

Proof. From (9) we have for k = 1,2, ..., j that
1 . 1 [ .
Un () = = (=1)" (i)™ e~ 2T 4 n'/ (=)™ (it)" e K (2, t)d.
n! .
Since Im(A) < 0 we have for k = 1,2, ..., j that

oo ] 9 00
/ H (=)™ (iz)" e~ ‘ der = / 2220 ImAe) g
0 0

—1
- —— __T(2n+1)
(2Tm(\g))*"
< Q.
For k =1,2,...,j we define
1 o0 X
gelr) = / (1) (it)" MU (a, ).
We have from (10) and (11) that
x+t
1K 1)) < eo (™5
e / ¢ ||Q(s)]) ds
xT-!—t
< () / e 11Q(s)]| ds (13)
z+t
2
i 00
< (E) [T e Q) ds
0
< CeiG(ZTH)
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where

c=-e® 0= C/ e |Q(s)] ds
2 0

are positive constants. From (13) we obtain

Il < < “3pr<ﬂan>e<x;t)>dt

n! J,
0o
< C;eatlm()\k)/ tne_E(wT-H)dt
n. 0

where

C [oe)
Cy = / e~ dt
0

!

is a positive constant. Therefore, we have

[ la@lPdr < c [T e mtias < o,
0 0

and hence up € Lo (Ry, H), n=0,1,2,...,m; — 1, k=1,2,...,j.
From (9) we have for k = j + 1,5+ 2,...,v that

1

U p(®) = = (—=1)" (iz)" e AT 4 % /OO (=1)" (it)" e "MK (2, t)dt.

n!

Since Im(Ag) =0 for k =35+ 1,5+ 2,...,v, Equation (14) implies

oo ) 9 0o
/ H(_l)n (ll’)n efz)\kxl ‘ dr = / x2n€211m(/\k)dl_
0 0

o0
= / 22" dx
0

= OQ.

Hence vp 1, ¢ Lo (Ry, H), n=0,1,2,....m, — 1, k=j5+1,7+2,...,v.

Let us define the Hilbert space of vector-valued functions taking values in H, by

H,

{f:/ooo(1+x)2"\|f(x)u2da;}, n=1,2, ..
H, - {g:/ooo(1+x)_2n|]g(:c)||2d:v}, n=12, .

Then, it follows Hpy1 G Hy G Lo(Ry ,H) G H n G H (1), n=1,2,...

Theorem 3.3. v, € H (1), n=0,1,2,...mp—1, k=j5+1,j+2,..,v.

Proof. Since Im(\y) =0 for k =35+ 1,7+ 2,...,v, Equation (14) implies

/OO (1 + :1:)72(714*1)
0

LSy Gz e g L/~
n! n! Jo

< 00,

2
dr = — (1 + x)72(n+1) IQndl'

119

(15)
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and also . . )
/0 (1+ z)~ 20D % /x (—1)" (it)" e "MK (2, t)dt || d
< /OOO (14 2)~20+D % /OO 20| K (2, 1)|2 dtda
S/W(waﬁm“)a/m}%c%*@“me (16)
0 n:-Jo
= /OO (1+ x)_Q(nH) e “dx
< 00, ’
where -
C=c[ el ds
and

1 00271, 2 —et 1 1

are positive constants. Equations (15) and (16) imply v, € H_(;,41), 1 =0,12,...,mp—
Lk=j+1, j+2,...0. 0

Corollary 3.2. v, € H_,,, where m = max{mj41,mjy2,....,my}, n=0,1,2,...,my—
Lk=j+1,542 .. 0.

Proof. The proof easily follows from Theorem 3.3 and H_,, C H_(;,41). O

S

4. CONCLUSIONS

turm-Liouville equations have a fundamental importance in mathematical physics,

especially in quantum mechanics. As a result, the research on these equations are wide-
spread. In particular, there have been many studies about Sturm-Liouville equations
with selfadjoint operator coefficients. However, there are not enough results for the non-
selfadjoint case. In this study, we obtain some important results about the principal func-
tions of the non-selfadjoint Sturm-Liouville operator with operator coefficient with the

aim

of contributing the studies on Sturm-Liouville operator equation with non-selfadjoint

operator coefficients.
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