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CONVOLUTION OF SOME SLANTED HALF-PLANE MAPPINGS
WITH HARMONIC STRIP MAPPINGS

POONAM SHARMA'!, OMENDRA MISHRA!, §

ABSTRACT. In this paper, we show that the convolution of generalized half-plane map-
ping and harmonic vertical strip mapping with dilatation e’ 2™ (n € N, 0 € R) is convex
in a particular direction and also solve the problem proposed by Z. Liu et al. [Convolu-
tions of harmonic half-plane mappings with harmonic vertical strip mappings, Filomat,
31 (2017), no. 7, 1843-1856].
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1. INTRODUCTION

Let H denotes the class of complex-valued functions f = w + v which are harmonic in
the unit disk D = {z € C : |z]| < 1}, where u and v are real-valued harmonic functions in
D. Functions f € H can also be expressed as f = h + 7, where h and g are analytic in D,
called the analytic and co-analytic parts of f, respectively. The Jacobian of f = h+ g is
given by J;(2) = [I()? — | (=)

According to the Lewy’s Theorem, every harmonic function f = h + g € H is locally
univalent and sense preserving in I if and only if J¢(z) > 0 in D which is equivalent to
the existence of an analytic function w(z) = ¢’(2)/h/(2) in D such that

lw(z)] <1 forall zeD.

The function w is called the dilatation of f. By requiring harmonic functions to be sense-
preserving, we retain some basic properties exhibited by analytic functions, such as the
open mapping property, the argument principal, and zeros being isolated (see for detail
[6]). The class of all univalent, sense preserving harmonic functions f = h + g € H, with
the normalized conditions h(0) = 0 = g(0) and h’(0) = 1 is denoted by Sy. If the function
f=h+7g € Sy, then h and g are of the form

h(z)=2z+ Zanz" and g(z) = anz" (|b1] < 1;z € D). (1)
n=2 n=1
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A subclass of functions f = h +g € Sy with the condition ¢’(0) = 0 (or ws(0) =0) is
denoted by S%. Further, the subclasses of functions f in Sy (S;)_[)7 denoted by Ky (K%) ,
consists of functions f that map the unit disk D onto a convex region.

We define the harmonic convolution (or Hadamard product) ”«”of f = h+g € H, where
h and g as above in (1) and F = H + G € H, where

H(z)==z+ Z Apz" and G(z) = Z B,z",
n=1

n=2

(fxF)(2)=z+ Z anA, 2" + Z b B 2™
n=2 n=1

In the present paper, authors study a generalized class of slanted half-plane mappings.
It is proved that the convolution of generalized half-plane mapping and harmonic vertical
strip mapping with dilatation ¢? " (n € N, € R) is convex in a particular direction.

Recall [3] that a function f = h+g € S is called a slanted half-plane mapping
if f maps D onto H, := {w : Re(e®w) > —1/2}, where 0 < a < 27. The class of
all slanted half-plane mappings is denoted by S°(H,). A function f = h+g € Sy is
called a generalized slanted half-plane mapping if it maps D onto the region H. o := {w :
Re(e'*w) > —1/(1 + ¢)}, where 0 < a < 27, ¢ > 0. Using the shearing method due to
Clunie and Sheil Small [2] and the Riemann mapping theorem, such a mapping has the
form

2z
(1+¢)(1—elz)

The class of all generalized slanted half-plane mappings is denoted by S¢(H,). In the
harmonic case, one can easily see that there are infinitely many slanted half-plane mappings
for each fixed a. For @ = 0 and ¢ = 1, the class S¢(H,) reduces to the class of right half-
plane mappings f € S°(Hy) that map D onto f(D) = Hy = {w : Re(w) > —1/2}, and
such a mapping clearly assumes the form

z
h = .

(2) +9(2) = 7—
We now recall fundamental result, called shearing theorem, due to Clunie and Sheil-Small
as follows:

h(z) +e 2%g(z) =

Theorem 1.1. [2]A locally univalent harmonic function [ =h+g inD is a univalent
mapping of D onto a domain convez in the direction of €7 if and only if h — g is a
analytic univalent mapping of D onto a domain convex in the direction of e".

The class of slanted strip mappings S° (€2,,3), defined in [1] consists of functions f that
map D onto slanted strip domains

8 —m

: B
= N Z’Y
Q5 {fw. S5 < Re(e"w) < 25in5}’

where 0 < 8 < 7 and 0 < < 27. Each f =h+7g € S°(Q, ) has the form

6_7;'7 ]_ + Zei(')’"!‘ﬂ)
T %sinf P14 ze0-B)

h(z) + e 2g(2)
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Let Leq = heq + Gea € S°(Hy) be given by

. 2z
h —2ixx — i
co T € T oo (14+¢)(1 —eloz)’

where
2 . _ . 2 .
P 1z+cezo¢ Lrgzema _ 1z+ce3w¢
hea = 77— and Jeo = — (2)
(1 — eraz) (1 —etaz)

The mapping L, maps D onto H. o := {w : Re(e"*w) > —1/ (1 + ¢)}, where ¢ > 0. If
a = 0, then we get generalized half-plane harmonic univalent mappings introduced by
Muir [14].

Convolution of two harmonic convex mappings need not be convex, and it may even
fail to be univalent. Therefore, it is interesting to study the convolution properties of two
harmonic convex mappings. For some results on convolution of harmonic mappings see
5,7, 8,09, 11, 12, 15].

A domain w C C is said to be convex in the direction ~, v € R, if and only if for every
a € C, the set Q N {a + te” : t € R} is either connected or empty.

We now state some results which were proved earlier and problem proposed by Liu et
al. [12]:

Theorem 1.2. [3] If fy € S°(H,,), k = 1,2, and fi * fo is locally univalent in D, then
f1 * fa is convex in the direction —(y1 + ¥2).

Theorem 1.3. [3] Let f = h+g € SO(Hy) with the dilatation w(z) = € 2"(n =1,2), 0
€ R. Then fo * f € SY and is convex in the direction of real axis.

Theorem 1.4. [10] Let f = h +g € S°(H,) with the dilatation w(z) = ¥ 2"(n = 1,2),
0 € R. Then fo x f € S?{ and is convez in the direction of —v.

Theorem 1.5. [12] Let L.o = heo + Geo € S°(Ho) be defined by (2) and f = h+7g €
SO(Qp) with w(z) = €%, where m/2 < B < 7 (0 € R), then Leo * f € S and is convex
in the horizontal direction for 0 < ¢ < 2.

Theorem 1.6. [12] Let Lo = heo + Geo € S°(Ho) be defined by (2) and f = h+7g €
SO(Qp) with w(z) = €2, where 3 = w/2 (n € N,0 € R), then Leo x f € S% and is

convezx in the horizontal direction for 0 < ¢ < %

Problem (4.4) [12] Let Lo = heo + Geo € S°(Hp) be defined by (2) and f =h+g €
S9(Q5) with w(z) = €2", where 7/2 < 8 <7 (n € N, € R), then Lo * f € S% and is
convex in the horizontal direction for 0 < ¢ < %

2. MAIN RESULTS

Lemma 2.1. If a function f =h+g € S°(H,), then
2z

(14 ¢)(1 —ez)

Proof. If f = h+g € S°(H,), then Re {e!*(h +g)} > —1/(1 + ¢) which means that

Re{eih(z) + e g(2)} > —1/(1+c). In other words, Re {e¥(h(z) + e %%g(2))} >

—1/(14¢). Since f is a convex function, it follows from a convexity theorem by Clunie

and Sheil-Small [2] that the function h(z)+e~2%g(z) is the convex in the direction 7/2—a,

and so f is univalent. It is also clear that z — h(z) + e~%*%g(z) maps D onto the region
H,., which implies the result. O

h(z) 4+ e ?%g(z) = (c>0).
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Lemma 2.2. Let Leo = heo + Goo be defined by (2) and f = h+7g € S%(Q, 5) be the
vertical strip mapping, with dilatation w(z) = ¢'(z)/h (). then the dilatation of © of Leq
x f is given by

Q(z) = €% (3)

(1+ )l (ze'®) + czel®h" (zet®)

(1-c)d (zeia) — cze'®qg" (zei"‘)] '

Proof. Let f =h+7g € S°(H,) with w(z) = ¢'(2)/h (2). Let Leg * f = heq * B +gca * g
= h1 + g1, where

1 z cz
h = . . h
1(2) 1+¢ [1 — zelo + (1 —zew‘)Q] i

— 16_;2 [h(zeio‘) + czetn/ (zem)] ,

(2) 1 z cz .
z) = — — 4
g I+ec|1—ze™ (1—zet®)? g

and

e’LOé

=11c [g(zem) — czey/ (zem)] .

The dilatation is given by

~ _ 91(2) _ plia
Y

(1 _ c)g’ (Zeia) _ czeiagl/ (Zeia)
(14 )l (ze'®) + czel@h (zel®) |

Lemma 2.3. [1] If the mapping f =h+7g € S°(23), then
e 1+ zet0+P)
= ———log A )
2isin 8 1+ zet(y—=58)

h(z) + e 2g(2)

Lemma 2.4. Let a mapping Leo = hea + Jea be defined by (2) and f = h+ g €
SO(QMB). If the mapping L. * f is sense preserving, then L. * f is convex in the
direction —(a + 7).

Proof. By similar method used in [9], we can prove this lemma. So we omit the details. O

Note: If we take ¢ = 1,7 = 0,3 = T in above lemma, we get the result proved in [9,

Theorem 3.2].

Theorem 2.1. Let Lo = heo+Jea € SS(Hq) be defined by (2) and f = h+7g € S°(Q, 5)
with w(z) = 92" where 0 < B <7 (n € N,0 €R), then Lo * f € 59 and is convez in
the direction —(cv+ ) for 0 <c < 2.

Proof. To prove this theorem, it suffices to show by Lemma 2.4 that the dilatation of @ of
L.« * f given by (3) satisfies |w(z)| < 1 for all z € D. By (3), we see that @(z) = W(ze'?),
where ) ,
W(Z) — eQia (1 — C)g (Z) — Czg (Z)
(14 c)h/(z) + czh”(2)
For |&(z)| < 1, it is enough to prove that |W (z)| < 1. Since f = h+7 € S°(Q, ), we have

6_7/7 ]_ + Zei(')’"!‘ﬂ)
T %sinf P14 ze0-B)

h(z) + e *g(z) (4)
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92n we have

Since the dilatation w(z) = €’
d(z) = e?2"h(2) and g"(2) = ne®2" 10! (2) + € 2"h (2)

so that W(z) defined above takes the form

2 n (1 —c—mnc—culh(z)]
W(z) = eit2a+o), ( e ) (5)

where

ulh(2)] = z};/((;)

From (4), with the dilatation w(z) = ¢?2", we find that
1

h'(z) = A . .
=) (14 e 27w(2))(1 + ze!( ) (1 4 zet=F))
and
B(z) = _2(2’62” + € cos B)(1 + e 2w (2)) + e 27w/ (2)(1 + 2e'O0HA)) (1 4 2et0—F))
(14 e727w(2))2(1 + 2et(0+8))2(1 4 zei(r—=F))2 ’
Therefore,
24y iy —2iy,
ulh(2)] = — 22(2"6 +e cos‘[i’) _ze . w (2)
(1+ zel(w—ﬁ))(l + zez(7+6)) 1+e 2ww(z)
_ 22(2e?7 + € cos ) . et (0—27) ,n
B (1+ Zei('y_ﬁ))(l + zei(’Y‘Fﬁ)) 1 4 ei(0—27) zn
2et(v=0) PRICRYC) ei(0=27) ,n

R R ) B IR ) B RS () Je

which proves that X := Re u[h(z)] > —1 — § for all z € D and thus, 2 +n +2X >0 .

From (5), to show %W <1, it suffices to show that

T:=(l4c+cX)’—(1-c—nc—cX)*>0, forall ze D (6)

or
T=c(2-cn)(2+n+2X)>0. (7)
Since, ¢ > 0 and 2 4+ n + 2X > 0, we conclude that 7" > 0 if and only if 0 < ¢ < % This
completes the proof of Theorem 2.1. O

Substituting o = 0,y = 0, we get the following result:

Corollary 2.1. [12] Let Lo = heo + Geo € S°(Ho) be defined by (2) and f = h+7g €
S9(Q0.5) with w(z) = €?2", where 0 < B <7 (n € N,0 € R), then Leo * f € S% and is
convex in the horizontal direction for 0 < ¢ < %

Acknowledgement. The authors would like to extend their gratitude to the referee for
suggesting the improvements in this paper.



318 TWMS J. APP. ENG. MATH. V.11, N.1, 2021

REFERENCES

[1] Beig, S. and Ravichandran, V., (2018), Directional convexity of harmonic mappings, Bull. Malays.
Math. Sci. Soc., 41(2), pp. 1045-1060. Doi:10.1007/40840-017-0552-2.

[2] Clunie, J. and Sheil-Small, T., (1984), Harmonic univalent functions, Ann. Acad. Sci. Fenn. Ser. A 1
Math., 9, pp. 3-25. MR0752388

[3] Dorff, M., Nowak, M. and Woloszkiewicz M., (2012), Convolutions of harmonic convex mappings,
Complex Var. Elliptic Equ., 57, no. 5, pp. 489-503. MR2903478.

[4] Dorff, M., (2012), Convolution of Planer harmonic convex mappings, Comp. Var. Elliptic. Eqn., 57 (5),
pp. 489-503.

[5] Dorff, M. and Rolf, J. S., (2012), Anamorphosis, mapping problems, and harmonic univalent func-
tions, in Explorations in complex analysis, 197-269, Classr. Res. Mater. Ser, Math. Assoc. America,
Washington, DC. MR2963968

[6] Duren, P. Hengartner, W. and Laugesen, R. S., (1996), The argument principle for harmonic functions,
Amer. Math. Monthly, 103 , no. 5, pp. 411-415. MR1400723

[7] Kumar, R., Dorff, M., Gupta, S. and Singh, S., (2016), Convolution properties of some harmonic
mappings in the right half-plane, Bull. Malays. Math. Sci. Soc. 39, no. 1, 439-455. MR3439870.

[8] Kumar, R., Gupta, S., Singh, S. and Dorff, M., (2015), On harmonic convolutions involving a vertical
strip mapping, Bull. Korean Math. Soc., 52, no. 1, pp. 105-123. MR3313427.

[9] Kumar R. Gupta S. and Singh S., (2013), Convolution properties of a slanted right half-plane mapping,
Mat. Vesnik, 65, no. 2, pp. 213-221. MR3032077

[10] Li, L. and Ponnusamy, S., (2013), Convolutions of slanted half-plane harmonic mappings, Analysis
(Munich), 33, no. 2, pp. 159-176. MR3082279.

[11] Li, Y. and Liu, Z., (2016), Convolutions of harmonic right half-plane mappings, Open Math., 14, pp.
789-800. MR3562959

[12] Liu, Z., Jiang, Y. and Sun, Y., (2017), Convolutions of harmonic half-plane mappings with harmonic
vertical strip mappings, Filomat 31, no. 7, pp. 1843-1856. MR3635221

[13] Liu, Z. and Ponnusamy, S., (2017), Univalency of convolutions of univalent harmonic right half-plane
mappings, Comput. Methods Funct. Theory 17, no. 2, pp. 289-302. MR3650547

[14] Muir, S., (2008), Weak subordination for convex univalent harmonic functions, J. Math. Anal. Appl.,
348, no. 2, pp. 862-871. MR2446041

[15] Wang, Z.-G., Liu, Z.-H. and Li, Y.-C., (2016), On convolutions of harmonic univalent mappings convex
in the direction of the real axis, J. Appl. Anal. Comput., 6, no. 1, pp. 145-155. MR3414741

Dr. Poonam Sharma is a professor in the Department of Mathematics and
Astronomy, University of Lucknow, Lucknow India. She has 35 years experience of
research in the field of complex variables and Geometric Function Theory.

Omendra Mishra is currently a research scholar in the Department of Mathematics
and Astronomy, University of Lucknow, Lucknow India. His area of interests is
Geometric Function Theory.




