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K-G-FUSION WOVEN IN HILBERT SPACES

V. SADRI!, G. RAHIMLOU?, R. AHMADI?, §

ABSTRACT. In this note, we study weaving K-g-fusion frames in separable Hilbert spaces
which motivated by a generalized of fusion frames. We present necessary and sufficient
conditions for these woven and also construct them by a linear bounded operator. Fi-
nally, A Paley-Wiener type perturbation result for weaving K-g-fusion frames will be
investigated.
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1. INTRODUCTION AND PRELIMINARIES

Fusion frames or frame of subspaces have been introduced by Casazza and Kutyniok in
[2, 3, 4]. They have defined frames for closed subspaces of given Hilbert spaces with the
help of the orthogonal projections. Gavruta presented frames for operators (or K-frames)
in [12] while studying about the atomic systems with respect to a bounded operator K
which had been introduced by Fechtinger and Werther in [10] and showed that atomic
systems for K are equivalent with the K-frames.

Recently, Bemrose et al. in [1] were able to introduce a new concept of frames as weaving
frames which they have potential applications in wireless sensor networks. Two frames
{f;i}jes and {g;};ey for a Hilbert space H are (weakly) woven if for each subset o € J, the
family {f;}jes U{9gj}jeoc is a frame for H. Afterwards, this topic was presented in other
frames like g-frames, fusion frames and etc [13, 11, 17]. Recently, we generalized fusion
frames which we called g-fusion frames and also their woven in Hilbert spaces ([14, 15, 16]).
We aim at studying woven for K-g-fusion frames.

Throughout this paper, H is a separable Hilbert space and B(H) is the collection of all
the bounded linear operators of H into H. Also, my is the orthogonal projection from H
onto a closed subspace V' C H and {H,}cy is a sequence of Hilbert spaces where J is a
subset of Z. The following lemmas are useful in our study on fusion frames.
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Lemma 1.1. ([12]) Let V. C H be a closed subspace, and U be a linear bounded operator
on H. Then

Ty U" = myUrng.
If U is a unitary (U is bijective and U* = U~1), then iU = Umy.

If an operator U has closed range, then there exists a right-inverse operator UT (pseudo-
inverse of U) in the following senses.

Lemma 1.2. ([6]) Let U € B(Hy, Hy) be a bounded operator with closed range R(U).
Then there exists a bounded operator Ut € B(Ha, Hy) for which

UUTz =z, zeRU).

Lemma 1.3. ([9]). Let Ly € B(Hi,H) and Ly € B(Ha, H) be on given Hilbert spaces.
Then the following assertions are equivalent:

(1) R(L1) € R(L2);

(2) LiL < N2LoL} for someX > 0;

(3) there exists a mapping U € B(H1, Hy) such that Ly = LyU.
Moreover, if those conditions are valid, then there exists a unique operator U such that

(a) |U||?> = inf{a >0 | L1 L} < alyL}};

(b) N(L1) = N(U);

(c) R(U) € R(L3).

Now, we review the notation of K-g-fusion frames and their operators.

Definition 1.1. Let W = {W;};ey be a collection of closed subspaces of H, {vj};cy be
a family of weights, i.e. v; >0, A; € B(H, Hj) for each j € J and K € B(H). We say
A= (Wj,Aj,v5) is a K-g-fusion frame for H if there exist 0 < A < B < oo such that for
each f € H,
A FIP <D w3 lIAmw, £ < B> (1)
J€J
When the right hand side of (1.1) holds, A is called a g-fusion Bessel sequence for H

with bound B. If K = Idy, we get the g-fusion frame for H. We say A is a Parseval
K-g-fusion frame whenever

> oFAgmw, fIIP = (1K £

Jjel
The synthesis and the analysis operators of the K-g-fusion frames are defined by (for more
details, we refer to [16])

Ty : 96 — H,
Ta({fitier) =D vimw, A5,
€T
and
Tx : H— 5,
Tx(f) = {viAjmw;, f}ies,
where

A ={{fi}Yjes + 15 € Hy, Y _|IflI° < oo} (2)

JeJ



V. SADRI, GH. RAHIMLOU, R. AHMADI: K-G-FUSION WOVEN IN HILBERT SPACES 949

Hence, the g-fusion frame operator is given by
Saf =TATif =D vimw, NjAjmw, f
jel
and
(Sut, ) =Y vilAmw, f11,
jel
for all f € H. Therefore,

or
AKK* < Sy < Bldy. (3)

In K-g-fusion frames, if K € B(H) has closed range, then Sy is an invertible operator on

2. K-G-FusioN WOVEN

Throughout this paper, [m] := {1,2,--- ,m} for each m > 1, {Wi;}jeyicm is a col-
lection of closed subspaces of H, {vij}jeyicm) is a family of weights, K € B(H) and
{Aij }jGJ,ie[m] € B(H, H;j) where H;; are Hilbert spaces.

Definition 2.1. A family of g-fusion frames (Wij, Aij, vij)jeyicim) for H is said to be
K -g-fusion woven if there exist universal positive constants 0 < A < B such that for each
partition {0 }icim) of J, the family (Wij, Aij, vij) jec, icm) 18 @ K-g-fusion frame for H with
bounds A and B.

It is easy to check that if {(Wij,Ai]’77)ij)j€J} is a g-fusion Bessel sequence for H with
bound B; for each i € [m] then, for any partition {o; };c|,) of J, the family (Wij, Aij, vij) jeo, icm]
is a g-fusion Bessel sequence with the Bessel bound Zie[m} B;. So, every g-fusion woven
has a universal upper bound. In next theorem, we provide a necessary and sufficient
condition for weaving K-g-fusion frames with the same method of [11].

Theorem 2.1. Assume that (W;, Aj,v5)jey and (V},0;,v;)ey are two K-g-fusion frames
for H where Aj € B(H, H;) and ©; € B(H,H;) for any j € I. The following assertions
are equivalent.

(I) (W, Aj,v)er and (V;,0;,v5) ey are K-g-fusion woven.
(IT) There exists a > 0 such that for each o C J there exists a bounded linear operator
Y, : 57 — H,
\I/g{l'j}jej = Z’U]'TI‘WjA;{L‘j + Z I/jﬂ'Vj@;{L‘j,
jEo jeoc

such that a K K* < U, ,U*  where

oy = {{ashser = {Uskier Ulgshiers + f5 € Hyy g €Hy, Y Nyl < oo},
Jjel

Proof. (I) = (II): Suppose that A is an universal lower frame bound for (W;, A;,v;);ep
and (V},0;,v5)ey. Choose o := A and ¥, := T, for every o C [, where T is the synthesis
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operator of (W, Aj,v;)jec U (Vj,04,V))jcoe. Then, for any {z;};cy € 57 we have,
Uol{zjtjes = To{zj}jer
= ZUjWWjA;HJj + Z Vjﬂ\/j@;ij,

j€o jEoc
and also, for each f € H,
AIEfI? < IT5fI1? = 125 £

Thus, aKK* < U, 0¥,
(II) = (I): Let 0 C J and f € H, so it is easy to check that

Vodzjties = {vjhjmw; flieo U{v;O5mv; fjeoe.
Therefore,

o K f||* = (aKK* £, f)
S <\IIZ'\IIUf7 f)

= ||, £
=> A, F1P+ D v 10my, £
jEo jEo°

This gives that o is an universal lower frame bound of (W}, Aj,v;)jcy and (V}, 05, v5)er.

Example 2.1. Let H = {(f1, f2, f3) : f1, f2, f3 > 0} C R3 with the standard orthonormal
basis {e1, ez, e3} and J = {1,2,3}. We define

Wy =span{e;}, Wy =span{ey,es}, W3 =span{ey,es},
Vi = span{ez,e1}, Vi =span{es}, V3 =span{es, es},
and Aj,0; € B(H,C) for any j € I so that
Alf:<€17f>7 A2f:<€1+627f>7 A3f:<€1+e3af>a
elf:<el+€27f>7 ®2f:<627f>7 @3f: <62+637f>7
where f = (f1, f2, f3). Also, we define
Kei =e14+e, Key=e3, Kez=0.

Therefore, K*f = (fi + f2,0, f3) and it is clear that (Wj, Aj,1)cy and (V},0;,1)je5 are
K-g-fusion frames with bounds 1 and 5. Now, if a :== 1 and VY, := Ty, then by Theorem
2.1 it is obvious that (Wj, Aj,1)cy and (V;,04,1)e5 are K-g-fusion woven.

In next results, we construct a K-g-fusion woven by using a bounded linear operator.

Theorem 2.2. Let (Wij, Aij, vij) jegicim) be a K-g-fusion woven for H with common frame
bounds A, B and assume that U € B(H) has closed range so that R(K*) C R(U) and
KU =UK. Then (UWij, Nijmw,,U*,vij) jeg,icim) 5 also K-g-fusion woven for R(U) with
frame bounds A|UT||=2 and B||U|%.



V. SADRI, GH. RAHIMLOU, R. AHMADI: K-G-FUSION WOVEN IN HILBERT SPACES 951

Proof. By the open mapping theorem, UW;; is closed for any j € J and i € [m]. Using
Lemma 1.1, we can write for each f € R(U),

AIIK* fI? = AU U K f|]°
< AU P U f )
<UD > wlillAsmw, U7 F?
i€[m] jel
= lUT|? Z ngj”AijWWijU*WUWijf”z'
i€lm] jel
The upper bound is obvious. O
Theorem 2.3. Let K have closed range, (Wij, Aij, vij)jcricim) be a K-g-fusion woven
for H with the universal bounds A,B and U € B(H) so that R(U*) C R(K). Then

(UWij, Nijmw,; U*,Uij)jej’z‘e[m] 1s a K-g-fusion woven for H if and only if there exists a
0 > 0 such that for every f € H,

IU*FI = Sl £
Proof. Let f € K and (UWij;, Ajjmw,, U, vij) jeg,icim) be a K-g-fusion woven for K with
the lower bound C' and U € B(H) such that R(U*) C R(K). Thus, by Lemma 1.1, we get

CIUE fIP < D > vfilliAymw, U /|

i€[m] g€l

= Z ZU%HAi]’WWijU*sz
i€[m] jeJ

< B||lU"f|I*.

Therefore, ||U* f| > \/gHK*fH For the opposite implication, we can write for all f € H,
I fll = (& KU f|| < | KV KU ]
Hence, we have
AS| K2 FIP < ANKT2 0 £
< A|K*U*f|?
< Z Zv?jHAijTrWijU*f”Q

i€[m] g€l
= 3 ST Ay, Ut g 11
%] i3 "W UWZ'J'
i€[m] jel
< B|[U|||f11*.

So, (UWij, Aijmw,, U*, vij) jepicim) is a g-fusion woven for H with frame bounds A§? | KT 2
and BJ||U||%. O
Theorem 2.4. Let K have closed range, (Wj, Aj,vj)jey be a K-g-fusion frame for H
with bounds A, B and U € B(H) be a unitary operator. If ||Idy — U|?|K1||? < %, then
(Wi, Aj,vj)jer and (UW;, AU, v;) er are K-g-fusion woven for R(K).
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Proof. The upper bound is clear. Let o C J be a partition and f € R(K). So, by Lemma
1.1 and this fact ||f||> < ||KT||?| K*f||?, we can write

S o3 A, £+ D o3 |A U, £

jET jeoe
=R ngmw, £+ S oA, f — (Agmw, £+ A, U )|
j€o j€o*
>N 2N, 12— Y RN w, (Ide — U)f |
JjeJ jeo*

> Al fI? = Bl Idu = U|?|If1?

> A|IK*f||* = Bl[lda — U KT K £

= (A= Bl|[Idu — U|*| KY|*) 1K £
Thus, (W;, Aj,v})jes U (U W;, A;U,vj)jeqe is a K-g-fusion frame. O
Proposition 2.1. Let (Wij, Aij, vij)jericim) be a K-g-fusion woven for H with common
frame bounds A and B. Suppose that 0 < C' < \wj(»i)P <D < oo foranyi € [m]| and j € J,

then (Wij,W§i)Aij,Uij)j€J7i€[m] is a K-g-fusion woven for H with frame bounds AC and
BD.

Proof. For any partition {0;};c[m of J and f € H, we get
AC|K" I = min [ PAIKFIP < 37 37 oyl Ay, 71
i€[m] j€o;

< max o *BIf|* = BD| f|*

0

Proposition 2.2. Let 1 C J be arbitrary and (Wij, Aij, vij) jericim) be a K-g-fusion woven
for H. Then (Wij, Nij, vij)jericim) s a K-g-fusion woven.

Proof. Assume that o; C J, so 0;N C Tand A is the lower bound of (Wij, Aij, vij) jeqniicim]
then for every f € H we have

AN FIP< D0 >0 obldgmw, £12 < D0 D ol Agmw, £
i€[m] jea;Nl i€[m] jEoT;

This implies the statement. O

Next theorem is shows that even if one subspace is deleted, it dose not still remain a
K-g-fusion woven.

Theorem 2.5. Let K has closed range, 1 C J and (Wij, Aij, vij)jegicim) be a K-g-fusion
woven for H with the bounds A, B. If

Ci= Y > villagl? < AIKT)?,
i€[m] jel

then (Wij, Nij, vij) jenticim] 8 a K-g-fusion woven for R(K) with frame bounds A — C
and B.
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Proof. The upper bound is obvious. Suppose that {0;}ic[) CJ\ T and f € R(K), so we
get

Z S vblAgmw, f1P =0 Y ol A, fIIP - ZZ%HAMVVJH

m] jEo; i€[m] jeo; UL m] j€l
> AIKFIP = D0 viliagl ||f||2
i€[m] jel
> (A= CIKTIP)IEf)?

O

Corollary 2.1. Let K have closed range operator such that | K||* < || KT||2 and (Wi;Aij, Vij)jel,ielm]
be a tight K-g-fusion woven for H with the bound A. Assume that jo € J. Then the fol-
lowing conditions are equivalent.

(1) iemy V2l Ao v, I2 < AP
(1) (Wij, Nij, vig) jentjoiclm) @8 @ K-g-fusion woven for R(K).

Proof. (I) = (II) is clear by Theorem 2.5. For the opposite implication, suppose that
C, D are the frame bounds of (Wi, Aij, vij) jem jo},icjm]- For any 0 # f € H we have

CIK*fIP< Y, > oildymw, fI?

i€[m] jel\{jo}

= 3N R lAimw, F1P =D vk A, £

i€[m] jeJ i€[m]

= AIESI? = Y of I mw, fIIP.

1€[m)|

Hence,
2 2
2 HAijoﬂ-Wi' f” _9 2 HAijOWWi' f”
0<CS A= vyt — S A=K 3 of, s
i€[m) i€[m]
So, we conclude that ;¢ U%OHAZ‘]‘O?TW”O I? < A| K| O

Theorem 2.6. Let (Wij, Aij, vij) jegicim) be a K-g-fusion woven for H with the bounds
A,B. For eachi € m], j €l and a index set 1;;, Suppose that {fi(f)}keﬂij € N\ij(Wij5) is a
Parseval frame for H;; such that for every finite subset K;; C I;;, the set {fi(j:)}ke]:[ij\Kij s a
frame with the lower bound Cj. Let WZJ = span{AZ‘jfi(f)}keﬂij\Kij foranyi € [m] and j €
J, then (Wij, Nij, vij) jer icim) i @ K-g-fusion woven for H with the bounds (minie[m] C’ij)A

Jjel
and B.
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Proof. Obviously, B is the upper bound of (WN/Z-j, Aij, vij)jes,icim)- Assume that f € H and
{oiticpm) € J, s0

Z Z U%HAiﬂrWiijQ = Z Z vl Z |<Aij7TWijf’ fi(]?f)>|2

i€[m] jE€o; i€[m] j€o; kel

ZZU% Z |<Aij7r’VVijf’f’i(Jk)>|2

zE[m] j€o; k‘EHU\K”

— Z vaj Z |<Aij7TWijfafi<f)>‘2

iE[m]jGUi ]CG]LL‘J‘\]LZ‘J‘

S > sl Ay, £

icm] j€oi
(z-rélﬁf] Cii) D) vl Aijmw, £1I°
jel i€[m] jET;

2 (min Cy) AIK" £
1€|m

v

v

v

7€l
]

Theorem 2.7. Let (Wij;, Aij, vij)jey is a K-g-fusion frame for H for eachi € [m]. Suppose
that for a partition collection of disjoint finite sets {Ti}icim) of J and for any e > 0 there
exists a partition {oi}ticpn) of the set I\ U;epy T such that (Wij, Aij, vij) je(o10m) icim] has
a lower K-g-fusion frame bound less than €. Then (Wij,Aij,vij)jeMe[m} is not a woven.

Proof. We can write J = Ujendj, where J; are disjoint index sets. Assume that 71; =
) for all i € [m] and e = 1. Then, there exists a partition {1 }icm of J such that
(Wijy Nijs Vi) je (o1 Urin ) ic[m) has a lower bound (also, optimal lower bound) less than 1.
Thus, there is a f; € H such that

Yo D whlAymw, AP < K AP

zE[m] jE(O'“UTil)

Z ZU?jHAiJ'TrWijleQ < 00,

i€[m] jeJ
so, there is a k1 € N such that

Z Z U%"Aijwwijf1|’2 < ”K*f1||2>

Ze[m} j€ekKy

Since

where, Ki = Uj>g, +1J4;.
Continuing this way, for ¢ = % and a partition {Tnj}ie[m] of JyU---UJg,—1 such that
i = T i U (i 0 (1 U Ul 1)

for all i € [m], there exists a partition {oni}igim) of J\ (J1 U --- U Jg,—1) such that
(Wi, Nij, Vij) je(oniUmni) icim) has a lower bound less than % Therefore, there is a f, € H
and k,, € N such that k,, > k,,—1 and

1 *
Y D vhllAymw, fall? < ~IK A

i€[m] J€K,



V. SADRI, GH. RAHIMLOU, R. AHMADI: K-G-FUSION WOVEN IN HILBERT SPACES 955

where, K, = Uj>,+1Jj. Choose a partition {}icm of J, where ¢; 1= Ujen{7;i} =
Tn41)i U (G NI\ (J1U---UJp)). Assume that (Wij, Aij, vij) jeq, icim) 18 @ K-g-fusion frame
for H with the optimal lower bound A. Then, by the Archimedean Property, there exists
a r € N such that r > %. Now, there exists a f, € H such that

SO odllAgmw £ =D Y il Ay, £

i€[m] jEs 1€[M] JET(r+1)i

+ ) > v | Asjmw; £

i€lm] je;NI\(J1U--UTr)

Z Z Uij‘|Aij7TW¢jfT||2+

i€lm] jE(TriUori)

+ Z Z z'ZjHAijWWijfr”z

[m] j€Uk>r+1Jk
< *HK*fer + *HK*frH2
T T
< A|K* ],

and this is a contradiction with the lower bound of A. O

Corollary 2.2. Let (W;;, Ayj, Uij)jej,ie[m] be a K -g-fusion woven for H. Then there exists
a collection of disjoint finite subsets {7;}icim) of J and A >0 such that for each partition
{oi}icim) of the set J\Uie[m] i, some the family (Wij, Nij, vij) je(o;0m)icm) 18 @ K -g-fusion
frame for H with the lower frame bound A.

Theorem 2.8. Let (Wij, Aij, vij) ey be a K-g-fusion frame for H with bounds A; and B;
for each i € [m]. Suppose that there exists N > 0 such that for all i,k € [m] with i # k,
IcJand feH,

> l(wis Ay, = vk Argmwn, ) A2 < Nmin {57 o318 mw, £ S v | Akgmw, /112 }-
Jel Jel jel

Then the family (Wij, Nij, vij) jegicim) i woven with universal bounds

A

m-DN+r1 B

where A =73 c1,1 Ai and B :=} 0, Bi.
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Proof. Let {0i}ic[m) be a partition of J and f € H. Therefore,

Do ANKTAP< Y0 D villAgmw, £
)

i€[m i€[m] jEJ
- Z Z Z v?j||AiJ'7TWz‘jf||2
i€[m] k€[m] jEok
< > (X 2 AT, I
i€[m] j€o;
+ 30 Y {lvAimw, £ = oA, £ + of | A, £12) )
ke[m] jEok
k#i
< 3 (X B lhgmw, A2+ > D (N + 1o, Ak, £12)
i€[m] JjE€o; ke[m] jEok
ki
—{m =N+ 1) +13 3 (D oA, 7).
i€[m] JjEo;
Thus, we get
2 1 fi2 < Y2 (3 o3 lAymw, £I7) < BIAI?
(m_l)(N+1)+1 —'e[ } je ] 1] ij = .
e|m g4

Bemrose et al. in [1] proved sufficient conditions for weaving frames by means of per-
turbation and diagonal dominance. Deepshikha and Vashisht in [7, 8] were able to present
some results of perturbation on K-woven. We study a-Paley-Wiener type perturbation

for weaving K-g-fusion frames.

Theorem 2.9. Let (Wj, Aj,wj)jey and (Vj,04,vj)e5 be two K-g-fusion frames for H
with frame bounds A1, B1 and Ao, By, respectively. Suppose that there exist non-negative

scalers p and 0 < \ < % such that (% — AN)A1 > p and for each f € H,

> it jmw, =0 @m )£ < A flwgAjmw, f||* + K.
JjEJ Jjel

Then, (Wj, Aj, wj)jey and (Vj,0;,v;) e are K-g-fusion woven for H with universal frame

bounds (% —AN)A1 — p and By + Bs.
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Proof. The upper frame bound is clear. For the lower frame bound, assume that o C J
and we get ,by the arithmetic-quadratic mean, for any f € H

S w?Ajmw, £]F + Y 20wy, £

j€Eo j€Eoc
= > wlAgmw, £II* + 3 [fwiAsmw, f = (wihymw, — v;0;mv,) [
j€Eo j€oc
1
j€o j€o° jEo°
1 1
= 5 wa“AJWWJf‘|2 + 5 ZMJQHAJWWJfHQ — Z ||(ijj7er — ’Uj@jﬂ'vj)fHQ
JET j€o jeae
1
= S wlAgmw fIIP = 3 [[widsmw, — 005w
JjEJ jeoe©
1
Z 5 Sl Ay, FII° = A [fws Ay, £ = K £
Jjel Jj€el
1
> ((5 = N4 p) K%
This completes the proof. O
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