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SOME INEQUALITIES FOR THE GRAPH ENERGY OF DISTANCE
LAPLACIAN MATRIX

GULISTAN KAYA GOK!', §

ABSTRACT. In this paper, the distance laplacian energy for distance matrix is examined.
Some bounds for the laplacian eigenvalues of distance matrix are expanded including the
distances, the vertices and the edges. Indeed, different inequalities for the distance lapla-
cian energy are found out.
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1. INTRODUCTION

Let G be a connected graph with the set of vertices V(G) = {v1,ve,...,v,} and the set
of edges E(G), where |V(G)| = n and |E(G)| = m. If any vertices v; and v; are adjacent,
then we use the notation v; ~ v;. For v; € V (@), the degree of the vertex v; denoted by
d;, is the number of the vertices adjacent to v;. Let d;; be the distance between vertices
v; and vj.

The distance matrix is the core of theories in this paper. This matrix is a symmetric,
square, nonnegative matrix and it is described as a matrix of distances between each pair
of vertices. The investigation of the distance matrix started in the 1970s with Graham
and others. They examined a communication network problem with sequence of loops in
complete graph, tree and cycle.[4] In addition, the distance matrix was applied in various
fields of chemistry. For example, Wiener index was derived by the help of distance matrix.
[8] Also, the graph distance energy was formed by eigenvalues of the distance matrix.[7]

The distance matrix is represented by D.(G) = [d;;] in this paper. Let the eigenvalues
of De(G) be AP AD . AP The eigenvalues of this symmetric matrix are real and A\ >
AP > .. > AP By these inequalities, the distance energy of Ep = Ep(G) of a graph G is
defined as [3] Ep(G) =Y., |AP|.

The laplacian matrix L(G) is described with L(G) = D(G) — A(G) where A(G) is the
adjacency matrix and D(G) is the diagonal matrix of the vertex degrees. A(G) and L(G)
are all real symmetric matrices. Thus, their eigenvalues are real numbers. Define them
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first Ay > Ao > ... > Ay and pg > p2 > ... > pyp. The graph laplacian energy LE(G) is
2
described by LE = LE(G) = 3%, |ui — —=1. (See in [5].)
n
The distance laplacian energy depends on eigenvalues of distance laplacian matrix.
The distance laplacian matrix equals the difference between D = diag(dy,ds, ...,d,) and
Distance Matrix=D,. This matrix is defined as LM = D — D, in [1]. Let the distance
laplacian eigenvalues of D(G) be denoted by uf,u?.....uP. Since LM (G) is symmetric, its
eigenvalues are real numbers. Thus, uP > p2 > ... > uP. The distance laplacian energy

1
is defined in [9] as LEp = LEp(G) = Y1 | |uP — - > j=1 Dj|. Since > 7_; Dj is the sum

2
of the distances in the distance matrix, then it is specified by LEp(G) = Y1, |uP — —m]
n

in this paper. For complete graph K,,, LEp(K,) = 2n(n —1) in [9].

The narrative order of this study is as follows. Firstly, some lemmas are given for use
in main results. After, eigenvalues of LD(G) are examined and the important connections
are formed in terms of the distances and the eigenvalues. Also, some bounds for distance
laplacian energy are obtained using different relations. Then, interesting inequalities are
found for the complement of distance laplacian energy. In addition, two inequalities are
presented about laplacian distance energy of cartesian and inner product of two distance
laplacian matrices.

2. PRELIMINARIES

In order to achieve the desired inequalities, we use three existing results:

Lemma 2.1 (6). Let ¢ = (¢;) be a sequence, ¢ € R and a = (a;),b = (b;) € RT. Then,
S a > giaibi = qiai Y gibi.
=1 i=1 i=1 i=1

Lemma 2.2 (6). Ifa;,b; € RT, 1 <i<mn, then

znzblz +7“Rzn:a% S (T’—FR)zn:aibi
i=1 i=1 i=1

where ra; < b; < Ra;.

Lemma 2.3 (9). Let G be a connected graph of order n. Then

n

i) Z(ﬁi) =0,
=1
i)y (&)” =2(T + ma).
=1
2m 2m

— ,D _ )2 —
where €; = puy — = T =3 1<icjen(dij)” and o = —

3. MAIN SERULTS

Eigenvalues are important for the structure of a matrix. In this section, some relations
are given for eigenvalues of distance laplacian matrix. Also, different bounds for distance
laplacian energy are determined by the eigenvalues of distance laplacian matrix. Some
bounds are sharp. (See Theorem 3.2, 3.3. and 3.4)
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Theorem 3.1. Let G be a connected graph with the eigenvalues . Then,

uP < \/2(”;1)(T +ma) + a.

Proof. 1t is known that e; = — > ,(¢;). Using this result, it gets

n n
el <> el < V=1, (&)
=2 1=2

Thus,

n

(1) < (n =D _(&)* = (e1)?).

i=1

n

— T(e)? < Xi(e)*.
2 2

ma). Since ¢; = pP — —m, then pP = ¢ + il ¢ + a. Thus, uP = € + a. Here, u? is
n n

Also, it is stated that

—(a) <2AT+

the spectral radius (greatest eigenvalue) of G. Hence,

n—1
py < \/2( - T + ma) + a.
O
Theorem 3.2. Let G be a connected graph with n nodes and m edges. Then LEp(G) >
2n(T + ma).

1
Proof. Let q; = |€i|, a; = |€], by = —. Observing the Lemma 2.1, it gets

[=1
n n 1
ZMZ!Q‘HQ‘!* Z|€z\|€z|216z|*
=1 =1 €] i1
n
Q_lal)® = ZWZL
i=1 i=1 i=1

Thus, the above inequality requires LE%(G) > nY» &> = 2n(T + ma). Hence,
LEp(G) > \/2n(T + ma).
U

Theorem 3.3. Let G be a connected graph with the mazimum degree A. Then,

2(T 4+ ma) + nla(A — o)
A :

Proof. For a; = 1, b; = ||, r = |en], R = |e1] where the summation is performed over all
edges of graph G. Thus, the Lemma 2.2 becomes

Z\ez! Henllel\ZlQ (lea] + fenl) Zlez\

According to Lemma 2.3, the mequahty transforms into

LEp(G) >
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2(T + ma) + nlep|ler] < (1] + |en]) LED(G).
From the above, it hence
2(T + ma) + nlep||e1]
lex] + len]
Since, p; < A and p, > 0 then |e1| = |A — o] and |e,| = |a|. Hence,
2(T + ma) + nja(A — o)

LEp(G) >

LEp(G) >

A
]
Theorem 3.4. Let G be a connected graph and LEp(G) be the complement of LEp(G).
Then
LEp(G) + LEp(G) < \/2(n2—n) — (%(ng—n—Qm dij| Zdw dij]

Proof. By the Cauchy-Schwartz inequality, (LEp(G)+LEp(G))? < (LEp(G))*+(LEp(G))?%.
Hence,

(LED(G)+ LEp(@)? < Y (el + Y (Ial?
=1 =1
" 3 m " m m2
WD+ P - Ay e A Zuz y A a )
=1 =1

Since Y (&) = Yo uP —2m =0, then Y0, uP = 2m and Y, ui = 2m. This
means that,

4
(LEp(G) + LEp(G))? < Z (uP)? + (uP)?) - ﬁ(m2 +1m?).
n?—mn—2m
Knowing that 2(m +m) = (n? — n), it yields m = — Thus,
~ - - 4 n? —n—2m
(LED(@) + LED(@) < (P + (uP)) — glm® + (=202

i=1
In the sequel, it is outlined that Z?:l(u;p)Q =23(dij)? =23 dij—di;)? = 25°((X dij)?—
2di; 3" dij + (di)?)-
2 _ _
Also, d;; > 1 for i # j and there are (n2n) vertices. Therefore, > &, (uP)? =
(n? —n) —2d;;[2>° dij — d;j]. Then, the inequality is summarized in the following that

(LEp(G) + LEp(G))* < 2 (di) —n) = 2d;[2 " dij — dij]

4 2
S 2(77,2 — n) — Qdij [2 Zdij — dij] — m (n

—n —2m)?
4n?

Hence,

LEp(G)+ LEp(G) < \/2(n2 —n) — m—Q(nQ —n —2m)? — 2d;;[2 Z dij — dij.
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0

Theorem 3.5. Let G be a connected, (n,m) graph and LDy, LDy be two laplacian distance
matrices. Then,

LEp,x1.D,(G) < /AT +ma) +2LE;p,(G)LELp,(G).

(2

Proof. Let ,u-D ! and uf 2 be the laplacian eigenvalues of LD and LD>, respectively. Let

2 2
?1 _am €; and ufz o €, ,j = 1,2,...,n. By the survey of properties of
n n
LDy x LDy given in [2], we have
n
LELD,x1D,(G) = > lei+ ¢l
ij=1
n
= (D lei +¢)?
ij=1
n n n n
< Qo laD?+ Qg2 20 lal Y lejl)
i=1 j=1 =1 j=1
< \/4(T +ma)+ 2LELp, (G)LELp,(G).

0

Corollary 3.1. Let G be a connected, (n,m) graph and LD1, LDy be two laplacian dis-
tance matrices. Then,

LELp x1ps(K) < /AT + ma) + 8(n(n — 1))2.

Proof. Since LEp(K) = 2n(n — 1), then the corollary is clear by the Theorem 3.5.
U

Theorem 3.6. Let G be a connected, (n,m) graph and LDy, LDy be two laplacian distance
matrices. Then,

LELDp,oLD,(G) < 2(T + ma).
Proof. By the result of properties of D1 ® Dy given in [2], the inequality becomes

n
LELD,oLp,(G) = Y |eic]
ij=1

IN

Q_lah2()_ legl)?
i=1 j=1
VvV (2(T + ma))?.

IN

Thus, the proof is completed with
LELp,oLD,(G) < 2(T + ma).
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4. CONCLUSION

The distance matrix is the focus of theorems in this paper. Distance laplacian matrix
is obtained by distance matrix. Some relations are improved for eigenvalues of distance
laplacian matrix. Considering that the energy is a point of application of eigenvalues
and its importance in molecular graph theory, the energy of distance laplacian matrix
is studied. Some inequalities for this energy are achieved. These inequalities aim to
contribute greatly to molecular graph theory.
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