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TOTAL ROMAN DOMINATION NUMBER OF GRAPHS

D. K. THAKKAR!, S. M. BADIYANT!, §

ABSTRACT. In this paper a characterization of minimal total roman dominating func-
tions has been proved. It has also been proved that if v is a pendant vertex and its
neighbor u is not a pendant vertex then f(v) = 0 or 1 for any minimal total roman dom-
inating function f. The operation of vertex removal has been considered. A necessary
and sufficient condition under which the total roman domination number increases (un-
der this operation) has been proved. Similarly a necessary and sufficient condition has
been proved under which the total roman domination number decreases. Some examples
has been given with miscellaneous results. We characterize those graphs for which the
total roman domination number is equal to the number of vertices of the graph.
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man Dominating Function.
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1. INTRODUCTION

Total domination in graphs is one of most prominent topic of domination theory which
was studied by Cockayne E. J., Hedetniemi S.T. and Dawes R. M. in [4]. A previous
survey on total domination in graphs can also be found in [9]. Recently, another concept of
domination theory called roman domination have made a rapid progress and was studied
by several authors [6,7,10,11,12]. In the year 2004, Cockayne E. J., Dreyer P. A., Jr.
Hedetniemi, S. M. and Hedetniemi, S. T. in [5] studied the graph theoretic properties
of this variant of domination number of a graph. By combining these two concepts, a
stronger concept called total roman domination was introduced and studied by [1] in 2016
and later on Amjai J., Sheikholeslami S. M., et.al. proved several results on bounds for
total roman domination number and total roman domination number of trees in [2,3]. A
literature on the domination theory in graphs has been surveyed and detailed in [8].

We consider the concept of total roman domination and prove several results related to
this concepts. First, we characterize a minimal total roman dominating function. Further,
we consider the effect of removing a vertex on the total roman domination number of the
graph. In particular, we prove a necessary and sufficient condition under which total
roman domination number increases when this operation is performed. Similarly, we
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prove a necessary and sufficient condition under which the total roman domination number
decreases when this operation is performed. We prove that the total roman domination
number of a graph G is n (n = |V(G]) if and only if the maximum degree of the graph
does not exceed 2.

2. PRELIMINARIES AND NOTATIONS

In this paper we consider only those graphs which are simple, undirected, finite and
without isolated vertices. If G is a graph, V(G) will denote the vertex set of graph G and
E(G) will denote the edge set of graph G. For a graph G the minimum and maximum
degree of the vertices are denoted by 0(G) and A(G) respectively. If v is a vertex of G
then N(v) denotes the set of vertices adjacent to v and N[v] = N(v) | J{v}. If S is a set
then |S| will denote the cardinality of the set S.

Suppose f : V(G) = R and g : V(G) — R are two functions then f < g if f(v) <
g(v);Yv € V(G). Also f < g if f < g and for some vertex w, f(w) < g(w). A function
f:V(G) — R is said to be a minimal function with respect to some property P if (i) f
has property P (ii) there is no function g such that ¢ < f and g has property P. If G is
a graph and v € V(G) then G — v will denote the subgraph obtained by removing the
vertex v from G. The total roman domination number of the graph G is denoted asyir(G),
whereas the domination number of the graph G is denoted as v(G).

If f:V(G)— {0,1,2} is a function then we write,

Va(f) ={v e V(G)/f(v) = 2}

Vi(f) ={veV(G)/f(v) =1}

Vo(f) = {v e V(G)/f(v) =0}
Obviously the above sets are mutually disjoint and their union is the vertex set V(G).
The weight of this function f = Z(UGV(G)) f(v) . This number is denoted as w(f).

Definition 2.1[6]: A function f : V(G) — {0, 1,2} is called a "roman dominating func-
tion” if every vertex u for which f(u) = 0 is adjacent to at least one vertex v for which
f(v) = 2. The weight of a minimum roman dominating function is called the ”roman
domination number” of G which is denoted by yr(G).

Definition 2.2[1]: A roman dominating function f : V(G) — {0, 1,2} is called a “total
roman dominating function” if Vi(f)|JVa(f) has no isolated vertices.

Definition 2.3[1]: A total roman dominating function with minimum weight is called a
“minimum total roman dominating function” and its weight is called “total roman domi-
nation number” of a graph and it is denoted byyr(G).

Definition 2.4[1]: A function f : V(G) — {0,1,2} is called a “minimal total roman
dominating function” if:

(i)f is a total roman dominating function.

(ii))Whenever g : V(G) — {0,1,2} and g < f then g is not a total roman dominating
function.

Definition 2.5[7]: Let G be a graph, S C V(G) and v € S. The External Private
Neighborhood of v with respect to S is the set,

expn[v, S] ={u € V(G) — S/N[u](S = {v}}
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3. MINIMAL ToTAL ROMAN DOMINATING FUNCTIONS

Proposition 3.1. Let G be a graph and v € V(G) be a pendant vertex and suppose its
neighbor u is not a pendant vertex then f(v) =1 or f(v) =0 if f is a minimal total roman
dominating function.

Proof. If f(v) =2 then f(u) =1 or f(u) = 2.
Now define g : V(G) — {0, 1,2} as follows:

g(v) =1 and g(w) = f(w);Vw #v

Then g is a total roman dominating function with g < f which contradicts the minimality
of f. Therefore f(v) =1 or f(v) =0. O

Remark 3.2. Let G be a graph and f : V(G) — {0,1,2} is a minimal total roman
dominating function. Suppose v € V(G) is a pendant vertex and its neighbor u is also a
pendant vertex then f(v) =1 and f(u) = 1. O

Now we characterize the minimal total roman dominating function.

Theorem 3.3. Let G be a graph and f : V(G) — {0,1,2} is a total roman dominating
function then f is minimal if and only if the following conditions are satisfied:

i) If f(v) =1 then one of the following holds:
a) N(v)\Valf) = 6.
b) there is a vertex u in Vi(f)|JVa(f) such that u is adjacent to only one
vertex in Vi(f) U Va(f) namely v.
ii) If f(v) =2 then one of the following holds:
a) there is a vertex z such that f(z) =0 and z € expnlv; Va(f)].
b) There is a vertex x such that f(x) =1 or 2 and x is adjacent to only one
vertex in Vi(f) U Va(f) namely v.

c) N(v)(Va(f) = ¢

Proof. Suppose f is a minimal total roman dominating function on G.
i) Suppose f(v) = 1. Define g : V(G) — {0, 1,2} as follows:

g9(v) =0 and g(w) = f(w); Vw #v

Then g cannot be a total roman dominating function as g < f.Then one of the following
two possibilities holds.

a) There is a vertex z such that g(z) = 0 and z is not adjacent to any vertex x for which
g(z) = 2 then z = v and v is not adjacent to any vertex for which f(x) = 2. Therefore
N()UVa(f) = ¢.

b) Vi(g) U Va(g) has an isolated vertex. If x € Vi(g) then g(x) = 1 implies f(x) =1 and
therefore z is adjacent to some vertex y for which f(y) = 1 or 2. Also note that v ¢
Vi(g) U Va(g). Let u be an isolated vertex in Vi(g) J Va(g) then g(u) = 1 or 2. Therefore
f(u) =1 or 2 then w € Vi(f)JVa(f). Therefore there is a vertex w in Vi(f)J Va(f)
which is adjacent to u. Now f(w) =1 or 2. Since u is isolated in Vi(g) | V2(g), v ¢ Vi(g)
and v € Vi(f), we have w = v. Therefore u is adjacent to only one vertex in V1 (f) U Va(f)
namely v.

ii) Suppose f(v) = 2. Define g : V(G) — {0, 1,2} as follows:

g(v) =1 and g(w) = f(w); Vw # v
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Then ¢ cannot be a total roman dominating function. Also note that Vi(g)J Va(g) does
not have any isolated vertex. Therefore there is a vertex z such that g(z) = 0 and z is
not adjacent to any vertex x for which g(z) = 2. However f(z) = 0 and z is adjacent to
some vertex u for which f(u) = 2. Therefore v = v and z is adjacent to only one vertex
of Va(f) namely v. Therefore z € expnlv; Va(f)].

Suppose f(v) = 2. Define g : V(G) — {0, 1,2} as follows:

g9(v) =0 and g(w) = f(w); Yw # v

Then g cannot be a total roman dominating function. Then one of the following two
possibilities holds.

a) Vi(g) U Va(g) has an isolated vertex. Suppose x is an isolated vertex of Vi(g)J Va(g).
Then g(z) = f(z) = 1 or g(z) = f(x) = 2. Now zx is adjacent to some vertex y of
Vi(f)UVa(f). Also z is not adjacent to any vertex of Vi (g)|J Va(g). Therefore z is adja-
cent to only one vertex Vi(f)J Va(f) namely v.

b) There is a vertex x such that g(x) = 0 and z is not adjacent to any vertex of Va(g).
If # # v then g(r) = f(z) and =z is adjacent to some vertex y of Va(f). Since z is not
adjacent to any vertex of V5(g) we have y = v. Therefore z is adjacent to only one vertex
of Va(f) namely v. Therefore x € expnlv; Vao(f)].

c¢) If z = v then g(v) = 0 and v is not adjacent to any vertex of V(g). Therefore v is not
adjacent to any vertex of Va(f).

Thus N () Va(f) = o.

Conversely suppose f is a total roman dominating function which satisfies the given con-
ditions. Let g : V(G) — {0,1,2} be a function such that g < f then for some v € V(g)
we have g(v) < f(v).

Case-i):- Suppose f(v) =1 then g(v) = 0.

Suppose N(v)(Va(f) = ¢. Since g < f,N(v)(\Va(g) = ¢. Therefore g cannot be a
roman dominating function and hence g cannot be a total roman dominating function.
Now suppose there is a vertex u in V1 (f)J Va(f) such that u is adjacent to only one ver-
tex in Vi(f) U Va(f) namely v. Note that Vi(g)JVa(g) is a subset of Vi(f)JVa(f) and
v ¢ Vi(g) U Va(g) therefore u is not adjacent to any vertex of Vi(g)|J Va(g). Therefore g
is not a total roman dominating function.

Case-ii):- a) Suppose f(v) =2 and g(v) = 1.

Now Vi(g) U Va(g) does not have any isolated vertex and also there is a vertex z such that
f(z) = 0 and z € expn[v; Va(f)] then g(z) = 0 and z is not adjacent to any vertex of
Va(g) because Va(g) is a subset of Vao(f) and v ¢ Va(g). Therefore g cannot be a roman
dominating function and hence g cannot be a total roman dominating function.

b) Suppose f(v) =2 and g(v) = 0.

Suppose there is a vertex z in Vi(f) J Va(f) such that z is adjacent to only one vertex in
Vi(f) U Va(f) namely v. Consider the set V1(g) | Va(g) which is a subset of Vi(f)J Va(f)
and v ¢ Vi(g)|JVa(g). Since f(z) =1 or 2, g(x) = 1 or 2 and therefore x € V1(g) J Va(9)
and z is not adjacent to any vertex of Vi(g)|JVa2(g). Thus g is not a total roman domi-
nating function.

Now suppose N (V') (| Va(f) = ¢. Therefore N(v) () Va(g) = ¢. Thus v is not adjacent to
any vertex of V2(g) and since g(v) = 0, g cannot be a roman dominating function and
therefore g cannot be a total roman dominating function.

Now suppose there is a vertex z such that f(z) = 0 and z € expn[v; Va(f)] then g(z) = 0.
Note that v ¢ Va(g). Since z € expn|v; Va(f)] and Va(g) is a subset of Va(f), z is not
adjacent to any vertex of Va(g). Therefore g cannot be a roman dominating function and
hence g cannot be a total roman dominating function.
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From all the above cases it follows that if ¢ < f then g cannot be a total roman dominating
function and therefore f is a minimal total roman dominating function. 0

Example 3.4. Let G be a graph with |V (G)| = n and v be a vertex such that degree(v) =
A(G) > 2. Define f:V(G) — {0,1,2} as follows:

fv) =2

f(u) = 1; for some neighbor u of v.

f(w) = 0; for every other neighbor w of v.

f(x) = 1; for all other vertices.

Then f is a minimal total roman dominating function on G.

Also w(f) = n — A(G) + 2. Thus we have a minimal total roman dominating function
with w(f) =n— A(G) + 2.

Similarly if 6(G) > 2 then there is a minimal total roman dominating function f with
w(f)=n—0(G)+2.

In particular if G is a k-regular graph (for k > 2) then there is a total roman dominating
function f with w(f) =n—k+ 2. O

4. MINIMUM TOTAL ROMAN DOMINATING FUNCTIONS
We begin with the following proposition.
Proposition 4.1. Let G be a graph. If vwr(G) = n then A(G) < 2.
Proof. From the above example 3.4 it follows that,
n = ur(G) <n — AG) +2
Which implies A(G) < 2. O
Proposition 4.2. Let G be a path graph P, with n vertices (for n > 2) then vr(G) = n.

Proof. Suppose 1r(G) < n.

a) First suppose that v,z(G) =n—1. Let f : V(G) — {0,1,2} be a minimum total roman
dominating function on G with w(f) =mn — 1. Since 14r(G) = n—1 < n, there is a vertex
v and a vertex vy adjacent to vy such that f(v;) = 0 and f(v2) = 2. Now consider the
vertices different from v; and ve which are total n — 2 vertices and the total weight of
these vertices is n — 3. Therefore again there is a vertex vg and a vertex vy adjacnet to vs
such that f(v3) =0 and f(v4) = 2. By continuing in this way we will either consider all
the vertices if n is even or n — 1 vertices if n is odd.

Case-1: Suppose n is even then n = 2j and there are j vertices where the value of the
function is 0 and j vertices where the value of the function is 2. Therefore w(f) = 2j = n.
This contradicts our assumption that w(f) = vr(G) =n — 1.

Case-2: Suppose n is odd. In this case we will obtain n — 1 vertices such that the value

-1
of the function at each of (nT) is 0 and the value of the function at each of the other

(

1
that f(z) = 0 (as w(f) = 1r(G) = n — 1). Therefore there are total (%) vertices

where the value of the function is 0.

n—1

) is 2. Therefore there is a vertex x different from all the above n — 1 vertices such

—1
Let S ={v € V(G)/f(v) = 2} then |S] = (n 5 ). Since f is a total roman dominating
function Vi(f) U Va(f) = Va(f) = S is a total dominating set of G and |S| = n ; ! < %;

n
this is a contradiction because v (G) > 5 for a path graph G with n vertices.
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Therefore in both the cases we get the contradiction so there is no minimum total roman
dominating function f whose weight is n— 1 and hence there is no total roman dominating
function whose weight is n — 1.
b) Suppose that 14r(G) = n —2. Let f: V(G) — {0,1,2} be a minimum total roman
dominating function with w(f) =n — 2. Let & be any vertex such that f(z) = 0. Define
g:V(G)—{0,1,2} as follows:

g(x) =1and g(y) = f(y); Yy #z

Then g is a total roman dominating function and w(g) = n — 1; which contradicts the
above conclusion that there cannot be such a function with weight n — 1. Therefore there
is no minimum function f whose weight is n — 2.

¢) Similarly we can prove that there is no minimum function h : V(G) — {0, 1,2} whose
weight is less than n.

Thus :r(G) < n is not possible.

Now consider the function h : V(G) — {0,1,2} as follows:

h(v) =1; Yv € V(G)

Then h is a total roman dominating function with w(h) = n. Therefore h is a minimum
total roman dominating function and hence vz(G) = n. O

Proposition 4.3. Let n > 3 then vr(Cp) < vr(Py).

Proof. Let f be a minimum total roman dominating function on P, then f is also total
roman dominating function on C),.
Therefore vz (Cr) < w(f) = nr(Pn). O

Proposition 4.4. Let n > 3 then vr(Cp) = vr(Py).

Proof. Let f be a minimum total roman dominating function for C),.

Consider V(C),) = {v1, v2, v3, ...... , Un } where v; is adjacent to v;41 foreveryi =1,2,3,....,n—
1 and v, is adjacent to vy.

Case-1: Suppose f(v;)) = Lifor i = 1,2,3,...... ,n. Now consider the same function
f: V(P,) — {0,1,2} where V(P,) = {v1,v2,v3,.....,u,} where v; is adjacent to v;;1
fort=1,2,3,.....,n— 1. Obviously f is a total roman dominating function on P,,. There-
fore 'YtR(Pn) < w(f) = 'VtR(Cn)'

Case-2: For every function f : V(C,) — {0,1,2}, f(z) # 1 for some =z € V(C,). Let
¢ be a minimum total roman dominating function on C), then, g(v) = 0 for some vertex
v € V(Cyp) and g(u) = 2 for some neighbor u of v. Without loss of generality we may
assume that g(v1) = 0 and g(v,) = 2. Note that g(v(,_1)) # 0 as v, will be isolated vertex
in V1(g) JVa(g). Now define ¢’ : V(C,) — {0, 1,2} as follows:

g'(v1) = 1,9'(va) = 1 and g'(w) = g(w); Vw # {v1,vn}

Then ¢’ is a total roman dominating function with w(g’) = w(g). Therefore ¢’ is a mini-
mum function on C,,.

Now consider the same function ¢’ : V(P,) — {0,1,2}. Then ¢’ is a total roman dominat-
ing function on P,. Therefore yr(FP,) < w(f) = vr(Ch).

Thus from both the cases and from the above proposition 4.3 it follows that v r(P,) =
’YtR(C’n>- 0

Proposition 4.5. For n > 3 then yr(Cy) = n.

Proof. From the above proposition 4.2 and proposition 4.4 it follows that yr(C,) =
Yr(Py) = n. O
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Remark 4.6. Let G be a graph with A(G) < 2 then G is a path or a cycle or disjoint
union of paths or disjoint union of cycles or disjoint union of both paths and cycles.
O

Proposition 4.7. Let G be a graph with A(G) < 2 then vr(G) = n where n = |V (G)|.

Proof. We may note that if G is a disjoint union of graphs Hi, Ho, Hs, ...., H; then a
function f : V(G) — {0, 1,2} is a minimum total roman dominating function if and only if
its restrictions f; are minimum total roman dominating functions on H; respectively (for
i=1,2,...., k). Since A(G) < 2, G is either a path or a cycle or disjoint union of paths or
disjoint union of cycles or disjoint union of both paths and cycles. If G is a cycle or a path
then by proposition 4.5 and propostion 4.2 v;z(G) = n. Suppose G is a disjoint union of
graphs Hy, Ho, Hs, ...., Hy, where each H; is a cycle or path (for & > 2). Suppose f; is a
minimum function for H; (for i = 1,2,3,...., k). Define f: V(G) — {0, 1,2} as follows:

f(x) = fi(x); Vo € V(H;)

Then f is a minimum total roman dominating function on G.

Also 3r(G) = w(f) = ey w(fi) = ey [V (H)| = [V (G)| = n.
Thus the result is proved. ]

Example 4.8. Consider the Wheel graph W with siz vertices {vg, v1, va, v3, 4, v5}. Define
f:V(G) —{0,1,2} as follows:
flwo) =2, f(v1) =1 and f(v;)) =0 Vi =2,3,4,5.

(2
o‘°§e
et

Then f is a minimum total roman dominating function and w(f) = 3. Therefore vir(Wg) =
3<6=|V(Wg)|. Thus the assumption that A < 2 cannot be dropped in proposition 4.7 .
[l

By combining the proposition 4.1 to proposition 4.7 we have proved the following the-
orem.

Theorem 4.9. Let G be a graph without isolated vertices then vr(G) = n if and only if
A(G) <2. O
5. VERTEX REMOVAL AND TOTAL ROMAN DOMINATION NUMBER

Now we state and prove a necessary and sufficient condition under which the total
roman domination number increases when a vertex is removed from the graph.

Theorem 5.1. Let G be a graph and v € V(G) be such that G — v does not have isolated
vertices then vir(G —v) > vr(G) if and only if the following conditions are satisfied:
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i f(v) =2 for every minimum total roman dominating function f on G.
ii There is no function g defined on V(G — v) such that Va(g) is a subset of V(G) —
Nv], w(g) < %r(G) and g is a total roman dominating function on G — v.

Proof. Suppose vir(G — v) > vr(G).

i) Suppose f(v) = 0. Consider the restriction h of f on G — v.

It is obvious that h is a total roman dominating function on G — v. Then v r(G — v) <
w(h) = w(f) = nr(G). ie. wr(G —v) < %r(G). Which is a contradiction. Therefore
f(v) =0 is not possible.

Now suppose f(v) = 1. There is a neighbor u of v such that f(u) = 1 or 2. Now consider
the restriction h of f on G — v. It is obvious that & is a total roman dominating function
on G —v and yr(G —v) < w(h) < w(f) = nr(G). i.er(G —v) < vr(G). Which is a
contradiction. Therefore f(v) = 1 is also not possible.

Thus f(v) = 2 for every minimum total roman dominating function f on G.

i1) Suppose there is a total roman dominating function g on G—v such that w(g) < vr(G),
Va(g) is a subset of V(G)— N [v] then v1r(G—v) < w(g) < wr(G). i.e.r(G—v) < %r(G).
Which is again a contradiction. Therefore such a function g does not exists.

Conversely suppose conditions i) and i) are satisfied.

First suppose that yr(G — v) = %gr(G). Let g be a minimum total roman dominating
function on G — v then w(g) = 1r(G —v) = 7r(G). Suppose v is adjacent to some vertex
w such that g(w) = 2.

Now define f : V(G) — {0, 1,2} as follows:

f(v) =0and f(z) = g(z);Va # v

Then obviously f is a total roman dominating function on G.

Also w(f) = w(g9) = wr(G —v) = %r(G). Therefore f is a minimum total roman
dominating function on G with f(v) = 0 which contradicts condition 7). Then v cannot be
adjacent to any vertex w for which g(w) = 2. Therefore Va(g) is a subset of V(G) — N[v]
and also w(g) < vr(G) and g is a total roman dominating function on G — v which again
contradicts condition ¢i). Therefore v;r(G — v) = vr(G) is not possible.

Suppose Vir(G —v) < 1r(G).

Let g be a minimum total roman dominating function on G — v. Suppose v is adjacent to
some vertex w for which g(w) = 2.

Now define f: V(G) — {0, 1,2} as follows:

f(v) =0 and f(z) = g(x):Vx £ v

Then f is a total roman dominating function on G and w(f) = w(g) = wr(G —v) <
r(G). i.e. w(f) < yr(G). Which is a contradiction.

Therefore v cannot be adjacent to any vertex w for which g(w) = 2. Thus V5(g) is a subset
of V(G) — N[v], w(g9) < %r(G) and ¢ is a total roman dominating function on G — v,
which contradicts condition ii). Therefore 1:r(G — v) < vr(G) is also not possible.
Therefore it must be true that yzr(G — v) > %r(G). O

Example 5.2. Consider the Graph G with five vertices {vg,v1,v2,vs3,v4}. Define f :
V(G) — {0,1,2} as follows:
flvo) =2 and f(v;) = 0;fori=1,2,3,4

Then f is a minimum total roman dominating function of G and yr(G) = 2. Now
consider the subgraph G — vy. Define g : V(G — vg) — {0, 1,2} as follows:

g(v1) =2 = g(v2) and g(vs) =0 = g(v4)
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FIGURE 2. GG

Then g is a minimum total roman dominating function of G — vy and the total roman
domination number of G — vy is 4 r(G — vy) = 4.
Thus r(G —vo) > 1r(G). O

Corollary 5.3. Let G be a graph and v € V(G) be a pendant vertex whose neighbor u is
not a pendant vertex then vir(G —v) < 1r(G).

Proof. From proposition 3.1 f(v) = 0 or 1 for every minimal total roman dominating
function f on G. Therefore by condition ) of the theorem 5.1 yzr(G —v) > %r(G) is not
possible. Thus (G —v) < %r(G). O

Corollary 5.4. Let G be a graph and v € V(G) is a pendant vertex whose neighbor u
is not a pendant vertex. If there is a minimum total roman dominating function f on G
such that f(v) =1 then 1r(G —v) < wr(G).

Proof. Since f(v) =1 and Vi(f) | Va(f) does not have isolated vertices we have f(u) =1
or 2. Now consider the restriction g of f on G — v. Then g is a total roman dominating
function on G — v.

Also w(g) < w(f) = mr(G). Therefore vr(G —v) < w(g) < w(f) = nr(G). ie.
1r(G —v) < 1r(G). O

Corollary 5.5. Let G be a graph and v € V(G) is a pendant verter and suppose its
neighbor u has degree 2. If there is a minimum total roman dominating function f on G
such that f(v) =0 then r(G —v) < %r(G).

Proof. Since f(v) =0, f(u) = 2. Let w be the neighbor of u such that w # v and f(w) =1
or 2. Now define g : V(G —v) — {0, 1,2} as follows:

g9(u) =1 and g(x) = f(z); Ve # u
Then g is a total roman dominating function on G — v.
Also %r(G —v) < w(g) <w(f) =nr(G). Le. nr(G —v) < 1r(G). O

Now we state and prove a necessary and sufficient condition under which the total
roman domination number decreases when a vertex is removed from the graph.

Theorem 5.6. Let G be a graph and v € V(G) be such that G — v does not have isolated
vertices then vy r(G—v) < vr(G) if and only if there is a minimum total roman dominating
function f: V(G) — {0,1,2} such that f satisfies the following condition:

f(v) =1 and for every neighbor u for which f(u) = 1 there is a vertex w adjacent to u
such that w # v and f(w) =1 or 2.

Proof. Suppose 1:r(G —v) < %r(G). Consider g : V(G) — {0, 1,2} be a minimum total
roman dominating function on G — v.
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Case-1: There is a neighbor u of v such that g(u) = 1 then for such vertex u there is a
neighbor w,g(w) = 1 or 2. Now define f : V(G) — {0, 1,2} as follows:

f(v) =Tand f(z) = g(x); Vo # v

Then f is a minimum total roman dominating function on G such that f(v) =1 and if v
is a neighbor of v such that f(u) = 1 then g(u) = 1 and therefore there is a neighbor w of
u such that g(w) = f(w) =1 or 2.

Case-2: Suppose for every neighbor u of v,g(u) = 0. Select any neighbor u of v. Define
f:V(G) — {0,1,2} as follows:

f) =1, f(u) =1, f(x) = g(2); V& # {u, v}

Then f is a minimum total roman dominating function on G. Since g(u) = 0 there is a
vertex w of G — v such that g(w) = f(w) = 2. Thus the condition is satisfied by f.
Conversely suppose the condition is satisfied. Define g : V(G —v) — {0, 1,2} as follows:

g(x) = f(x); Vo € V(G —v)

Then g is a function such that w(g) < w(f). Let 2 be any vertex for which g(x) = 0 then
f(x) = 0. Since f is a total roman dominating function there is a vertex z adjacent to x
for which g(z) = f(z) = 2. Therefore g is a total roman dominating function on G — v.

Thus yr(G —v) <w(g) <w(f) = nr(G). Le. wr(G —v) < r(G). 0

Remark 5.7. i) Consider cycle C,, with n — vertices. The total roman domination number
of Cp is equal ton. Let v be a vertex of Cp,. Now Cp_y is the path graph P, _1y and its total
roman domination number is n — 1. Thus for any vertex v of Cyn, Yr(Cn—v) < 1r(Ch).
i1) Consider a path graph P, with end vertices v and u.

a) If there is a minimum total roman dominating function f such that f(v) = 1 then
YR (Prn—v) < ver(Pp) by corollary 5.4.

b) If for every minimum total roman dominating function f,f(v) = 0 then also vir(Pn—y) <
Yr(Py) by corollary 5.5. O
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