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BOUNDARY VALUE PROBLEM SOLVING FOR SEMILINEAR
FRACTIONAL DIFFERENTIAL EQUATIONS WITH NONLOCAL AND
INTEGRAL BOUNDARY CONDITIONS
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ABSTRACT. In this paper, we will study a boundary value problem for semilinear fractional
differential equations of order ¢ € (1,2] with nonlocal and integral boundary conditions. Some
existence and uniqueness results with illustrative examples will be presented by applying some
fixed point theorems.
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1. INTRODUCTION

Fractional derivatives have an excellent tool for describing memory and hereditary properties
of various materials and processes. these characteristics of fractional derivatives make fractional
order models more realistic and pratical than the standar integer models. Recently, boundary
value problems for nonlinear fractional differential equations have been studied by several au-
thors. In fact, fractional differential equations arise in many scientific disciplines such as, Biology,
Chemistry, Physics, Economics, Control theory, Signal processing, etc, [14, 19, 20]. For more de-
tails of developments on the subject, one can see for example [2, 3, 5, 6, 7, 8, 9, 10, 16, 17, 21, 22]
and the references therein..

Fractional differential equations with integral boundary conditions constitue a very interesting
and important class of problems. Integral boundary conditions have various applications in
applied fields such as blood flow problems, chemical engineering, thermoelasticity, underground
water flow, population dynamics, cellular systems etc. see [1, 13]. For a detailed description
of the integral boundary conditions, we refer the reader to the papers [4, 6, 10] and references
cited therein.

In the present paper, we consider a boundary value problem for semilinear fractional differ-
ential equations of order ¢ € (1, 2] with nonlocal and integral boundary conditions given by:
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(( “Dix(t) = f(t,z(t), 1<q<2, teJ=]0,1],

3
z(0) = g(z) + a/ z(s)ds, 0<¢&<1, (1)

0
z(1) =h(z)+ nx(s)ds, 0<n<l
0

where ©D? denotes the Caputo fractional derivative of order ¢, f : J x R — R is a given
continuous function, g, h : [0,1] — R are two continuous functions satisfying some hypotheses
that will be specified later.

Nonlocal conditions were initiated by Bitsadze [12]. Byszewski to notice that the nonlocal
condition may be more useful than the standard initial condition to describe some physical
phenomenas. For example, g(z) and h(z) can be given in the form Y ?_; cjz(t;), ou (¢; =
1,2,...,p) are given constants and 0 < t; < t2 < ... < T. As examples for recent papers on
nonlocal fractional boundary value problems the interested reader is referred to [8, 10, 11, 23]
and the references therein.

The first aim of this paper is to study the existence and uniqueness result for the problem (1),
where we apply the Banach contraction principle. For the second result, we use Krasnoselskii’s
fixed point theorem to establish the existence of the solution to the boundary value problem (1),
finally, the last result is based on a lemma of D. O’Regan.

2. PRELIMINARY NOTIONS OF FRACTIONAL CALCULUS

Firstly, before starting our work, we need some basic definitions and lemmas of fractional
calculus that we can find in [14, 19, 20].

Definition 2.1. [19, 20] If g € C((a,b);R) and q € R4, then the fractional integral of order q
1s defined by:

1g(1) = F(lq) /O (t — )7 g(s)ds,

where I' denotes the Gamma function.

Definition 2.2. [19, 20] For a continuous function g : [0,4+00) — R, the Caputo derivative of
fractional order q is defined as

1 t
F(n—q)/o (t—s)"" 1 gM(s)ds, n—1<qg<n, n=][q+1,

where [q] is the integer part of the real number q.

“Dig(t) =

Lemma 2.1. [14] For g > 0, the homogenous fractional differential equation
CDig(t) = 0, has a solution

g(t) =co+ it + cot? 4 oo+ o t™
where ¢; € R, (i=0,1,...,n-1) and n = [¢] + 1.
Lemma 2.2. [14] Let g € C(]0,1],R) such that Dig € C([0,1],R). Then
I9°Dag(t) = g(t) — o — 1t — eat? — ... — cp1t" L,
for some ¢; € R, (i1=0,1,...,n-1) and n = [q] + 1.
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Lemma 2.3. [14] Let p,q > 0 and g € L'([0,1],R). Then,
IPI%(t) = IPTg(t) = 1717 g(t),

and
“DrIPg(t) = g(t),  Vtelo,1].

Lemma 2.4. [14] Let ¢ > p > 0 and g € L*([0,1],R). Then for all t € [0, 1], we have
CDPIg(t) = I77Pg(t).
LY([0,1],R) is the Banach space of Lebesgue integrable functions from [0, 1] into R.
3. MAIN RESULTS

In the context of studying our existence and uniqueness results, we need the following auxiliary
lemma.

Lemma 3.1. Let 0 : [0,1] — R be a given continuous function. The solution x(t) of the
boundary value problem:

“Diz(t)=o0(t), 1<q<2, teJ=]0,1],

3
z(0) = g(z) + a/ z(s)ds, 0<E<1, (2)

0
z(1) =h(x)+ 8 77x(s)ds, 0<n<l
0

s given by
ot) = ng) /0 (t — )9 o (s)ds
a [2-38n2 3 s
- T@ 22577 + (1 - Bﬁ)t] /0 (/0 (s — m)qla(m)dm> ds
[ 2 s
+7Fﬂ(q) 7'5 +(1- a&)t} /077 (/0 (s — m)q‘la(m)dm) ds (3)
C €2 1
_’YI}@) 75 + (1 - ozf)t} /0 (1—s)7" o (s)ds
42 ag?
_fly 2 2577 +(1- ﬁn)t] g(x) + ,1)/ [25 +(1- af)t] h(z),
where
v = %[(1 — af)(2 = Bn*) + a*(1 = Bn)] #0.

Proof. We have:
“Dix(t) = o(t),
ie.,
19Dz (t) = Io(t).

Then, in view of lemma, 2.1, it follows that:

I _
x(t) =co+ 1t + e /0 (t — s)7 to(s)ds. (4)
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By integrating the expression (4) on [0,¢], and adding g(z) to two sides after multiplied it by
«, we find that:

g(x) + oz/ogaz(s)ds = g(x) + acof + 0401522 + % /j </Os(s —m)i o (m )dm>ds

In a similar way, we get:

+6/ )+5c0n+/3(:1"2 + F(ﬁq)/on (/Os(s—m)qla(m)dm)ds.

Using the boundary conditions for (2), we obtain:

52
(1 —a&)ey — ager= g(z) + aA (5)
2
(1= e+ (1= 8% Jer = hta) + 55 - C, (©

where,

—L ¢ ) —m)¥ Yo (m)dm |ds

A = H@Z;(A(S ) ()d)d, ™
= L ! Ss—mq_lamm s

B—r<q>/0(/o< ) <>d>d,

1

1
= — — )7 g (s)ds.
- F(q)/ou J 10 (s)d

The resolution of the system (5)-(6), gives:
_ & £ UK & n
0o = 7[5 B-a%C—a(1- 6% )A+ahiz) - (1—ﬁ)M@r

and
1
a = [ﬁ(l —af)B—(1-af)C —a(l - fn)A+ (1 -af)h(z) — (1 - 577)9(90)] :

By substituting the values of ¢g and ¢; in (4), we obtain (3). O

We equip the Banach space C([0,1],R) of all continuous functions from [0, 1] — R endowed
with a topologie of uniform convergence with the norm defined by ||z|| = sup{|z(¢)|, ¢t € [0,1]},
and, before announcing our theorems, we need the following assumptions:
(Hl) : |f(t,33) - f(t7y)‘ < L’x _y’7 vt € [O) 1]7 L> 07 T,y € ]R)
(H2): |9(z) = g(y)| <lhle—yl, L >0, Yo,y R,

(H3): |h(x) —h(y)| <l|lx—1y|, l2 >0, Vo,y e R,

(H4): |f(t,2)] < p(t), Y(t,z)€[0,1] xR and € C([0,1],Ry).
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Now for convenience, let use set:

1 < Ay + Ay ) Az + Ay
Ag = — (1
I'(g+1) 2|v|(g+ 1) 2|9
A1 = |a|(|2 - Bn? + 2|1 — By|)ert,
Ay = (lol€+2]1 =€) (1B +q+1),
Az = |2 Bn*+2]1 - Bl
Ay = o€ +2]1 -l

1073

Theorem 3.1. Assume that f : [0,1] x R — R is a continuous function which satisfies the
assumption (H1), g and h are two real functions bounded on the real line that satisfy respectively
the assumptions (H2) and (H3). If L*Ag < 1, where L* = max{L,l1,l2} and Ay is given by (8)
Then the boundary value problem (1) has a unique solution.

Proof. For the proof of the theorem 3.1 and in view of lemma 3.1, we define the operator:

N : 0([0,1],R) — C([0,1],R) by:

(Na)(t) =

Letting

and choosing p >

AgM
1— LA,
Firstly, we show that NB, C B, where B, = {z € C([0,1],R) :

L t —5)T (s, z(s))ds
w7 = e

2

['(q)

2

s w—ag] [M( [ m s sty ) as

:a 9 1
_'}/Fl@) 7§ + (1 - a§)t} /0 (1 —s)77 f(s,2(s))ds
— Bn? ag?
_i # +(1— ﬁn)t]g(w) + fly [25 +(1- af)t] h(z).,

M = sup ‘f(t70)’7 My = sup\g(x)], My = sup ’h($)’,
te[0,1] z€R z€R

*

where M™* = max{M, My, M>}.

S s [ ([ 6= st as

|z|| < p}. For z € B,, we
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have:

IN
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L ' q—1 s
w7 [ =)

oo 22 - ) W( (s = ) o) ) s
+7f@_0"52+<1 aa] [ ([ s = mrtismsomyiam ) as
s [+ 0 ae] | [ - st atonias

HEE2E + - ol + 2% + 0 - e o)

L t —g)! s, x(s)) — S S
< i | = (156 = .00+ 1100 )

ViR [2 S/ W} / g < | =yt (15, a(m)) = fom.0)
#17(m,0)f)am ) s

N Wﬁ@ [a;“ - ag)t] /O ! ( /0 (s = m)t (1 (m,x(m) — £(m,0)
17, 0))am ) s

s [+ 0 ae] | [ =0 (156,000 = 106,001+ 156,01
HE[EELE + - s | (1) - 01 + (01

o2 [‘“252 (- a0 } (In(z) — n(O)] + 1h(0)))

< <Lp—|— M> [F(lq) /Ot(t _ S)q_lds

+ |’}/||?iq) (2 _26772| +1 - ﬁnl) /05 </Os(5 - m)q—ldm)ds
(6% 2 s

Ty Y o,

+|7|1}(q) (0252 + 1 - a&l) /01(1 — s)q_lds]

a2
+|i| ('2 2577 | + 1 —577|>(11P+M1)

2
- |(""'5 T 1—asr><zzp+M2>

1 A+ Ay Az + Ay
<(r p+M){p(q+1)< +2|y[(q+1)> 2| }

= (L*p+ M*)Ap < p.
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Thus, [|[Nz| < p.
For each ¢ € [0,1] and z,y € C([0,1],R), we have:

(Na)(t) — (Ny)(8)]
< L / (t— )71 £(5,2(5)) — F(s,5(s))\ds
0

s B2 s | [ ([t = mrsomsaton)) — somatmiam ) as
2w a—ag] | [ ([ = m somaton)) = syt fam s
1 - 52 1 B
| %+ =] | [ (e - ssao)ls
HE[EELE + 1 ][00 = g1+ |2 [ %= + 1 g [t —

< L|~””—y|[F(1q) /Ot(t—s)q—lds

e (B ) ([ )

M@ <|a|52 R Yy a—
(- a§|) [l

MF

+ilz —y |1< 677‘ - fBn |>
2

hola —y f(‘“'g . 5|)

A+ A A3+ A
<L*|:ch|[ <+ 1+ 2) 3+ 4}
I(g+1) 2l7l(g + 1) 2]
= L*Ag|z — y|.

Hence, ||Nz— Nyl|| < L*Ap||x —y||. The number L* depends only on the parameters indicated in
our problem. Since L*Ag < 1, then N is a contraction. Thus, by Banach’s fixed point theorem,

it follows that our boundary value problem (1) has a unique solution.

O

Example 3.1. Consider the following fractional boundary value problem:

In this example, we have:

( 1 ]
C _
D2at) = (t+4)21+||+1+cost teJ=
1 1 (1
z(0) = 1—61‘(#) + 2/0 x(s)ds, w€l0,1],
2(1) = 75(v) +/4 z(s)ds, v e [0,1]
\ 0

[O’ 1]7

(10)
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and
1 || ) 1 1
t,x) = 1 t = — h(z) = —z(v).
Then,
(o)~ fty) € —lo—yl, L=
) 7y —_ ]_6 y? - 167
1 1
_ — | — L = —
9(2) =9l = gele —yl, =16
1 1
h(z) — h(y)| = —|z — ly = —
|h(z) — h(y)| 12\fc yl, lo 3
Furthermore,
. 1 81 31 513+/3 + 4560
L™= o V= ) 1= ) 2 = )
12 128 1024 1024
31 57 405 162
A3 =" Ag=—, 2 )= —, 2ly|=—
3 167 4 32a |7|(Q+ ) 128, |7| 128’
Therefore,
1 ,19v/3 7831 119
LA = ) ~ 0.337498344 < 1.
" 9yr (20 T 3240) * Tgag ¥ 0337498344 <

So, all the hypotheses of the theorem 3.1 are satisfied and consequently the boundary value
problem (10) has a unique solution.

Our second result is based on the fixed point theorem of Krasnoselskii .

Theorem 3.2. [15](Krasnoselskii’s fixed point theorem) Let M be a closed convex and nonempty
subset of a Banach space X. Let A, B be two operators such that:

(1) Ax + By € M whenever z,y € M,

(13) A is compact and continuous,

(7i1) B is a contraction mapping.

Then, there exists z € M such that z = Az + Bz.

Theorem 3.3. Let f : [0,1] xR — R be a jointly continuous function mapping bounded subsets
of [0,1] x R into relatively compact subsets of R, and the assumptions (H1) — (H4) hold. If

*

1 < A+ Ay ) Az + Ay

e D\aplrn) " a2y | <h 1D

then, the boundary value problem (1) has at least one solution on [0, 1].

Proof. Letting M3 = sup |u(t)]. We fix
te(0,1]

p=M

1 < Al + Ay ) Az + Ay
I'(g+1) 2lv[(g+ 1) 2|y
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where M = max{M;, My, M3} and consider By = {z € C([0,1],R) : ||| < p}. To apply
Theorem 3.2, we define two operators P and Q by:
PO = s [ (=9 sn(o)s,
(@)(t) = W‘Eq) _2 2P w} [ ([ 6= m smmyam )
7r1<q> 0‘5 +1-ag) ] [ =0t oas
P - oot + 2 [+ (- agi] i,

e For z,y € By, we find that:

[Pz + Qy|| < Ms ( AL+ Ay ) M1 Az + MyAy
I'(g+1) 2lv[(g+1) 2]yl
< 7f 1 (1 A+ A ) Az + Ay
- T(g+1) 2|yl(g +1) 2
< p

Thus, Pr + Qy € By.

e For z,y € C([0,1],R) and each ¢ € [0, 1], we have:

1 <A1+A2> As + Ay

t) — B < L* — .
(@0 — @l < &g (s )+ g | Y
which implies that:
1 A+ A Az + Ay
— < L* -yl
e - @ < 2| ey (i) + e

So, it follows by the condition (11) that Q is a contraction mapping.

e The continuity of f implies that the operator P is continuous. In addition we have:

A43
Pzl < ——5—
IPell < I'(g+1)

which means that P is uniformly bounded on B;.

e Now, we prove that the operator P is compact.

Taking into account the condition (H1), we define f* = sup |f(t, x)].
(t,x)€[0,1]x By
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Then for ¢1,t2 € [0,1] with ¢; < ta, we have:
1

[(Pz)(t1) — (Pz)(t2)] = ——=

q)
q

t1 2
-1 =1 (5 x(s))ds
| [ 0= saeas = [t = (sa(s)a
1
o

)

/Ot1 {(tl — )T — (tg — s)q—l} £(s,2(s))ds

_/ (2 — )1 (s 2(s))ds

t1

< o [ [ (0= = =) s
S RCERIEE
< F{q) / (- (- s s+ / f(m - s>q—1ds]
< F(qf;l)[%tz—mut%—t({]- (12)

The second member in (12) is independent of x and tends to zero when to —t; — 0, so P
is equicontinuous. Using the fact that f maps bounded subsets into relatively compact subsets,
we obtain that P(B)(t) is relatively compact in R for every ¢, (where B is a bounded subset of
C([0,1] x R)). Then P is relatively compact on Bjs. Therefore, by the Ascoli-Arzela theorem,
we conclude that P is compact on B. Thus, all the assumptions of Theorem 3.2 are satisfied.
Then the boundary value problem (1) has at least one solution on [0, 1].

O

Our next main result is based on the following lemma established by D. O’Regan in [18].

Lemma 3.2. Denote by U an open set in a closed convex set C' of a Banach space E. Assume
0 € U. Also assume that F(U) is bounded and that F : U — C is a given by F = F} + Fy, in
which Fy : U — E is continuous and completely continuous and Fy : U — E is a nonlinear
contraction (i.e. there exists a nonnegative nondecreasing function ¢ : [0,4+00) — (0, 400)
satisfying ¢(z) < z for z > 0, such that |Fy(x) — Fa(y)|| < ¢(||x — yl|) for all x,y € U). Then
either

(C1) F has a fized point x € U; or

(C3) there exist a point u € OU and X € (0,1) with u = A\F(u), where U and OU, respectively
represent the closure and boundary of U.

Now, for convenience we define:
QT - {.%' € C([()? 1]7R) : HxH < 7’},

and
M, = max{|f(t,z)| : (t,z) € [0,1] x [—r,r]}.

Theorem 3.4. Let f : [0,1] x R — R be a continuous function. Suppose that (H1) hold. In
addition, we assume that:

(Hb5) there exist two positive constants p1, p2 and two continuous functions ¢1, ¢z : [0, +00) —>
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(0, +00) such that:

e 91(2) < p1z, and |g(u) — g(v)| < ¢1(Ju — vl), for all u,v € R.
o ¢2(2) < paz, and |h(u) — h(v)| < ¢2(lu —v|), for all u,v € R.

(H6) ¢(0) =0 and h(0) = 0.

There exists a nonnegative function p € C([0,1],R4) and a nondecreasing function

HT)
[0, +00) — (0, +00) such that:

(I

|f(t,u)| < p(t)(lul), for all (t,u) € [0,1] x R.

where

ol
H8) sup ,
(H8) reRy PoY(r) ~ |y — p1As — p2Ay

P - 1[ [ sas 2 [ ([ 6= mp=tpmyam )as

I'(q) 21v[ Jo
Bl + 2L =ag]) (7 % g
+ o] [ (=t )a
o€ + 21 —ag] [

+ o] /0(1 s)*p( )d]-

Then, the boundary value problem (1) has at least one solution on [0, 1].

Proof. In the first place, we consider the operator N : C([0,1],R) — C([0, 1], R) as that defined
by (9) and we put:
(Na)(t) = (N1z)(t) + (Naz) (1), t € [0,1],

where,
M) = s [ =9 (o)
- 2‘2/3"2 F- ﬁn)t] / 5 ( | 5=y s, x(m))dm) ds
T “j # =gt [*( [ = mrgtmam)an ) as
S ra-aed | (L= )T (s, ()
and
a0 = [P+ (1= ot + [ %+ (1 - et o,

From (H8) there exists a strictly positive number ¢ (rg > 0) such that:
ro o
> . 13
potp(ro) = |7l — p1As — p2 Ay (13)
Now, for the proof of our theorem, we shall prove that the operators N; and Ny satisfy all the
hypotheses of lemma 3.2. So, the proof is done in four steps.
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Step 1: The operator N is continuous and completely continuous.
We show that Ni(9,,) is bounded. For all z € €, we have:

1 t — 8)T7 Y f(s,2(5))|ds
[(Mz)(t)] < F(q>/0(t )T f (s, 2(s))|d

|z s [ ([ s somam)
+’7’€‘< W +|1 - aﬂ] /0" </08($ - m)q_1|f(m,x(m))\dm> s

1 Iyg2 1 e (e) s
*wru_ i l]/ﬂ ) S (s, 2(s)ld

M, A+ A
I'(g+1) 2lv! q+1)
Then,
A+ A
INyal| < g )
r 2[v[(¢ +1

This means that N1(€,,) is uniformly bounded. Furthermore, for each
t1,t2 € [0,1],t1 < tg, we have:

[(N12)(t1) — (N12)(t2)]

< ri [l = = s
boig [ =9 o)
g~ oot =) /05 ( [ - m)q_llf(m,a:(m))ldm> s
tip = adlt =) [ ([ 6= mr st ldm ) ds
g el /01<1 — )1 f (5, (s))lds

= F%){fl [(t2 = 5)7" = (11 = 9)7 l}ds+/:(t2 _ 5)11gs

|O[|1_6|Z’| t2_t1 / (/ q 1dm>ds
+|B||1_a|§/" t2_tl /n</ q 1dm>ds
0

|1—a§|(t2—t1) o 1 B
R /0(1 s

which is independent of x and tends to zero as to —t; — 0. Then N; is equicontinuous. Hence,
by Ascoli-Arzela Theorem, we conclude that Ny (€Q,,) is a relatively compact set.

Let {z,} C Q,, whith ||z, —z| — 0. Then |x,,(t) —x(t)] — 0 on [0, 1]. From the uniform conti-
nuity of (¢, ) = f(t, ) on the compact set [0, 1] xQ,, it follows that | f (¢, z,(t))— f(t, z(t))| — 0
uniformly on [0, 1]. Hence || N1z, — Niz|| — 0 when n — 400 which means than N is com-
pletely continuous.
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Step 2: The operator Ny : Q,, — C([0,1],R) is a contraction. This is deduced directly
from the condition (H5).

Step 3: The set N(Q,,) is bounded.
From the assumption (H 5) we obtain that:

2-8 2
INoal < 2 [BZBT ), w]pm{’ al§ 1—a§r}p2ro
\'YI 2 VL 2
A A
_ M 3;‘02 00 (15)

for any x € €,,. Since the set N1(Q,,) is bounded, then the set N(Q,,) is also bounded.

Step 4: Finally, Just schow that the condition (C%) in lemma 3.2, does not occur. To this
end, we proceed by contradiction. We suppose that (C2) holds. Then, there exists A € (0,1)
and x € 9Q,, such that x = ANz. So, we have ||z| = 9 and

o) = A{F(lﬁ [0t
S et [ ([ = s atmyan) as
s w—ag] [M( [ 6= m s stomyim )i
|5 ] [a- s
,1y 2 25 +(1—577>t]9(x)+7[§2+(1—a£)] ()},te[o,l].

With the hypotheses (H6) — (H8), we have:
Y(ro) ! Ay * q—
[/0 (t — )1 p(s)ds + —— (/0 (s —m) 1p(m)dm) ds

I'(q) 2171 Jo
18] (|el€? + 2|1 — af]) ”( % e a1 )
+ 2R /0 /0 (s =m)? "p(m)dm |ds
|O‘|£2+2|1_O‘£| ! -1
+ 3h /0 (1—5)""p(s)ds|.
Jr01143 +p2A4r0
[l

This means that:

p1A3z + p2Ay
ro < pot(ro) + Tro

Thus,
o - vl
po(ro) ~ |7l — p1As — p2Ad’
this is a contradiction with (13). Consequently, the operators N1 and N» satisfy all the assump-
tions of the lemma 3.2 . Hence the operator N has at least one fixed point x in Q,,, which is
solution of the boundary value problem (1). So, this completes the proof O




1082 TWMS J. APP. AND ENG. MATH. V.12, N.3, 2022

REFERENCES

Adomian, G., and Adomian, G. E., (1985), ”Cellular systems and aging models,” Computers Mathematics
with Applications, 11, 283-291.

Agarwal, R. P., Andrade B., and Cuevas, C., (2010), Weighted pseudo-almost periodic solutions of a class of
semilinear fractional differential equations, Nonlinear Anal. Real World Appl., 11, 3532-3554.

Agarwal, R. P., Zhou, Y., and He, Y., (2010), Existence of fractional neutral functional differential equations,
Comput. Math. Appl., 59, 1095-11.

Ahmad, B., Alsaedi, A., and Alghamdi, B., (2008), Analytic approximation of solutions of the forced Duffing
equation with integral boundary conditions, Nonlinear Anal. Real World Appl., 9, 1727-1740.

Ahmad, B., and Alsaedi, A., (2010) Existence and uniqueness of solutions for coupled systems of higher order
nonlinear fractional differential equations, Fixed Point Theory Appl., Article ID 364560, 17 pp.

Ahmad, B., and Nieto, J. J., (2009), Existence results for nonlinear boundary value problems of integrodif-
ferential equations with integral boundary conditions, Bound. Value Probl., Art. ID 708576, 11 pp.

Ahmad, B., and Nieto, J. J., (2009), Existence results for a coupled system of nonlinear fractional differential
equations with three-point boundary conditions, Comput. Math. Appl., 58, 1838-1843.

Ahmad, B., Ntouyas, S. K. and Alsaedi, A., (2011), New existence results for nonlinear fractional differential
equations with three-point integral boundary conditions, Adv. Differ. Equ., Article ID 107384, 11 pages.
Balachandran, K., Trujillo, J. J., (2010) The nonlocal Cauchy problem for nonlinear fractional integrodiffer-
ential equations in Banach spaces, Nonlinear Anal., 72, 4587-4593.

Benchohra, M., Hamani, S., and Ntouyas, S.K., (2009), Boundary value problems for differential equations
with fractional order and nonlocal conditions, Nonlinear Anal., 71,2391-2396.

Benchohra, M., Hamani. S. and Ntouyas. S. K., (2008), Boundary value problems for differential equations
with fractional order, Surv. Math. Appl., 3, 1-12.

Bitsadze, A. V., (1984), On the theory of nonlocal boundary value problems, Dokl. Akad. Nauk SSSR., 277,
17-19.

Blayneh, K. W., (2002), ” Analysis of age-structured host-parasitoid model,” Far East Journal of Dynamical
Systems, 4, 125-145.

Kilbas, A. A., Srivastava, H. M., and Trujillo, J.J., (2006), Theory and Applications of Fractional Differential
Equations, North-Holland Mathematics Studies, 204, Elsevier Science B.V., Amsterdam.

Krasnoselskii, M. A., (1955), Two remarks on the method of successive approximations, Uspekhi Mat., Nauk
10, 123-127.

Lazarevic. M. P., Spasic, A .M., (2009), Finite-time stability analysis of fractional order time-delay systems:
Gronwall’s approach, Math. Comput. Model., 49, 475-481.

Nieto , J. J., (2010), Maximum principles for fractional differential equations derived from Mittag-LefHler
functions, Appl. Math. Lett., 23, 1248-1251.

O’Regan. D., (1996), Fixed-point theory for the sum of two operators, Appl. Math. Lett.,9, 1-8.

Podlubny, 1., ( 1999), Fractional Differential Equations, Academic Press, San Diego.

Samko, S. G., Kilbas, A. A., and Marichev, O. I., (1993), Fractional Integrals and Derivatives, Theory and
Applications, Gordon and Breach, Yverdon.

Wei. Z., Li, Q., and Che, J., (2010), Initial value problems for fractional differential equations involving
Riemann-Liouville sequential fractional derivative, J. Math. Anal. Appl., 367 ,260-272.

Zhang, S. Q., (2010), Positive solutions to singular boundary value problem for nonlinear fractional differential
equation, Comput. Math. Appl., 59, 1300-1309.

Zhong, W. and Lin, W., (2010), Nonlocal and multiple-point boundary value problem for fractional differential
equations, Comput. Math. Appl., 39, 1345-1351.

Brahim Tellab is currently working as an associate professor in the Mathematics Depart-
ment at Kasdi Merbah University, Ouargla. He received his Ph. D degree from University
Mentouri 1, Constantine, Algeria. His research interests are: Fractional Calculus Theory,
Fixed Point Theory and its applications, Operator Theory and Integral Equations. He is
also a member of resarch group on Laboratory of Applied Mathematics from Kasdi Merbah
University, Algeria .




