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SECOND HANKEL DETERMINANT FOR A CLASS OF ANALYTIC
FUNCTIONS OF THE MITTAG-LEFFLER-TYPE BOREL
DISTRIBUTION RELATED WITH LEGENDRE POLYNOMIALS

G. MURUGUSUNDARAMOORTHY?, S. M. EL-DEEB**, §

ABSTRACT. In this paper, we obtain the Fekete-Szegd inequalities for the functions of
complex order connected with the Mittag-Leffler-type Borel distribution based upon
the Legendre polynomials. Also, find upper bounds of the second Hankel determinant
‘a2a4 — a%’ for functions belonging to the class M7 (A, o, 3, ).
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1. INTRODUCTION

Denote A the family of analytic functions whose members are

f(z):z—i—Zakzk,(A:{z:|z|<1, z € C} (1)
k=2

with the normalization condition f(0) =0 = f’(0) — 1, and S be the subclass of A, which
are univalent functions. Furthermore, let P be the family of functions p(z) € A

If f and g are analytic functions in A, we say that f is subordinate to g, written f < g if
there exists a Schwarz function w, which is analytic in A with w(0) = 0 and |w(z)| < 1 for
all z € A, such that f(z) = g(w(z)). Furthermore, if the function ¢ is univalent in A, then
we have the following equivalence (see [5] and [21]):

f(z) < g(z) & f(0) = g(0) and f(A) C g(A).
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Let Eo(2) and E, 5 (2) be the function defined by

Eq(z) = 2 Tak+1) (2 € C,Re(a) >0) (2)
and
1 > 2k
EQ’B(Z):F(B)_{_;W’ (,8€C, R(a)>0, R(B)>0).
It can be written in other form
1 —1
Eop (2 =55 +Z _1 T 5 (a,B€C, R(a)>0, R(B)>0).

The function E, (z) was mtroduced by Mittag-Leffler [24] and is, therefore, known as the
Mittag-Leffler function. A more general function E, 3 generalizing E,(z) was introduced
by Wiman [29] and defined by

o Zk
Eos(z) = kzo ek 1 5 (z,a,8 € C,Re(a) > 0, Re() > 0). (3)

Observe that the function E, g contains many well-known functions as its special case, for
example, ‘
Ei1(2) = €, E12(2) = 62517 E271(22) = coshz, Egi(—% 2) = Cos 2, Eg 2(z ) = Smhz,

z

Eo(—2%) = 822 Ey(z) = %[cos 2/44-cosh z1/4] and E4(z) = L[e? /3—1—2 —92'/? cos(‘[ 1/3)].
The Mittag-Lefler function arises naturally in the solution of fractional order differential
and integral equations, and especially in the investigations of fractional generalization of
kinetic equation, random walks, Lévy flights, super-diffusive transport and in the study
of complex systems. Several properties of Mittag-Leffler function and generalized Mittag-
Leffler function can be found e.g. in [2, 4, 12, 13, 14, 18]. Observe that Mittag-Leffler
function E, g(z) does not belong to the family .\A. Thus,it is natural to consider the fol-
lowing normalization of Mittag-Leffler functions as below :

Eo,5(2) = 2T(8)Eap(2) = 2 + Z = 1 T (4)

it holds for complex parameters «, 8 and z € C. In this paper,we shall restrict our attention
to the case of real-valued o, 5 and z € A.

A discrete random variable x is said to have a Borel distribution if it takes the values
1,2,3,--- with the probabilities %, 22e — 9 S—. -, respectively, where A is called
the parameter.

Very recently, Wanas and Khuttar [28] introduced the Borel distribution (BD) whose
probability mass function is

_(pN)fThe
=

Wanas and Khuttar introduced a series M (\; z) whose coefficients are probabilities of the
Borel distribution (BD)

) p:172737""

]k 2 e~ Ak—1) k
)\z—z+z = L, (0<A<1). (5)
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The probability mass function of the Mittag-LefHer-type Borel distribution is given by

(Ap)" !

P (A a,Bp) = E,g(M\o)T (ap+B)’

p:071727"'5

where

Z ak+5 (,peC, R(a)>0, R(B)>0).

k=0
Thus by using(4) and (5) and by convolution operator, we define the Mittag-LefHler-type
Borel distribution series as below

k=2 _\(k—
B\ e, pB) _z+z — ) (k= 1)) 2 e AE-D

_1 |Eaﬁ()\(k;—1))F(oz(ki—1)+ﬁ)

Fo0< <),

Next, we introduce the convolution operator

) (k= 1)) 2 e AE-D !
71 lEag O(k—1)D(ak—1)+5)"

B(\aB)f(z) = +Z

= z+ Z qﬁkakzk, (6)
k=2

where o, € C, R(a) >0, R(S) >0, 0 <A <1and

(A (k= 1) (k= 1)]F 2 e A
(k—1)Eys ANk —1)T(a(k—1)+8)
Legendre polynomials, which are exceptional cases of Legendre functions, are familiarized
in 1784 by the French mathematician A. M. Legendre (1752-1833). Legendre functions are

a vital and important in problems including spherical coordinates. As well, the Legendre
polynomials, Py(z), (Jz| < 1) , are designated via the following generating function(see

[19]) :

Or =

(7)

Gz, z 8
(@,2) = \/1—2:):z+22 Z (®)
Legendre polynomials are the everywhere regular solutlons of Legendre’s differential equa-
tion that we can write as follows:

d? d
(1-— 332)@39(95) - Qx%Pk(x) +mPy(z) =0

where m = k(k + 1) and k = 0,1,2,--- . Taking x = 1 in (8) and by using geometric
series, we see that P;(1) = 1, so that the Legendre polynomials are normalized.Thus Let
G(z, z) denote the class of analytic functions on U which are normalized by the conditions
G(z,0) =0 and G'(z,0) = 1.

Definition 1.1. Let Py(z) is Legendre polynomials of the first kind of order k = 0,1,2,--- ,
the recurrence formula is
2k +1 k

Prsa(z) = S ole(@) — =

B (), (9)

with
Py(x)=1 and Pi(z)==x
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In 1976, Noonan and Thomas [26] discussed the ¢"" Hankel determinant of a locally
univalent analytic function f(z) for ¢ > 1 and n > 1 which is defined by

(0799 an+1 .- (n+4q—1
An+1 an+2 ... Un+4q
H,(n) = , . ) .
Gp+q—1 Ontq .-+ QAn42g—2

For our present discussion, we consider the Hankel determinant in the case ¢ = 2 and
n =2, i.e. Hy(2) = agas — a3. This is popularly known as the second Hankel determinant

of f.

Stimulated by the recent works on radii problems for some classes of analytic functions
and coefficient results associated with Legendre polynomials in the articles[6, 8, 9],in this
paper we define a new class M7 (A, a, 3, ) given in Definition 1.2.Based on Earlier works
on sharp upper bounds of Hy(2) for different classes of analytic functions(see[l, 3, 10, 11,
16, 22, 23, 25])we investigate the Fekete-Szegd inequalities for the functions in the class.
We also obtain an upper bound to the functional Hy(2) for f € M7 (A, o, 8, 1).

Now, we define the following class M7 (A, o, 8,2) (0 <~y <1, n € C* =C\{0}, a,B €
C, R(a) >0, R(B) >0, 0<A<1, |z] <1) as follows:

Definition 1.2. Let a function f(z) € A is said to be in the class M7 (N, a, B, x) if

1+ 717 ((1 — ) BRDIE) 4o (B (N, B) f(2)) — 1) < G, 2) (10)

z
wheren € C* 0 <~y <1; 0<A<1; |z]<1; z€A.
Example 1.1. Let a function f(z) € A is said to be in the class M{ (a, 8,2) = N (a, 8, x)
if

L (BB f(z)
4o ( A 1) < G(z,2) (11)

wheren € C*; 0 <A< 1; |z| < 1; z € A.
Example 1.2. Let a function f(z) € A is said to be in the class M7 (\ o, B,2) =
R (o, B, @) if

1+ 717 (B, B) f(2) —1) < G(z, 2) (12)
wheren € C* 0 <A< 1; |z| < 1; z € A.
Example 1.3. Let a function f(z) € A is said to be in the class M} (o, B,7) = N (, B, 7)
if

(L)"a’ﬂ)ﬂz)) < G(z,2) (13)

where 0 <A< 1; |z] <1; z € A.
Example 1.4. Let a function f(z) € A is said to be in the class Mi(\ a,B,7) =
R (o, B,2) if

(B(A o, 8) f(2)) < G(x,2) (14)
where 0 < A< 1; |z|] <1; z € A.
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2. PRELIMINARY RESULTS

To prove our results, we need the following lemmas.

Lemma 2.1. [27] Let
h(z) =1+ enz" <1+ Cp2" = H(z) (z€A).
n=1 n=1

If the function H is univalent in A and H(A) is a convex set, then
|en] <[Ch].
Lemma 2.2. [7] Let a function p € P be given by
p(z) =14crz+cz? ... (z€A),

then, we have
len] <2 (n €N).

The result is sharp.

1251

Lemma 2.3. [17, 20] Let p € P be given by the power series (17), then for any complex

number v, then
’02 - Vcﬂ < 2max{1; |2v — 1]}.

The result is sharp for the functions given by

1+ 22

1 — 22

1
and p(z)zl—i__i (z € A).

p(z)
Lemma 2.4. [15].Let a function p € P be given by the power series (17), then
29 =& + k(4 —c2)
for some k, |k| <1, and
des =3+ 24— ek —e1(4— DK%+ 24— &) (1 - \/f|2> z,

for some z, |z| < 1.

(19)

(20)

(21)

Lemma 2.5. [15] The power series for p(z) given in (17) converges in A to a function

i P if and only if the Toeplitz determinants

2 c1 co Cn
-1 2 & N o |

D'I’L: . . . . . I n:172737“'
Cn Cntl Coniy2 - 2

and c_ = ¢, are all nonnegative. They are strictly positive except for

m
p(z) = Zpkpo(eit’“z), pr > 0, t; real
k=1

and ty # t; for k # j in this case Dy, > 0 forn <m —1 and D, =0 for n > m.
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3. MAIN RESULTS

Unless otherwise mentioned, we shall assume in the reminder of this paper that n €
C* a,eC, R(a) >0, R(B)>0,0<y<1,0<A<1, |z] <1and z € A, the powers
are understood as principle values.

We give the following result related to the coefficient of f(z) € M7 (A, a, 3, z)
Theorem 3.1. Let f(z) given by (1) belongs to the class M7 (A, B,x) and n € C*,
then

[na| (k — D)Eap (A(k—1))T (a(k—1) +B)

i s, (REN\{1D).  (23)
L4y (k=] (A (k= 1) (k= 1)) e AED
Proof. If f(z) of the form (1) belongs to the class MY (A, «, 8,x), then

lag| <

. 717 ((1-7) BRI 4 5 (B (\, . 8) () ~1) < Gl 2)

wheren € C*, 0 <y <1, 0<A<1, || <1, z€ A, and G(z, 2) is convex univalent in
A, we have

1+717 ((1_7)w+7(5(x,a,ﬁ)ﬂz>)' —1)

— 14- > (1 +ky = y)prarzt!

k=2
_ gty O\ (k= D) (k= D2 e D _
- 1+77kz_2(1+k7_7)(k— D)!Eqs(A(k—1)T (a(k—1) +5)“k2k 1

B (1 +ky) (AR e
= 14D M Eq 5 (W) T (ak + §)

k
ag+12 -
k=1 "

By Definition 1.2, we get

(L +ky)  (AR)[K]FTEe M L
1+ KEq5 (W) T (ak + 8) " °

k=1 n
1 1
=< 1+:cz—5(3x2—1)2’24—5(53:3—33:),23—1-'-‘ (z € A). (24)
Now, by applying Lemma 2.1, we get
lzn|  K'Eap (M) T (ak + B)
L+EY)  (Ak) M) eAk
This completes the proof of Theorem 3.1.

lags1] < (

O

In the next two theorems, we obtain the result concerning Fekete-Szego inequality and
upper bound of Hankel determinant for the class M7 (A, o, B, 7).

Theorem 3.2. Let f(z) given by (1) belongs to the class M? (N, o, B,z), 0 < v <
1, - 1< B<A<L1 andn € C*, then
Inz|Eap (2A) T (2a + B)
A(1+27) (2\)!le2A
1 pnAz (14 27) COIE? 5 (M) T? (a + B)
X max< 1, |— 55 : (25)
2z 2(1+9) (A Eqpg (2N T (2a + B)

az —pa3] <

—§x+
2
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This result is sharp.

Proof. Let f(z) € M () «, B3,z), then there is a Schwarz function w(z) in A with w(0) =
0 and |w(z)| < 1in A and such that

1o (1) BRI 1 (B, B) f() —1) = B(uz)  (€4) (26)

where

1 1 1
D(2) = ————=1+4az+ (32— 1)+ (52> - 32)23 +---, (27
€)= — (322~ 122 + (50— 30) 27)

= 1+P(2)2+Py(x) 2>+ P3(x) 22 + Py (x) 24 4+ - (z € A).
If the function pi(z) is analytic and has positive real part in A and p;(0) = 1, then

_ 1+w(z)
1—w(z)

Since w(z) is a Schwarz function. Define
1 o z !
M) = 1t (1) BeeE by (B, 6) £(2)) - 1)

= 1+diz+dez? +d3z +--- (2 € A). (29)

p1(2) =1+caztez?+e 4+ (2 €A). (28)

In view of the equations (26) and (28), we have

oo (2O=1).

p1(2)+1
G W PRI (R DS (RN SR D S (30)
@) £1 2 1 275 37T 1€2 .
Therefore, we have
p(z) -1 1 1 C% 1 20 2
<p1(z)+1> Tafimaztghin (=g |+ @)

P 3 P 2 P 3
. <1<m> <CS_6102+61>+ 2 () 1 <62_61>+3<w>01>zs+...,

2 4

and from this equation and (29), we obtain

A= 2P (@) er, dy = 2P () D, lp e (32)
1—213301, 2—21$ C2 9 42$C1-
Sinceand
P (x c3 Py(x)c c? Py (z)c3
ds = 12( )(63—6102+41>+2(2) ! <62—21>+3(8) L. (33)

Then, from (27), we see that

di — (1 + ’Y) )\!G_ACLQ
Y NEas VT (@ + B)
A(1+27) (20 e az

d2 = NEas (20T 20+ ) (35)
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and
3AZ (14 37) (3\)le=ay

2nEq 3 (3N T (3a + f)
Now from (27),(29) and (34), we have the following

_ nxEqap(MN)T (a+ )
2(1+v)Ae= 7

ds =

Thus by Lemma 2.2
nz|Eap (M) T (0 + B)
(1+7) e

las| <

Now

n:cEa BT (2a+p) 2e+1
“3 ( {24 (

1+ 27) (2)\)le—22 2z x>}

3
2
anag()\)F@a—l—ﬁ) c(2x+1 3

oA (1 +29) @\l {"’2‘21( % ‘29’5)}’ (3

thus by Lemma 2.3, we have ‘02 - Vcﬂ < max{1; |2v — 1|}, thus
[n2|Eap AT (20 + 5)

jas] < oA (L +27) (2A)le 20 ax{l; [2v =11}
where v = % (% — %x) Hence
Inz|Eq s (2N)T (2 + ) 3
< ’ 1 — — 221,
3] S S+ 2y) e madli|gn —5el)

Now we note that
nxEq g (3A) T (3a + 5

- 4 —2r—1 3 _ 622 —z+2)).
a4 24N2 (1 + 37) (3\)le- {8:1:03 + 4cico (33: T ) +c ( x 6x T+ )}
(39)
Therefore, we have
s 15 (VT (20 + )
J— f— ) 4
BT T N F2y) 2Nl 2 {e2 —vei}, (40)
where
20413 e (1420) @VIEL, (VT2 o +9) "
2| 22 277 2149’ (\)? Eag (2N T (20 +f)

Our result now follows by an application of Lemma 2.3.This completes the proof of The-
orem 3.2.
The result is sharp for the functions

14 717 (1= ) BR2DIE o (B (2,0, 8) £(2)) — 1) = B(2?)

d(2?) = \/1_2;%:1+xz2+;(39@2—1)/‘—1—;(5903—395)26—1---- ,
= 14+P @) 22+ P ()2 + P3(2) 28 + Py(2) 28+ (2 € A).
Here dy = 0= a9 = 0, also we get ¢c; = 0 and
neEq g (2A) T (2a + B)
A (14 27) (2X)le—2A

d2 ():>CL3
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Thus by (40)
[nz|Eq 5 (2A) T (20 + B)
A(1+27) (2A)le—2A

Actually this is |as|, hence the result is sharp for w(z) = 22 which is ®(z?). O

|lag — pa3| <

Theorem 3.3. If f(z) € MT (N, ,8,), then

neEq g (2N T (20 + ﬁ)>2
A1+ 27) (2\)le2A

Proof. Since f(z) € M (A, a, B,z), and, from (37),(38) (39), it can be established that

1
T 482 (1 +9) (14 37) Al (3A\)le=4A

x ’ 102 Ea 5 (VT (o + B) Eas 3N T (3a+ 8) 1
{8zcz + 4eicy (3:1:2 —2z-1)+ (53 —62% —x + 2)}

lagay — a§| < ( (42)

lagay — a%\

nxEq 5 (2A) T (2a + B) 9(2x+1 3 2
— : 2co — - = . 4
( N1+ 2y) ale2r 72T AT T 27 (43)
For the sake of brevity we consider
222E4 5 (\) Eq 5 (3N T r(3
4802 (1+7) (1+37) Al (3\)le—4
and
2
nxEqp (2N T (2a + B)
N = : 0. 45
( AN (1 +27) (2\)!le—2A (4)
Thus, we have
lagay — a§| = |Mcl {8$03 +4ereo (3;1"2 —2x — 1) + C?(5:1:3 —62® —x+ 2)}
2 + 1 2
-N <2c2 — < 3:21_ — 2x>> : (46)

Suppose ¢; = ¢ and ¢ € [0,2]. We make use of Lemma 2.5 to obtain the proper bound on
(43). We may assume without restriction that ¢; > 0. We begin by rewriting (22) for the
cases n =2 and n = 3,

2 C1 C9
Dy = |ec1 2 ¢ | = 8+2Re {cFca} — 2]ea]® — 4c >0, (47)
cy 1 2
which is equivalent to
29 = 3 + k(4 — ¢F) (48)

for some x, |z| < 1. Then D3 > 0 is equivalent to
| (4es —4ciea + )4 —3) +c1(202 — )2 | <204 — )2 — 2|2¢3 — 3)? (49)
and from (20) with (49), we have,
des = 424 —A)erk —e1(4— DK%+ 2(4 — E) (1 — |k]P)z, (50)



1256 TWMS J. APP. AND ENG. MATH. V.12, N.4, 2022

for some value of z, |z] < 1. Using (48) along with (50) , (49) we obtain
lagay — a3 = ‘M{8$0163+4C%62 (327 — 27 — 1) + ¢} (5x® — 62° —z+2)}

2
— N(2c-¢2 2$+17§x
2z 2

< ‘M {8:110163 +4ctey (31:2 — 2z — 1) + (5% — 627 — 2 + 2)}‘

+ ‘N(202 — c%(%z‘;l - %x))z‘ )

By using Lemma 2.4, we have
lasay — a3 < M ’c4 (5:B3 —3z) — 2z (4 - 02) AP +2 (4 - 62) (3:1:2 - 1) x
+ dex (4-¢?) (1*|X|2> Z‘Jr

929 oo g oy (1-327 [ 1—322\?
(4 c)x 20)((4 c)( oy >+c< o

M [04 (51’3 — 31’) — 2z (4 — 02) Ap? +2 (4 — cz) (3x2 — 1) Zp
+ dczx (4 - 02) (1 — ,02)] +

_ 9,2 9.2\ 2
slarieseme-a (522 o (522)]

= F(p,c), (51)

where p = |x| < 1 and |z| < 1. We assume that the upper bound for (54) is attained at
an interior point of the set {(p,¢) : p €[0,1], ¢ € [0,2]}, then

8]:8(,5’6) = M [_4’13 (4 - 02) C2P+ 2 (4 — 02) (3$2 — 1) - 8cxp (4 _ 02)] +
N |20 (4= )’ —2e (4= ) (352 (52)

We note that %ﬁ’j’c) > 0 and consequently F is increasing and max F(p,c) = F(1,¢),

which contradicts our assumption of having the maximum value at the interior of p € [0, 1].
Now let

N

IN

G(e) = f(l,c):M[c4 (5x3—3x) —2(E(4—02)62+2(4—02) (3332—1)02] +

_ 9,2 9,2\ 2
e () e (52

= M|[c" (52° — 62> —x +2) +8c° (32* — 2 —1)] +

2
Nt (1+552) —8e (14 153) + 16] : (53)
then

G (c) = M[4c3(5x3—6x2—x+2)+16c(3$2—x—1)]+

2
N {4(:3 (1+2528)" —16e (1+ 1—2?;;”2)] — 0, (54)
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therefore (54) implies ¢ = 0, which is a contradiction. We note that

G"(c) = M[12¢* (52° —=32° —2x + 1) +16 (32® — 2 — 1)] +

N [128 (1+ %)2 ~16(1+ 1—2?2)] <0, (55)

Thus any maximum points of G must be on the boundary of ¢ € [0,2]. However, G(c) >
G(2) and thus G has maximum value at ¢ = 0. The upper bound for (51) corresponds
to p =1 and ¢ = 0, in which case we get

Eos (20T (2 2
!a2a4—a§\§16N—(W 8(2)) (a+/3’)>7

A(1+27) (2\)le—2A
this completes the proof Theorem 3.3.
O

Remark 3.1. By specializing the parameters v = 0 and v = 1 one can derive the coef-
ficient estimate, Fekete-Szego inequalities and second Hankel determinant inequalities as
in Theorems 3.1, 3.2,and 3.3 respectively for the various other new interesting subclasses
of A stated in Example 1.1 to 1.4. The details involved may be left as an exercise for the
interested reader.
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